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Abstract

We consider problems inspired by the conjecture of Steklov and recent work on sharp
estimates in this conjecture. We use various techniques to investigate Steklov problems
in the measure dimension as well as that of the Verblunsky parameters. In particular, we
consider continuous weights, BMO weights, randomized measures, and the Verblunsky

asymptotics of a measure which violates the Steklov conjecture.
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Epigraph

“We should consider every day lost on which we have not danced at least once. And
we should call every truth false which was not accompanied by at least one laugh.”

—Friedrich Nietzsche

“Done saying I'm done playing.” —Aubrey Drake Graham
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Chapter 1

Introduction

1.1 Szegob, his recurrence, and the beginning of the

subject

Consider a probability measure du defined on the unit circle T = {z € C : |z| = 1},

/duzl
T

We will assume infinitely many points of growth so that L?(T, du) is infinite-dimensional,
although the finite-dimensional case is also interesting (see [41]).

By applying the Gram-Schmidt orthogonalization procedure (without normalization)
to the set of monomials {1, 2, 2%,...}, we create a sequence of monic orthogonal poly-

nomials {®g, Py, P, ... }. These satisfy
/ijQdeM =0, j#k, coeff(®,,n)=1 (1.1)
T

where coeff(P, j) denotes the j™ coefficient of the polynomial P. One may similarly
define the orthonormal polynomials by setting

®,(2)

On(2) = T
[Pl 22(dp)

These are simple and natural objects with remarkable properties. Some of the gate-

ways to their study are (see [65], Section 1.1):
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1. Linear prediction theory. Given a stationary sequence of complex random variables
{w;}32 the Carathéodory-Toeplitz Theorem asserts the existence of a measure

j:—oo?

dp on T such that
Blwyar) = [ ¢ du(o)
T
Therefore, representing w; by 27 yields L*(T, du) as a model for the linear part of

the stochastic process. See ([43, 44, 45, 50, 72]) for this point of view.

2. Toeplitz operators and determinants. A classical subject in analysis (especially
statistical mechanics), the Toeplitz operator Ty with symbol f is defined to be the
compression of the multiplication operator M onto the Hardy space H*(T). These
operators have constant diagonals in their matrix representations on {z"}22 . Sev-
eral identities relate the asymptotics of orthogonal polynomials to Toeplitz matri-

ces and determinants, for example:

Theorem 1.1 ([65], Theorem 1.5.11). Let {c,} be the moments of du and ®,, its

orthogonal polynomials. Let

Co C1 Cn—1
7 C1 Co Cn—2
C_pnt+1 --- e Co

and

D, (dp) = det(T™+D)

Then



e (Heine’s Formula)

Co c1 c. En
C1 Co ce En,1
®,(z) = Dn—l(dﬂ)_l
Ch—1 Cp—2 ... C1
1 z z"
[ ]
n—1
D, (dp)
1@ (212 gy = [ [ (1 = lei]?)
L2(dp) jHO J Dy (dp)
([ ]
Dn+1Dn—1
]‘ - |a77«|2 D2

3. Spectral theory of one-dimensional Schrodinger operators. A discrete one-dimensional

Schrodinger operator for a single particle in electric field is defined by the equation

hu(n) =un+1) +u(n —1) + V(n)u(n)

where V' is the potential. This equation leads naturally to the study of Jacobi
matrices and orthogonal polynomials on the real line (OPRL), and the connections
between OPRL and OPUC allow in some cases for back-and-forth translations of
results in the OPUC literature and those in the spectral theory of operators h.
This perspective also relates to the theory of Krein systems. Ideas and results in

each area has influenced the development of the others.

4. Random matrix theory. Through the fomulae relating certain random matrix mod-

els and orthogonal polynomials, asymptotics of OPs have entered random matrix
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theory in a big way, often providing the original proofs of many major results in

the random matrix literature.

As a field distinct from the classical orthogonal polynomials (e.g., Hermite and La-
guerre) their theory began with Gabor Szegd, who pioneered a structural view of the

subject. Take for example Simon’s simple proof of the Szegd recurrence.

Theorem 1.2 (Szegd). For a nontrivial probability measure du on T, the orthogonal

polynomials defined in (1.1) and their x-polynomials defined by

1
or(z) = 2", (:), z € C\{0}
z
satisfy the following recurrence, for a, € D:

O i1 (2) = 200 (2) — 007 (2)

(1.2)
07 11(2) = 91 (2) — 2anPn(2)
Moreover,
n—1
@072 = [T = loy])? (1.3)
j=0

Proof. The second equation is obtained by applying the (n + 1)-st order *-operation to
the first so it suffices to show the first.

®,,, 1 is the unique monic polynomial of degree n+1 which is orthogonal to {1, z, ..., 2"}
in L?(du). Notice that, since coeff(®,(2),n) = 1, the right hand side of the claimed
equation is monic of degree n + 1. It remains to check the orthogonality condition.

Let 1 < j <n. Then

(Z(I)n(z)7 Zj)LQ(du) = (CI)TL(Z)7 Zj_l)Lz(dli) =0

Likewise

<(I)Z(Z>7 Zj)L2(du) = (an)n(z)a Zj)LQ(du) = (q)n(z), Zj_n)LQ(dM) = (Zn_jv q)n(z))LQ(du) =0



So if we set
e ()du)
" on(2)dp(z)

the claimed equation is satisfied.

Since @7 is a polynomial of degree n, the Pythagorean Theorem says

1@ 1122y + Lo P 1R L2y = IPrllZ2 )

By definition || [|72(4,) = 1®nll72(4,): 50

1@ 1122 gy = (1 = o) 121 L2 )

which proves «,, € D and by induction the equation

n—1
@072 = [T = loy])?

J=0

]

Szeg6 was able to prove the basic Theorems which touch every aspect of the theory.

One particularly fundamental result bears his name.

Theorem 1.3 (Szegd’s Theorem). Let du be a nontrivial probability measure on T, and
denote dp = w(0) L + dp,. Then
do o )
m{émwwggzguﬂw> (1)
Remark. Coupled with the equation (1.3), Szegé’s Theorem tells us that the monic
and orthonormal polynomials are uniformly comparable in n if the weight w satisfies
the Szegd condition, that the integral on the left-hand side of (1.4) is finite. All of the

weights we work with will satisfy this condition.



The Szeg6 function is defined

D(z: dpr) = exp (ﬁ/qrﬁlogw(e>de) (15)

for dy = w% + dus which satisfies the Szeg6 condition. This function is intimately
related to the polynomials (see [65], section 2.4). D will appear repeatedly in what

follows, so we list some of its basic properties.
Theorem 1.4 (Szegd). Suppose the Szegd condition holds. Then

1. D(z) is analytic and nonvanishing in D.
2. D lies in the Hardy space H*(D). In fact

010 d0
sup [ [D(re)?5) = D < 1

0<r<1

lim ¢}(2) = D(2)™"

n—o0

uniformly on compact subsets of D

. Nimyyy D(re?) = D(e?) ewists a.e. df, and

E

D(e”)]* = w(0)

“

We have the following limit formulae

2 d0 _

0
2

im [ [DEonc") ~ ™

tim [ [D(e)65(e%) ~ 1P 52 = 0

n—o0

n—oo

lim / 162(e)Pdjun(0) = 0
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1.2 Renewed interest via determinantal point pro-

cesses

Interest in the field of orthogonal polynomials was spurred further by the growth of
random matrix theory, begun in 1955 by Eugene Wigner [73]. By 1960, M.L. Mehta
in [53] had recognized a fundamental connection between orthogonal polynomials and

determination of eigenvalue densities through the Vandermonde determinant:

1 1 1

x D) Tn

A, = H (zj —wi) = | 22 a3 z?
1<i<j<n

A 1

Consider the Gaussian Unitary Ensemble (GUE), the ensemble of n x n symmetric
matrices whose upper triangular elements are complex N(0,1) random variables and
whose diagonal entries are real N(0, 1) random variables. The eigenvalue density of this
ensemble can be computed explicitly; it is of the form, for A = (A,..., \,) € R™ (see

[17], (2.1.27))

) = o (T ) 18,0

Multiplicity of the determinant yields

n—1
2 § : kv k
k=0 1<i,j<n

Applying elementary row operations which leave the determinant unchanged, for any



sequence of polynomials Py(x), ... P,_1(x) where P; is monic of degree i,

An(A, - A2 = det (i Pk(/\i)Pk(Aj)>

1<i,j<n

This formula is valid for any polynomial sequence, but if the polynomials are chosen to
be orthogonal with respect to a particular weight (the Hermite polynomials are chosen)

then the sum
n—1
Ka(x,y) = > Pulx)e ™ *Pu(y)e v/
k=0

becomes the integral kernel of the projection onto {z’e~*"/}"~lin L*(R). This algebraic
structure yields the trace and reproducing formulas, which allow computation of k-point
correlation functions. This is an example of a determinantal point process, an area where
orthogonal polynomials in various incarnations have proved useful computational tools;
see [8, 9, 10] for examples. This connection has been heavily utilized and may indeed
be taken as a basic point of view on random matrices; see the excellent reference [17].
This correspondence has served to motivate definitions of new OPUC and OPRL
as well as motivated their asymptotic study. Techniques and results in each area have

proved extremely useful in the other.

1.3 Spectral theory and OPUC

Consider the discrete Schrodinger operator, which in one dimension takes the form
(ht)p = Ups1 + Up_1 + VUyp (1.6)

and its continuum analogue,

(Hu)(z) = —u"(x) + V(z)u(z) (1.7)
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In the formalism of quantum mechanics, the first physically relevant and interesting
question concerns the type of spectrum associated with this operator. Roughly speak-
ing, eigenvalues correspond to bound states of the system, and absolutely continuous
spectrum to scattering states, where particles get “lost to infinity”.

It is a classical fact that if |V (z)| < C(1+|x|)~® for a > 1, H has purely a.c. spectrum
at positive energies ([23]). This is a perturbative result, with comparison made to the
free particle, with V' = 0.

A natural question is whether a = 1 is the true dividing line. In fact, it is not;

a = 3 is the critical case. Christ-Kiselev [15] showed there is always a.c. spectrum for

2
1 > a > 1/2. In 1999, Simon produced a list of open problems which included the
question of mixed singular continuous spectrum with potential V € L2.

By 2001, the advisor of this author, Serguei Denissov, had solved this problem. In
[20] he showed that there were L? potentials with essentially arbitrary singular part on

0, Ey] for any Ey < oo.

Denissov’s proof used the systems of Krein:

2 P(r,\) =iAP(1,A\) + P(T, Na(r) 0<7<T
(1.8)

%P*(T, ) = P(r, /\)m
Solutions to this system are continuous analogs of OPUC (many of the results here
could be translated immediately into that context). A main technique in Denissov’s
proof involved the use of a sum rule which gave the L? properties of his potential. These

sum rules have provided an important approach to Schrodinger operators. Recall Szegd’s
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Theorem and equation (1.4), which asserts

1 / - )
exp | — [ log(w(6 d@): 1— oy
(55 [ ot [T~ losf)
Taking the logarithm, we have:
1 2
o |, los(w(6)dd = glogu — la;)

From one perspective this is exactly an if and only if statement of spectral theory. The
Verblunsky coefficients take the place of the potential, and their ¢ decay is exactly
equivalent to the integrability of the logarithm of the absolutely continuous part of the
measure. Notice there is no dependence on the singular part. The sum rules which have
since appeared repeatedly in mathematical physics (see [12], [42] as examples) are gems
of this form. Sum rules have become extremely powerful-indeed, indispensable-tools in
spectral theory. OPUC is the developing ground for these rules: Szeg6’s Theorem, in
this form proved by Verblunsky [71], is from 1936! Further, see the recent work of Lukic
[51], [52].

The analogy between Schrodinger operators and orthogonal polynomials continues
to animate the work on OPUC and OPRL. One interesting open question, introduced
to the author by his advisor, is:

What conditions on the weight function w will yield a.e. df finiteness of the mazximal

function

M®(z) =sup|®P,(z)], z€T

This question appears to be extremely difficult. The orthogonal polynomials ®,, are
analogous to the eigenfunctions of a one-dimensional Schrodinger operator, a statement

to be made more precise shortly. For now, following the excellent survey [23] (themselves
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following [46]) we introduce the Priifer variables in the continuous case to better explain

the issues involved. Let u be a solution to the eigenfunction equation for k£ € R
—u" + Vu = k*u
Define the variables R(x, k) and 6(z, k) by
u'(z, k) = kR(z, k) cos0(z, k)
u(z, k) = R(z, k) sinf(z, k)
These variables satisfy the new system
(log(R(x, k))?) = %V(x) in 20(z, k) (1.9)

O(x, k) = & %V(m)(sin@(m, k) (1.10)

This is useful in analysis of decaying potentials because R has dropped out of (1.10),
and so can be obtained by integration once (1.10) is solved. Further, letting V = 0
in some region (a,b), then #(x) = kx + 6(a) and R is constant. Since we consider the
decaying potential to be a perturbation of V' = 0, these are hopeful indications.

It should be unsurprising therefore that there are methods of analysis in some partic-
ular cases (e.g., random and sparse potentials), and that these share much with classical

approaches in Fourier analysis. That is, formally solving (1.9) yields

R(z, k) = exp (i /O "V (s)sin(20(s, k))ds)

so that instead of the usual (linear) Fourier integral [~ V/(x)sin(kz)dz, we are investi-

gating a nonlinear variant.
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Indeed, much work on the behavior of R can be thought of as analogous to classical

work on Fourier series. In this context that we may approach the question of the maximal
function M.

Recall Lusin’s conjecture (Carleson’s Theorem, [13]) on a.e. convergence of Fourier

integrals.

Theorem 1.5 (Carleson). If g € L*(R), then the associated Fourier integrals

N .
/ ™8 g (1) da

N

converge for almost every value of the parameter &.

Since V' € L? is also the natural breaking point in our setup, it makes sense to ask
the same question here. That is, for V € L? does sup, g |R(z, k)| make sense for a.e.
k?

Since Carleson’s Theorem (from 1955!) remains a pinnacle of modern analysis, it is
reasonable to weaken the statement. What, we may ask, happens if V' € L? with p < 27
In the linear case, this was much simpler, already solved by Zygmund [74] in 1928 (see
also Menshov [54] and Paley [59]). And indeed, the p < 2 case has been resolved by
Christ and Kiselev [14], but their methods have no hope of working when p = 2 as was
shown by Muscalu-Tao-Thiele [56].

A different perspective can be had when viewing the problem through the OPUC

analogue. To make this more concrete, recall the discrete Schrédinger equation (1.6)
(hu>n = Un+1 + Up—1 + VpUy
The eigenfunction u then satisfies a three-term recurrence relation

(hu)n = Aun = Up4+1 + Up—1 + VplUy
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The set of orthonormal polynomials {p;} with respect to a measure p on the real line

satisfies a similar recurrence

xpn(x> = Up4+1Pn+1 (.7}) + bn—O—lpn(‘r) + anpn—l(m)

for some sequence of parameters {a,, > 0}, {b, € R}. Clearly a,, = 1 corresponds to the

discrete Schrodinger operator. These coefficients determine a Jacobi matrix

bl aq 0 0
aq bQ Qo 0

0 a9 b3 as

(notice our numbering convention follows [65], itself following [42]) which represents
multiplication by x in L?(R, 1) with respect to the basis {p,(z)}. Study of the asymp-
totics of eigenfunctions of the discrete Schrodinger operator is equivalent to the study
of the polynomials.

Measures of orthogonality with compact support can be mapped onto the unit circle,
and this is the analogy with Schrodinger operators we exploit. The polynomials ®,, take
the place of the eigenfunctions, the Verblunsky parameters that of the potential, and
the measure du becomes spectral measure. The transfer matrix approach in spectral
theory (see [47]) is now analyzing the large—n asymptotics of the polynomials ®,,. This
is made clear by the matrix equation the polynomials satisfy:

O (2) z 0 —an| | Pa(2)

®711(2) —anz 1| 90(2)

And so the questions about asymptotics of these orthogonal polynomials can be

viewed as nonlinear analogues of questions about Fourier series. In particular, a.e.
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boundedness of the maximal function M ®(z) is the analogue of a.e. convergence of the
Fourier integrals.

Notice now what Szeg6’s Theorem 1.3 represents: an equivalence between spectral
data and potential decay. If we can say something reasonable about behavior of the
eigenfunctions in terms of the spectral data, we could perhaps approach the nonlinear
analogue of Lusin in a different dimension. This approach is in fact a different perturba-
tive style; instead of taking potential as primary and perturbing some well-understood
case in that dimension (e.g., imposing some strict decay on the Verblunsky parameters),

we may take measure as primary and specify some regularity.

1.4 Steklov’s conjecture and inspired problems

In 1921, V.A. Steklov conjectured in [67] that if the weight function p on [—1, 1] stays
bounded away from 0 (p(x) > § for a.e. x), the orthonormal polynomials p,(z) would

stay bounded for = € (—1,1);

limsup [pa(2)] < C(6), @ € (~1,1)

n

For the full history see the survey [68], as well as the work [31, 32, 33, 34, 35].
This conjecture was disproved by Rakhmanov in 1979 [62], who constructed a weight
in Steklov’s class on the unit circle and translated it to the real line. The conjecture
of Steklov, disproved, became a problem of Steklov: how fast can the polynomials grow
under some conditions on the weight functions? The first question one must answer is
how to measure this “growth”; in the Steklov problems, this is the uniform norm. It

has been well-known that maximal growth in this norm is o(y/n); see for example [32].
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Rakhmanov in [62, 63] began considering the following variational problem:

Mn,é = Sup ||¢n(2,0'>||L°°('[[‘)'
o€E€Ss

where we define the Steklov class of measures as

S(;:{Ui/dU:l, o >0/(2r), ae. 96[0,27?)},
T

for 0 € (0,1).

In [63], the following estimates were established

n O\ M2
( 3 ) <5 Mm(g <5 nt/?,
In"n

The sharp result remained open until 2014, when Aptekarev-Denisov-Tulyakov [2] were

able to construct optimal examples. They improved the estimates to
Mn,g ~s nl/ 2.

The paper of Aptekarev, Denisov and Tulyakov completely settled the original prob-
lem of Steklov. In addition, it opened new perspectives on analysis of polynomials in
terms of conditions on the weight function. [2] made it clear that the Steklov condition
alone would not yield anything more than the nearly-trivial o(y/n) bound on uniform
norm but also raised new questions. The Steklov condition is a condition on how small
the weight can be; is there a similar condition on how large the weight can be that will
change the behavior of the polynomials?

[2] proved that assuming w € LP(df) for any p < oo still allows for weights achieving
o(y/n). Nazarov (see [21]) shows that L> control of the weight allows one to break the

n'/? barrier; in particular, he shows
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Theorem 1.6 (Nazarov). Let t > 2. Assume that the polynomials ®,, are monic or-

thogonal with respect to dp = w(0)dl. If the weight w satisfies

1<w(d) <e e<l

then

[®ull, ST, p=Ce!
If

1<w@) <T, T>2
then

HCI)an S, p=2+ cr!
The Nikolskii inequality (2.1) immediately implies the bound
[®alleo < Cp)n?

for the choices of p above. Sharpness of this result is not completely understood; in [21] a
weight satisfying 1 < w < T'is constructed which achieves n%_%. In the small-variation
regime, up to a constant in the exponent the upper bound saturates.

These results show that taking the perturbative approach in the measure dimension
can in fact bear fruit. This approach and related issues are the main topics of this thesis.

The following notations will be used throughout the thesis. Some special notations
may be adopted within each section.

| - ||, will always denote the L? (T; %) norm.

Absolute constants will be denoted C, ¢ or ¢j, C;. These constants may change

between expressions. A constant which depends on a parameter A may be denoted C'())

or (', and these may likewise change between expressions.
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For a function f, f~! will denote its multiplicative inverse.
If fi2)(x) are two positive functions for which f; < C'f, with some absolute constant
C, uniformly in the argument, we will write f; < fo. If fi < fo and fo < fi, then

fi~fo It

fi(z)
" fa(2)

< C(e),
where € is a parameter, then we will write f; <. fo. Relations f; ~. fa, f1 > f2 are
defined similarly.

®,,(2;dp), ¢n(z; dp) will denote the monic orthogonal and orthonormal polynomials
respectively of degree n with respect to the measure du. As we have been doing in the
introduction, du will often be suppressed.

For a measure dp on T we will use w to denote its a.c. part with respect to normalized
Lebesgue measure.

If o is a positive parameter, we write & < 1 to indicate the following: there is an
absolute constant oy (sufficiently small) such that o < . Similarly, we write o > 1 as
a substitute for: there is a constant « (sufficiently large) so that o > . The symbol
ap K g (g > @) will mean a;/ay < 1 (ag/ag > 1).

If A is a linear operator from LP(T) space to LP(T), then ||A]|,, denotes its operator

norm.
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Chapter 2

Asymptotic polynomial behavior,

perturbed weight regime

Questions about a.e. convergence and maximal functions are not the first to be asked
from the perspective of analogy with Fourier series. We learn introductory Fourier
analysis as an L*(T) < ¢*(Z) Hilbert space isomorphism. Not far behind this is the
Calderén-Zygmund theory of singular integrals, establishing the convergence of Fourier
series and integrals in L? for 1 < p < co. Therefore investigating the LP(df) norms of
the orthogonal polynomials is a natural direction of inquiry.

From the point of view of Steklov problems, there is another reason why these quan-
tities should be highly relevant. The polynomial inequality of Nikolskii states,, for P, a

polynomial of degree n,
1Pally < Anp gt P | Pulp, 1< p<q<oo (2.1)

where limsup,,_,. Anpq < C(p,q) (see [11]).

The exact dependence of this constant on n,p and ¢ has been a difficult problem;
the paper [48] provides a bound which is asymptotically sharp in n for ¢ = 0o, and [49]
discusses more general p and q.

The Nikolskii inequality implies that quantitative control of LP norms for fixed finite

p also yields information on L°° norms.
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How do we investigate these LP norms? The main observation to be used in this
section is an elementary identity, the usefulness of which goes back to Sergei Bernstein

([7], [69]). The reproducing kernel of projection onto the first n polynomials in the

Hilbert space L*(dp) is called the Christoffel-Darboux kernel
Ko(2,Gdp) = (25 dp)d; (G dps)
=0

The Christoffel-Darboux formula (see [65] Section 2.2) allows us to greatly simplify

the expression of this kernel and is extremely useful in bounding the integrals involved:

Z+1(Z) Z+1(C) — Ont1(2)Pn11(C)

Kn(z,Q) = 1 _ZZ

(2.2)

Let du; and dus be measures on T with {¢,(z;du1)}, {¢dn(z; dus)} their associated
orthonormal polynomials. {1,z,...,2"} is a finite-dimensional vector space; each of
{#5(z; dpa) }i—o and {¢;(z; dua)}j—y is a basis for this vector space. So we may expand

either in the basis of polynomials defined by the other. For example

n

(2 dpn) =Y (Dnlzsdimn), &5(25 dpa)) 1o g 65(25 dpia)

=0

= A, ¢n(; dﬂ2)+/TKn—1<Z7C; dptn) P (C; dpey ) dpio

If dpiq, dps both satisfy the Szeg6 condition then a,, = O(1) uniformly in n since each of
On(z;dpr), dn(z; dps) is uniformly comparable to its monic orthogonal polynomial.
Notice that K, 1(z,(;dus) is a polynomial of degree n — 1. Since ¢, ((;duy) is

orthogonal to all such polynomials in L?(T,du;) we have the trivial identity

/TKnl(%C; dpiz)dn(C: dpy )dpy = 0
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and therefore

b3 i) = b (z: dta) + / Kor (2, G dpn) (G dpn)(dpia — dp)  (2.3)

The equation (2.3) is the basis of the weight-pertubative approach which yields the

upper bounds to follow.

2.1 Asymptotic behavior with respect to a continu-

ous weight, upper and lower bounds

2.1.1 History and results

The question of possible growth of polynomials orthogonal with respect to a continuous
weight on the real line was first investigated by S. Bernstein in [7], where he originated
(2.3). This work was taken up by Szegé in his book [69] where he translated Bernstein’s

results to the circle, proving

Theorem 2.1 (Szegd). Let f(0) be a strictly positive weight function on the unit circle

which satisfies the Lipschitz-Dini condition
(0 +06) — f(O)] < L|logé|'™*

where L and X are fized positive numbers. Let D the Szegd function defined in (1.5).

Then we have, for |z| =1,
¢ (2) = 2"D(2) 7 + €, (2) (2.4)

where

lea()] < C(logn) ™
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C > 0 depends on L, A\, || flloe and || f™|co-

In the early 1990s Ambroladze also investigated orthogonal polynomials with respect
to continuous weights, proving a negative result. [1] showed that, given sufficiently slow
decay of the modulus of continuity to 0, there would be continuous weight functions
whose associated polynomial sequence was unbounded at the point z = 1. More precisely,

he proved:

Theorem 2.2 (Ambroladze). For any L > 0 and —1 < A < 0 there exists a weight
h(0) € By x such that

lim sup | ¢, (1; hdf)| = 0o

n—oo

for
By = {f € C(T): £(6) > 0, (0 +6) — £(8)] < L|nd|"+Y,0 < 6 < 1}

Given Szegd’s asymptotic formula (2.4), the result of Ambroladze identified the
roughly minimal continuous weight functions whose polynomials could grow, with a
gap at the point A = 0.

We consider the rate of polynomial growth possible for a given continuous function.

Define

h(0) = sup |f(x)— f(y)]

lz—y| <6
as the modulus of continuity of the function f. We assume f € C(T). Since trigono-

metric polynomials are dense in C'(T), we should be able to apply classical perturbative

techniques in this setup. Indeed, they yield interesting results sharp in some regimes.

Theorem 2.3. Let f be a real-valued function in C(T) such that A > f > § and
fT f(@)% =1, ¢, the n'™ orthonormal polynomial with respect to the measure dy =

f(@)%. Forn > No(f), the polynomials admit the following bound:
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||l lpo < C(A, )
1\—1
for po = O (C(A,(S)hf (1) ) and
bl Lo my < C(A, 5)nC A7 ()

Remark. The condition that f is bounded below by ¢ is restrictive, but necessary. In

particular, if we allow smooth f to go down and touch zero we may obtain growth of the

associated polynomials. For example (see [65], example 1.6.4), for du = (1 — cos(6)) £,
we have
2 & .
n(2dp) = > (i +1)2
Pl i) \/(n+1)(n+2) jo(] &
So
n+2
W(Ldp)| = ny 22

If the modulus of continuity is sufficiently irregular, we will construct a weight which

yields a subsequence of polynomials saturating the upper bound above.

Theorem 2.4. Let hg be a modulus of continuity on T; in particular, hy is subadditive,
uniformly continuous, and ho(0) = 0. If there is xo > 0 so that for x < xo,

[ In | In(z)[|

>
‘ho(l’)’ —C |1Il$‘

(2.5)
then there is a weight w(0) and a subsequence {ny}, nx — oo such that

hw(9) < ho(6)

and

C(A8)ho(
b (L) > cn’ ()
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Remark. This condition can be weakened to a similar condition on the limsup of
the ratio in (2.5). We state the result in this way for simplicity.

Remark. This C'(A4,d) is not necessarily the same as that in Theorem 2.3.

Notice that the dependence on the modulus of continuity is the same in both Theo-
rems 2.3 and 2.4. This is the sense in which these results are sharp.

One application of the upper bounds above is LP-asymptotics of the orthogonal
polynomials for all p < co. Further, due to decay of the exponent in n, some standard
harmonic analysis allows us to provide explicit rates of convergence for asymptotic quan-
tities such as the polynomial entropies. These have attracted serious interest in recent

years (see [2, 3, 4, 6, 24]). We show

Corollary 2.5. If f € C(T) with 6 < f < A and [ % =1, for ¢, the orthonormal

polynomial of degree n with respect to f and D the Szegd function of the weight f, then
5 D!
in LP(T) for all finite p. The rate of this convergence can be quantified
¢r =D +e(n)

where
1
el < ety () 6l + 1)

Since ||onll, < C(A, 6, p) for all finite p, this says

el < (4. (£

n

This allows us to immediately show
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Corollary 2.6. Under the same assumptions above, for the polynomial entropy defined

as
do
B, f) = [ 10nF 1og 6,115

we have the limiting statement

En, f) = —ﬁ[ylog(f)d@%—C(A,é)hf (1)

n
Notice this implies that E(n, f) obey a uniform bound in n. This was a new result

when the upper bounds in this section were proved, but the more general results on

BMO weights in the next section published in [25] also imply this fact.

2.1.2 Upper bounds

Before we prove the main results, we introduce some auxiliary Lemmas for Theorem 2.3.

Lemma 2.7. For f € C(T) such that § < f < A and [, f(O)L = 1, there is a

27

trigonometric polynomial g of degree n > ngo(f) such that

1 1)
™ — 1] < C(A.5)hy (—) S <gr<m
n
Moreover, we may take [, g% =1.

Proof. This is a classical result of Jackson and can be found in [38]. We prove it for
completeness.

We claim that it suffices to prove this result for Lipschitz functions. That is, assume

Proposition 2.1.1. If f is a Lipschitz function with period 2m and Lipschitz constant
M, then for each n there exists a trigonometric polynomial T of degree at most n such

that

cM
1f=T|loe < —
n
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where ¢ is an absolute constant.

Consider the function f~*() € C(T). Let v be the Lipschitz continuous function
on the circle which takes on the value f(6,)~" for 6, € {0,%, ..., 2”(" 1 } and linearly
interpolates between these values. Since f is bounded above and below, the modulus of
continuity of f~1 is comparable to that of f with constants in terms of A and 6. So there
is a constant C'(A,0) so that the slopes of the function v never exceed nC(A,d)hy (%)

Applying Proposition 2.1.1 to this function yields a trigonometric polynomial 7" so that

7=l < A () 26)

and we claim ||y — f'fo < hy(L). Let o € T. Let a; be the closest point in

0,2 ... —_1) to x; note |z — a;| < 2. Therefore
n J n

Iv(z)—fH(@)] < |v(@)—y(a)|+|fa;)—f (@) < C(A,8)hy (1>+hf (QW) < C(A,6)h (%)

yields the Lemma.
We proceed to prove the proposition. The strategy is to convolve with the Jackson

kernel and estimate the error. Let

) e (200 [0

be the Jackson kernel, with ¢, normalization constant. Claim that ¢, ~ n=3

, and
130 * f — f| S Y. We will show both by a simple integral estimate. For j = 0,1,2 we

estimate

2r sin'(na/4) .
/0 ! sint(z/4) 4
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Since for t € [0,7/2], sin(t) ~ t, we have

sin*(nx/4)

/ " it (2/4)

Therefore ¢,, ~ n~

2 [e8)
dx ~ / |2/ ~* sin(nx/4)| dz < ng_j/ |/ sin*(&)] d€ = en®
0 0

3 and

o+ £0) = 1) = | [+ 0 - f(w))ﬁn(t)dt‘ s [Can o

M tsin4(nt/4)dt M
n3 Jr sin*t/4 n

Notice J, > 0 so g is real and nonnegative.

Since |g7' — f| < C(A,)hy (%)’

A e L5

So replacing ¢! with ¢ = T yields
T

< C(A,0)hy (1)

1

-1 -1 -1
6=11.5 =gl =11 < 171 =5

—1|+C(A, 8)hy (%) < C(4,0)hy (%>

O

Lemma 2.8. Let g, f,n = no(f) as in Lemma 2.7, K,,_1 be the operator defined by

%00 = [ (Z Bz ) F(Og .1)

for {5;@} the orthogonal polynomaials with respect to 9*1(6’)%.

Then we have the operator bound

HfKn%Hp,p < C(4, 5)29
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Proof. This is an immediate consequence of the Christoffel-Darboux formula. Recall

(see [65], Theorem 2.2.7)

z_: O g (¢10) = 0% (€10) % (€M) — i (€70) (€M)

1 — eifein
Therefore
do
K, m ¢ m¢ 619 10
17 T’; HeMBe(e) f(e”) 5 =
/qs* e f(e) db /qan(ew)a?n(ei")f(e“)d_e
1- 6“7 %) 21 Jr 1 — ein=0) 27

Notice 1% is a Calderon-Zygmund kernel, so

13n-1f1lp S pllénl 2] f1ln

We chose g to be a degree n trigonometric polynomial, bounded away from 0 by ﬁ
and from oco by 26! uniformly for n > ng(f). By Fejér-Riesz there is a polynomial h of

degree n (that is, having only positive powers of z) with all its zeroes in I so that

And we have ¢; VA= < |h(0)] < coVo~ L

Since ¢~ (0) L = |h(0)|*£ and h is a polynomial of degree n with all its zeroes in
D, ¢,(z) = h(z). This is a consequence of the Bernstein-Szegé approximation, Theorem
1.7.8 in [65], and our choice of h as permissible OPUC via Fejér-Riesz.

So we have

1Ko [f1llp < pC(A, 0)][f]lp

as desired. O

Given Lemmas 2.7 and 2.8, we may prove Theorem 2.3.
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Theorem 2.3. Take f as in the statement of the Theorem, g as in Lemma 2.7. Use {gk}
to denote the polynomials orthogonal with respect to dv = g_lg, and {¢x} to denote

the polynomials orthogonal with respect to du = f %. Using dp as dpy and dv as dus

in our equation (2.3) yields

0n(€) = auGn (™) + Kot [B] (€7) = anu(e™) + /T On(e”) K (¢, €, du)g*(e”)%
= e+ [ = FED Kol oG, 2

So

16ally < lanlllénlly + 197" = Fllscl|Kn1llppl|6nllp

By Lemma 2.7, ||g7" = f||oc < C(A,0)hs (). By Lemma 2.8, ||K,_1|[,, < pC(A,9).

So

~ 1
Pnllp < lan|l|énll, + pC(A, 6)hy ( > || nllp

n
¢n = h implies ||$n||p < C(A,0), so we have
n

1
16ull, < C(AL) + pC(A, 5)hy ( ) 16nlls

Take p so that

for appropriate universal constant C. Since f is uniformly continuous, p = p(n) — oo

as n — 0o. We have then, for this choice of p,

[[#nllp < C(A,6)
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Applying Nikolskii’s inequality (2.1), we have control of the L> norm as well:
l6nlloo < C(A, 8)nCAMs ()

as desired.

2.1.3 Lower bounds

The lower bound in Theorem 2.4 is a consequence of

€

Lemma 2.9. For ¢ > 0 sufficiently small and any n > ny(€) = exp <&§6|>, there is

g € C(T) and absolute constant ¢ so that

e O,(1;9) 2 n
o [1—yglle <€

* [[gllcc < me

We prove this Lemma in Appendix B. It is simply the quantification of € in terms of

n in Theorem 3.1 of [21].

Proof (Theorem 2.4). We will assume Lemma 2.9.

We may assume the modulus of continuity hg is concave. Indeed, for any modulus
of continuity h, there is a concave modulus h satisfying h < 2h (see [27], Proposition
3.15).

We construct a sequence of weights w; with parameters n;, ¢; so that the moduli of

continuity of all weights lie below that of f. We will put these weights together into a



30
single weight w, using the localization principle B.4 to argue that this does not change
the size of the polynomials too much, and estimate the modulus of continuity A,,. First

we choose n; so that

1.
3
Zﬁ: e (2.9)
2.
i i >n, exho((z;) (2.10)

for sufficiently small constants ¢y, cs.

The first condition will be used in the construction to estimate h,,. The second we use

to argue that localization will not change the value of the polynomials too much.

1 1
;= = — 2.11

We choose this value for ¢; so that the point (%,2@) lies on the curve ho(x). By

Now let

definition of ¢; and since hg is concave, 2¢;n;6 < ho(d) for § < ni To see this, note

y = 2¢;n;x is the equation of the line passing through (0,0) and <n%’ 261'), two points on
the curve ho(x). Since hg is monotonic increasing, ho(0) > 2¢; for § > -L. Putting these
estimates together gives

We also see

nees — () (2.13)

directly by definition.
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By the assumption (2.5), we claim

n; > exp (C| lne,-|> (2.14)

2
€

This can be seen as follows. Recall (2.5), which tells us

| In | In(z)[|

>
o) = C | In x|

Since €; = chyg (%), we have
1

oo |G [l
|In <ni> | In(n;)|

7

Let y = Inn;. Then

Y
Thus
Yy C
= > = 2.15
Iny =~ € (2.15)

For sufficiently small ¢; > 0, (2.15) shows we may restrict to y < ¢; ® and still solve the

inequality. Therefore

Clny _ C|lng|
25 23

€ €

(2.16)

which, when exponentiated, yields (2.14).

Therefore by Lemma 2.9 for each ¢ we may construct a weight w; € C°°(T) which

satisfies
1.
On; (L;w;) 2 i = n:ho(%’), ¢ universal
2.

1T — willoo <€
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[l < €im
Items (2) and (3) tell us about the modulus of continuity of the w;; in particular,
hy,(z) < min{en;z, €} (2.17)
(2.13) and (2.17) say that
. 1
hy, () < min{enz, ;) < §h0(x) (2.18)

for all z and .

We now put these weights w; together into one weight w whose polynomials grow
along subsequence {n;} at rate which meets our upper bound.

Divide the circle T into intervals {I;}, each of size |[;| = ¢i~? for small constant c.
Choose ¢ sufficiently small so that Y, ci™2+ Y, 3n; " < 27. Notice it is here we use our
condition (2.9). Spread the I; around the circle so that I; is separated from I;_; by an
interval of length at least

2 1

il 2.19
ni—1 * n; ( )

Denote by 6; the center of I;. Let

w(?) =w;(0—0;):0€ 1,

Let by, by denote the endpoints of I; for fixed i. Linearly interpolate at slope 4¢;n;
between (b;, w;(b;)) for j € {1,2} and points (a;, 1) for a; € T (where the positive slope
is chosen if w;(b;) < 1 and the negative if w;(b;) < 1). This yields an expanded interval
L; for which the w on these L; is still at worst Lipschitz with Lipschitz constant €;n;

and bounded above by ;. Since ||1 — w;||oo < €, |Li] < 6; + nl
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ho(z)
26i
26,41

1 1

ni+1 Ny

Figure 1: Bounding modulus of continuity of w

Connect the rest of the circle with the constant value 1 and denote by M;_; the

interval (on which w is constant 1) between L;_; and L;. Notice by (2.19) that

1

nj—1

M| > (2.20)

and T = U;(M; U L;). Let the intervals L; be closed and M; be open.

Then we make two claims. First
chg ni
0 (z20) e 2 )

and second

hy(z) < 2sup min{e;n;x, €} < ho(x)

The first claim follows from the localization principle; B.4 says

cho( L
6 (053 0)| = Ol (L 0)| = Ci2nss > ()

(2

by the construction of the parameters ¢; and n;, in particular equations (2.10) and (2.13).

We investigate the second claim (see Figure 1). Note the inequality
2sup min{e;niz, €} < ho(z)

is implied by (2.18), so we focus on the first inequality. We wish to estimate |w(z)—w(y)]|.

There are three cases:
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o If v,y € L; for some j, then since w is Lipschitz with constant ¢;n; and bounded

by €; we are done.
o If neither is in any L;, then they are in some M, and some M,, on which w = 1,
so |w(z) —w(y)| = 0.

e If oneisin L; and the other is elsewhere, we make use of our separation condition
(2.20) on L;. We will investigate the possibilities separately. Without loss of

generality we assume x € Lj,y € M, U L,.

Ifr<j—loryelL;,
lw(z) —w(y)| < 26 =2min{en |z —y|, €}

since by our separation condition |z — y| > =
nr

If y e M;_y UM,;, then w(y) =1 so

jw(z) —w(y)| = lw(z) - 1] < ¢

If r > 5+ 1 then uniformly in r,
lw(z) —w(y)| < 2min{en;lz —y|, €}

since |z —y| > .
J

So we have

hw(x) < 2supmin{e;nz, €} < ho(z)

]

as well as

ho (-
by (23 0) oo = g o)
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and hence the Theorem is proved.

]

Notice that although we have only shown an upper bound for the modulus of continu-
ity h., Theorem 2.3 shows that h,(z) achieves this bound as x — 0 up to a multiplicative

factor.

2.1.4 Applications

Our upper bounds in this section utilize methods reminiscent of Szeg6’s book [69] (see
especially chapter XI) originally due to Bernstein. With this in mind, we may hope to

prove similar convergence results to the previously mentioned

Theorem 2.10 (Szegd). Let f(0) be a strictly positive weight function on the unit circle

which satisfies the Lipschitz-Dini condition
(0 +06) = f()] < L|logé]'™*

where L and X are fized positive numbers, and D the Szegd function defined in (1.5).

Then we have, for |z| =1,
¢ (2) = 2"D(2) 7 + €n(2)

where

len(2)| < C(logn) ™
C > 0 depends on L, X\, and the minimum and mazimum of f.

This is Theorem 12.1.3 in [69]. Of course if we relax the modulus of continuity

condition to allow for something worse than Dini-Lipschitz we will not have such a strong
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asymptotic; the polynomials may be unbounded at a point. But because our regime is so
classically perturbative there is hope to adapt the methods of Szegé and similarly extract

rates of convergence in a weaker sense. This is the content of Corollaries 2.5 and 2.6.

Proof (Corollary 2.5) . In the proof of Theorem 2.3 we have seen the expansion (2.8)

do

, ~ o do L
On(eM) = an¢n(e”7)+/ Kn,l(em,elo,du)g’l— = anh+/ Kn,l(e’",ew,du)(g’l—f)<bn—
T 27T T 27T

where h is the Fejér-Riesz factorization of g ~ g, * f ! and (Zn is orthogonal with respect
to the measure |h| 2.
We wish to estimate ¢ (z) — D~!. We write

= Il+12+[3
p

62D, < uanh*—h*\|p+r|h*—@1np+H [ e anta™ - 50

I3 we have already estimated; we have

- |

/T K2, ¢ dv) (g7 = £)65d0(C)

1
<ucta oy (5) ol

which is sufficient for our purposes.
We estimate the first term.
A priori, |a,| may depend on §. It is in fact uniformly close to 1. Recall 5n =

— % and ¢, =

] . Since the only 2" term in an expansion with respect to
n L2(g_1)

D
H‘I)n||L2(f)

the basis {50, e gAb/n} is in the polynomial ¢,

B+ fy Ko (] — g™)d0 i
q)n 2 H T ! 2 Q)n ’ !
oyt M ®allzgy e _ N®allzy (C(A,5)hf( ))

o I _ _ S L
[Pl L2(g-1) [Pl L2(g-1 [ DnllL2(g-1 n

_140 (C(A, 5)h; (1>) (2.21)

n
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Therefore

L=0 (O(A, 5)h, (%))

We turn to estimating the second term. Notice that (h*)~!

is the Szegd function
with respect to the weight ¢!, and D the Szegd function with respect to f. Therefore

(see [65] Section 2.4) we have the integral representations

h*(2) = exp (;73/61:6+210g (67 (0)) ‘21—9)

e — z T
- —1 [P +2 df
D1(2) = e (1 [ S tos (0 52

and we are investigating

-1 e + 2z B do -1 e+ 2 do
o (1 [ Soe (o) 52 ) —eo (1 [ S rstron g )

o (1 [ S (o8 07'(0) ~ o (0) 37 ) — 1

A Jo e — 2

12:

<

~

p

We expand the exponential in its series and see

(2 fr 2022 (tog (571 (6) — log (F9))) 22

Jj=1

Since g71, f, g and f~! are bounded uniformly in 6, we may apply the Mean Value

Theorem to say

Jog (57(0)) = 1og (1(6)| < C(4.0)]g™(6) ~ 76)| < O, (2

The Cauchy kernel is a Calderén-Zygmund kernel so LP bounded for all finite p with

norm growing like p at infinity. So

J

o || [ St (log (971(0)) — log (f(6))) &£
hEy - s oy OO ()

ji>1

J=1
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7! < (¢j)? by Stirling’s formula so

1\’ 1 1 1
I; < C(A,0)hs | — =pC(A,0hs | — =pC(A,0hs | — 1
1N2(p ( ’ ) f(n)) p ( ) ) f(n> 1—pC'(A,5)hf(l) p ( ’ ) f(n)7 n >
jz1 n
Therefore

1
165 = D7, < CCA. 0ty (3) (6l + 1)

The second corollary is now immediate.

Proof (Corollary 2.6). Following [25], we have the following inequality from the mean

value formula
2% log z — y*logy| < C(1 + z|log x| + y|log y|)|z — y]
Therefore

) L L
[ 6. ol 1D1 g D11 552 5 [ (1+10n o 1D~ o Dl - 1D
T 27T T 27T

Since x|logz| < C(6)(1 + 2'*9), applying the generalized Holder inequality to

||+, | D719, ¢k | — | DY, and f and using f € L™ gives us

_ 4, .0 1
[ 161081001 - 21 2108 D1 1752 < Ch (3
T

n
To conclude the proof it suffices to note

1 do
-2 ~1 _ 1 av
[ 1012 10g a8 = =5 [10s()5”

since |D]? = f. O
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It would be nice to provide rates of convergence to these asymptotic quantities in
other situations. There is a clear breaking point in this approach: we are in a truly clas-
sical perturbative regime. That is, our weight function f is uniformly well-approximated
by trigonometric polynomials. We expand with respect to these polynomials, show the
“tail” is small and investigate the convergence of this “other” set of polynomials to the
Szegd function of the weight f in n. If we cannot answer this secondary convergence
question (for example, in the next section), this classical approach is out of luck. For
this reason it seems that the method above is fairly limited when “weight perturbation”

is interpreted in a different sense.

2.2 Asymptotic behavior with respect to a BMO(T)

weight, upper bounds

The question of what can be said about the polynomials orthogonal with respect to a
BMO weight was inspired by the gap which remained after the works [2] and [21]. These
showed that L> control over the weight w was sufficient to improve the % exponent on
n in growth of uniform norm of the polynomials, but L” control for finite p was not.
A natural question, then, was whether any class which sits between L* and LP on the
circle would be sufficient to break n'/? growth.

BMO in particular is a natural choice considering its appearance in place of L*> in a
range of contexts. Two in particular are the H* —BMO duality proved by Fefferman and
Stein [29] and the estimates on commutators of BMO functions with singular integrals

proved by Coifman, Rochberg and Weiss [16]. See the Appendix for a brief introduction
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to BMO functions following [55].

In this context the author and his advisor began investigating the case of w €&
BMO(T),w > §. Interestingly, perturbative results were quickly proved which did not
rely on w > § but rather on the weaker condition w=! € BMO(T). This arose due to a
natural symmetry in the algebraic structure of the problem. The results on large-BMO
weights proved more involved.

In the paper [25] we proved the following:

Theorem 2.11 (Denisov-R. [25]). Ifw is a real-valued weight satisfying w : |[w™||syo <

s, |lw|mo < t for st > 1, then there is Il € LP°[—m, 7|, po > 2 such that
Jim | @7 =TT}, =0

and we have for py:

C
po =2+ m (222)

If w is a weight with w : ||[w™Y|Bmwo < s, ||w|Bywo < t for st < 1, then there is

Il € LP[—m, 7|, po > 2 such that

lim |9}, — TI],,, =0

n—oo

and here we have for py:

Cs
We also have the bound for the uniform norm
|9 loe < Capn'/?° (2.24)

where C,) denotes a function of u.
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In the case when an additional information is given, e.g., w € L> or w™! € L*, this

result can be improved.

Theorem 2.12 (Denisov-R. [25]). Under the conditions of the previous Theorem, we

have

o [fw>1, then py can be taken as

2—|—i, ift >1
Do = tlogt
N C
2 o<t
Vi
o J[fw < 1, then we have
2+ G . ifs>1
Py = slog s
N C
=2 if0<s<1

NG

We also have the bound for the uniform norm
[P ][00 < C(t,s)nl/po (2.25)
where C s depends on t or s.

Remark. It is clear that the allowed exponent pq is decaying in s and ¢ so it can be
chosen larger than 2 for all values of s and t.

Remark. The following scaling invariance holds: ®,(z,0) = ®,(z,a0), a > 0.
The BMO norm is 1-homogeneous, e.g., ||aw||pymo = o||w||smo, so the estimates in the
Theorems are invariant under scaling w — aw, as they should be.

Remark. The weight above could be taken to be complex-valued with some restric-
tion on the argument, and our analysis below will show existence of the polynomials for

all n as well as the bounds in the Theorem above. This work is ongoing.
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In the case when w = C, we get ||w|| o = ||w™| Bro = 0 and, although &% (2, w) =
1, we can not say anything about the size of ¢ (z,w). The next Lemma explains how

our results can be extended to {¢}}.

Lemma 2.13. In the Theorem 2.11, if one makes an additional assumption that ||wl|; =

1, then ||¢; — DY, — O with py as above.

Proof. Indeed, Lemma A.6 from Appendix A shows that

/’T db
logw— > —o0
o 2m

and thus the sequence {||®, |2} has a finite positive limit [65]. Therefore, {¢}} =
{%} has an L?° limit by Theorem 1.3. By Theorem 1.4, {¢%} converges weakly to

D~ and therefore we have the statement of the Lemma. O

Recall the polynomial entropy as defined in the previous section,

E(n,0) = / (Gul? log || do

where {¢,} are orthonormal with respect to o. In [24], the sharp lower and upper
bounds were obtained for ¢ in the Szegé class. In [2], it was shown that E(n,w) can
not exceed C'logn if w > 1 and w € LP[—m, 7|,p < oo, and that this bound saturates.
This leaves us with the very natural question: what are regularity assumptions on w
that guarantee boundedness of E(n,w)? The following corollary of Lemma 2.13 gives

the partial answer.

Corollary 2.14 (Denisov-R. [25]). If w: w,w™! € BMO(T) and |wl||; = 1, then

1 s
lim E(n,w) = i log(w)db
T

n—00 _r
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So far, the only classes in which the E(n,w) was known to be bounded were the
Baxter’s class [65]: do = w2, w € W(T),w > 0 (for W(T) the Wiener algebra) or the
class given by positive weights with a certain modulus of continuity [69]. The previous
section of this thesis showed that in fact all polynomials orthogonal with respect to
continuous weight bounded away from 0 obeyed uniform bounds on their entropies. In

this section our conditions are obviously much weaker and, in a sense, sharp.

We use the following notation in this section:

Py ; denotes the L? (%) projection to the (i,...,j) Fourier modes.

Given two operators A and B, we write [A, B] = AB — BA for their commutator. If
w is a function, then in the expression like [w, A], the symbol w is identified with the
operator of multiplication by w. The Hunt-Muckenhoupt-Wheeden characteristic of the
weight w € A, will be denoted by [w]4,. For the basic facts about the BMO class, A,

and their relationship, we refer the reader to Appendix A or the classical text [66].

2.2.1 Proofs of main results

Before proving the main result, Theorem 2.11, we need some auxiliary Lemmas. We
start with the following observation which goes back to S. Bernstein [7, 69]. Notice this
is the same fact used in the last section, here with dus = %. It is so useful in this section

we restate it in an alternate form.

Lemma 2.15. For a monic polynomial Q) of degree n, we have:

Q(2) = p(z,w) if and only if Pyop-1(wQ) = 0. (2.26)
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Proof. 1t is sufficient to notice that (2.26) is equivalent to

LA a6
/ Q(ele)e_ljew(0)2— =0, j=0,...,n—1
- T

which is the orthogonality condition. O]

Lemma 2.16. If f € L*(T) is real-valued function, Q € L>(T), then

2" Pon-1)(f2"Q) = Pun(fQ)
In particular, for a polynomial P of degree at most n with P(0) = 1, we have:
P(z) = @) (z,w) if and only if Py, (wP)=0.

Proof. The first statement is immediate. The second one follows from the Lemma above

and the formula ®, = z"®*, » € T. O

We have the following three identities for @ (z,w); the first one was used in [21]

recently. They are immediately implied by the Lemma above.

OF =1+ Py ((1 - aw)@jg), aeR (2.27)
O =14 w w, Py )Pk (2.28)
P =1—[w, Pyl (wd) (2.29)

Denote the higher order commutators recursively:
CO = P[l,n}a Cl - [w7 P[l,n}]y Cl = [wa Cl—l]a = 27 37 cee

Define the multiple commutators of w™" and Py, (in that order!) by éj.
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Lemma 2.17. The following representations hold

i
) —1 )
w Py ®h = G 1) Cuw’ '@}, (2.30)
=1
and
. T\ = .
U)JHLMQZ:——§:<;>CH1wlew®;) (2.31)
=0
where 7 =1,2,....

Moreover, if f is a polynomial of degree at most n which satisfies (2.30), (2.31) with

constant term 1, then f = @}

Proof. We will prove (2.30), the other formula can be obtained in the similar way. The
case j = 1 of this expression is our formula wP; ,;®; = [w, Py ,|®;, which follows

directly from Lemma 2.16. Now the proof proceeds by induction. Suppose we have
=1
Multiply both sides by w and write
«— (k-2 «— [k —2
ka[Ln]‘I):; = Z <l B 1>wClwklch>;“Z = Z (l B 1) (Czﬂwk*l’l@; + Clwk’ld)fl) —

=1

because

The uniqueness statement is proved by the same induction. Lemma 2.26 shows that

uniqueness holds for j = 1, and the inductive step above completes the proof. O
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Motivated by the previous Lemma, we introduce certain operators. Given f € LP,
define {y;} recursively by

j—1 .
| 1
yo="Fry=w +) (j l )Cz+1yj—1—z

=0

Then, we let

i,
zp=w — Z (‘;) Cii1zjm141

=0

where z_; = 41,20 = yo = f. Notice that for fixed j both y; and z; are affine linear

transformations in f. We can write

yi =y +y;
where
Yo=1f v =0

and, recursively,

j—1 . -1 ,.
j—1 . g—1
= ( z )Clﬂyﬁ'—l—h vi=w ) ( z )C’“yg‘l‘l

=0

Similarly, we write z; = zj + 27 where
;o "o ;o "o
21 =Y, 1= Y1 ZO_fv ZO_O

and

J . J .
T\ & ~j EIJN
z; - _ E (Z)Clﬂz;_l_l, z;’ =w ' — (l)sz;'_z_l,
1=0

=0

Let us introduce linear operators: B;f =y}, D;f = 2. We need an important Lemma.

Lemma 2.18.

w@;:%+3@; wﬂ§:4+D@;
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Proof. This follows from
WO =w +w PP, w0 =wT +w Py, Pk
and the previous Lemma. O

The next Lemma, in particular, provides the bounds for B; and D;.

Lemma 2.19. Assume w > 0, ||w|zymo = t, ||[w™|ro = s, |[w]y =1, and p € [2,3].

Then,
I1Bjllpp < (Ct5)’,  1Dillpp < (14 st)(C'sj)
Moreover,
lyill, < (CE3), NIz, < SEH(CE))
with

t =max{t,1}, %= max{s,1}

Proof. We will prove the estimates for || B;||,,, and ||y} ||, only, the bounds for || Dj ||, [|2] I
are shown similarly. By John-Nirenberg inequality (Theorem A.2, see also [66], p.144),
we get
[ lw— Ry pras S [ e exp(-Cafde = SCOPEGR) < (Cut)
-7 0
where Stirling’s formula was used for the gamma function I'.

Since
jw’? < (Jw — (2m) 7! + (2m) )P < CP(Jw — (2m) P + 1)
we have

/ |w\jpd¢9 < ij(l + (tj)jp) < (leﬁjp

—T



Lemma A.5 yields

—_

j—1

=1~ i
Il < 3 (@ 0yl < (i
05— 1-1)
=0 "'V ’ k=0
/
Divide both sides by (Ct)7j! and denote f3; = (%th)!y' Then,
i1
By <) B

l

Il
o

(et~
!

||y;q||p
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Since By = ||f|l, we have 3; < 37| f]l, by induction and thus [|y}[|, < (Ctj)7||f|l,- The

estimates for ||y7 ||, [|2}llp, |2} ||, can be obtained similarly.

Lemma 2.20. If |w||, = 1, [|[w|sro =, |w™t||sBmo = s, and p € [2,3], then

(A CA
mm(A l||Bl|]p7p> < exp <——)

leN t
and

4 C
min (¢/[[D; ) < (1+ st) exp (——)
JEN

€S

provided that A >t and ¢ < s

Proof. By the previous Lemma, we have

(v mi) < (S)

]

Optimizing in [ we get I* ~ C'A/(te) and it gives the first estimate. The proof for the

second one is identical.

Now we are ready to prove the main results of the section.

O
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Proof. (Theorem 2.11). Notice first that (2.24) follows from the Nikolskii inequality

(2.1) as long as the LP° norms are estimated.

By scaling invariance, we can assume that ||w||; = 1. We consider two cases sepa-

rately: st > 1 and st < 1. The proofs will be different.

1. The case st > 1.

Let p = 2+ 0 with § < 1. Take two n-independent parameters € and A such that
es < 1 and At™! > 1. Consider the following sets @, = {r:w <€}, wy={r: e <w <

A}, Q5 = {x:w > A}. Notice that
s<LINT<1l = ()N <1 = A< (st) <1 = e< A

From (2.27), we have

O =1+ Pyl —w/A)d;,
The idea of our proof is to rewrite this identity in the form
P} = fu+O(n)®;,

where || f,]|, < C(s,t) and O(n) is a contraction in L? for the suitable choice of p.

Towards showing this contraction, we consider operators

O1(n)f = € Py (1 — w/A)xa, (%)J D;f (2.32)
OQ(”)f = P[l,n](l - w/A)XSbf (233)
O3(n)f = APy (1 — w/A)(AJw) xa, Bi f (2.34)

where j and [ will be fixed later. They will be n-independent. Let us estimate the

(LP, L?) norms of these operators. Since || Py plpp < 1+ C6 (Lemma A.4), we choose j
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and [ as in Lemma 2.20 to ensure

¢
101(1)5 < stexp (——)

102(n) [l < (1 + CO)(1 —eA™)

CA
||O3(”)||p,p < exp <—T>

Lemma 2.18 now yields
= 14 fi(n) + fy(n) + (O1(n) + Oz(n) + O3(n));

where

fuln) = &P —w/Axa, (D) 2 faln) = A B gL w/A)(Afw) o,

Let  f(n) =1+ fi(n)+ f3(n)

Then Lemma 2.19 provides the bound
1f(n)llp < C(s,1) (2.35)

uniform in n. Denote O(n) = O1(n) + O2(n) + O3(n) and select parameters €, A, § such
that ||O(n)|l,, < 1 — C4. To do so, we first let 6 = ceA~! with small positive absolute

constant ¢. Then, we consider

6 aA C1€
st exp s + exp aaral Bl

with ¢; again being a small constant. Now, solving equations

~

stexp(—C/(es)) = exp(—=CA/t), cie/A = 2exp(—CA/t)

we get the statement of the Theorem. Indeed, we have two equations:
Ct
€= —=
s(CA + tlog(st))




o1

and
A1 A log(st)
T35 (C+log(sA) +log(? + o ))
Denote
u=CAJt
and then

1
u = C + log(st) + 210gu—|—log<1 + M)
u

To find the required root, we restrict the range of u to ¢1log(st) < u < colog(st) for

c1 < 1, co > 1. Rewrite the equation above as

1 t
u — 2logu — log (1 + w) = log(st) + C
u

Differentiating the left hand side in u, we see that 1.h.s. ~ 1 within the given range.

Therefore, there is exactly one solution u and u ~ log(st). Then, since

log (1 + logft))

is O(1), we get
u =log(st) + 2logu + O(1) = log(st) + 2loglog(st) + O(1)

by iteration. Thus,

€ 1
—=Ce "~ ————
A stlog?(st)
and 9 ~ m. Now that we proved ||O(n)]|,, <1 — Cd < 1, we can rewrite

= f()+ )0/ (n)f(n)

and the series converges geometrically in LP with tail being uniformly small in n due to

(2.35).
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To show that &% converges in LP as n — oo, it is sufficient to prove that O’(n)f(n)

converges for each j. This, however, is immediate. Indeed,
Piaf = Puogfs as n— o0

in L7 for all f € L91 < q < oo. Since w,w™' € BMO C N, L” ([66], this again
follows from the John-Nirenberg estimate), we see that multiplication by w*’ maps LP!
to LP? continuously by Holder’s inequality provided that p, < p; and j € Z. Therefore,

if uyj € L*>*,j=1,...,k, then
W™ Py g prow™? L w1 Py g™ (2.36)

has a limit in each L?,p < oo when n — oo. Notice that each f(n) and 0’(n)f(n)
can be written as a linear combination of expressions of type (2.36) ({y;} taken as the
characteristic functions). Now that § is chosen, we define py in the statement of the

Theorem as py = 2 + 0.

2. The case st < 1.

The proof in this case is much easier. Let us start with two identities

B, = 1w Rl B = Lt [Py, ot

n

which can be recast as

w® = w+ [w, Py )L, OF =1+ [Py, w Jwd;

n n

Substitution of the first formula into the second one gives

f =1+ [Py w ' w+ G,
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where
G = [P, w ™ w, Py ]
We have
11+ [Py, w™ wll, < C(s,t,p)
and

[[E| PP stp'
by Lemma A.7. Taking p < py ~ (st)~'/* we have that G, is a contraction. Convergence
of all terms in the geometric series can be proved as before. O

Let us give a sketch of how the arguments can be modified to prove Theorem 2.12.

Proof. (Theorem 2.12). Consider the case w > 1 first.
1. The case t > 1.
The proof is identical except that we can chose € = 1/2 so that ; = (). We get an

equation for A

C CA
A ¢

— =exp ——) . A =C"t(logA —log C)
Denote CA/t = u, then
u=1logt+logu+ O(1), u=1logt + loglogt + O(1)
and ¢ ~ (tlogt)™!.

2. The case t <« 1.

We have

O) =1+ Lo®;,  Lnf=w"[w, Pyylf
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and Lemma A.7 yields

I Lnllpp < p’t <05
for p < po = O(t~1/2).

The case w < 1 can be handled similarly. When s is large, we take A = 1 in the

proof of the previous Theorem and get an equation for e:

Its solution for large s gives the required asymptotics for € and, correspondingly, for §

and pg. If s is small, it is enough to consider the equation
o =1—[w, Pyywd,
where the operator [w™!, P ,j]w is contraction in L? for the specified py. O

Now we are ready to prove Corollary 2.14.

Proof. (of Corollary 2.14). The following inequality follows from the Mean Value For-
mula

|2 logz — y*logy| < C(1+ z|logz| + y|logy|)|z — y|, =,y =0

Since w € Npcoo LP, the Theorem 2.11 yields

™ 3 de [T . o dl
[ lienP o8 161101 o5 (1D11) [wh S [ (1+{onlog 6+ log DIjes] ~[D g - o

—T —T

n — oo

by applying the trivial bound: u|logu| < C(6)(1 4+ u'*?),6 > 0 and the generalized

Holder’s inequality to |, (or |D|7279), ||¢%| — |D|7Y|, and w. To conclude the proof,



it is sufficient to notice that

™ 1 T
/ |D| 2 log|®_1|wd0 = —— log(w)d6

o A J_.

because |D|* = w.
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Chapter 3

Randomized Verblunsky
Parameters—Steklov was almost

surely right

At this point we have seen several senses in which Steklov was wrong, including contin-
uous weights staying bounded away from 0 whose polynomials diverge at a point. But
the Steklov conjecture remained open for over 50 years and survived attacks by talented
mathematicians; empirically, the counterexamples seem to be sparse.

We are led to a probabilistic Steklov question: if we take a random measure, what
behavior can we expect from the uniform norm?

The natural way to place a probability distribution on measures of orthogonality is
via the Szegé recurrence (1.2); we randomize the Verblunsky parameters. Recall that
in the analogy between orthogonal polynomials and Fourier analysis, the Verblunsky
parameters {a,} play the role of the Fourier coefficients. Asking about the regularity
of polynomials with random Verblunsky parameters can be thought of as a nonlinear
analogue of the convergence of Fourier series with random coefficients. So the randomized
Steklov question is analogous to those addressed by Salem and Zygmund in their classical

paper [64]. We expect the same techniques to come into play and similar results to be
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provable. The nonlinear case should be more difficult than the linear case, and we might
need to enforce more conditions to guarantee the same outcome. In the main result of
this section, we find a logarithm more than Salem and Zygmund results in an almost
sure bound on the maximum of the polynomials.

Let {a,} be a fixed (positive) sequence, |a,| < 1, with decay to be specified later.
Let {w,} be an independent sequence of random variables, uniform on the interval [0, 1).

mien g0 that {a, }5°, is a sequence of independent random variables

Let o, = aye
with the same decay properties as {|a,|}. The particular distribution of «, plays no role
as long as it is bounded by |a,| and its argument is symmetrically distributed. Denote

by dS the measure thus defined on D*°.

Our filtration on (D, dS) is the natural one; let

gn—l = (T(Oé(), cee 7an—1)
where o(a,...,a,_1) denotes the o-algebra on D> generated by the random variables
{ag,...,a,_1}. That is, o(ay, ..., a,_1) is the smallest o-algebra under which all «; for

0 < ¢ <n-—1 are measurable.

Since the {a;} are independent random variables, we have
a; LG, 7>n
The Szegé recursion for the polynomials @} says
D) 1(2) = Dy (2) — 2Py (2) (3.1)

Therefore

E[@:(:)[S,] = 24()  j=n (3.2)

The equation (3.2) endows the polynomial sequence {®} } with martingale structure.
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Definition 3.1. A sequence of integrable random variables { M, } along with a filtration

{F,.} on a probability space Q2 which satisfies
E [M,|F_1] = My, (3.3)
15 called a martingale.

Martingales are a classical and extraordinarily useful object in probability and related

areas of analysis. An associated concept we will use is that of a so-called submartingale.

Definition 3.2. A sequence of integrable random variables { M, } along with a filtration

{F,.} on a probability space Q which satisfies
E [Mn|9:n—1] Z Mn—l
18 a submartingale.
This technology allows us to prove the main result of this section.
Theorem 3.3. Let {a;} be fized. Let
R, = Z a;
k=n
and assume

R
<
'

m A /
n=1
Let oy, = a, €™ with w, i.43.d. uniform on [0,1). Then with probability 1 there is a

random constant C'(w) such that

sup [| 97 [l < C(w)
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Remark. One example of admissible R, is
R, <log™’n, B>2

Remark. The Salem-Zygmund paper [64] has slightly weaker conditions on the

decay of R,,. Precisely, it proves

Theorem 3.4 (Salem-Zygmund [64]). Let R, = >~ r2. If

VIR,
E —F <X
— ny/logn

then the series

Z Tm®m(t) cos mz

m=1

represents a continuous function for almost every value of t, where {¢,} is the Rademacher

system.

Our result is analogous to theirs, but our assumption on R, misses theirs by a
logarithm. The obvious methods of improving the approach in this section (e.g. further
sparsification) will not yield this further logarithm, and it is unclear to the author
whether this is a consequence of suboptimal technique or the structure of the problem.
A reasonable lower bound on decay necessary to achieve a similar result would be of
interest.

Remark. This Theorem asserts that if we impose logarithmically stronger than ¢2
decay on the Verblunsky parameters, our resulting measure, which was a priori guar-
anteed to be only Szego, is almost surely in fact Steklov with polynomials obeying a

uniform bound.
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3.1 Basic Lemmas

We use the Markovian nature of this martingale to decouple in a sparse manner and
control the process. In this section we collect the Lemmas which will be needed to prove

Theorem 3.3 above. The polynomial recursion can be restated

* * anz®,
Vi) = 03(2) (1= )

Therefore

We denote

For now we consider z € T a fixed parameter.
Notice that these M;_,; inherit the martingale structure of the polynomials. Indeed

(6}
E [M;p41|9k) = Mk — ngMj—ﬂc]E (k1] = M (3.4)

n

Since ¢(z) = |z| is convex we immediately have that |M;_;(z)| is a submartingale

by the conditional Jensen inequality:
E [ Mj—kr1l[Sk] = [E [Mjosrsa|Se]l = [ Ml (3.5)

We will denote

for G(j) some sparse sequence; later we will take G(j) = 2%.
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Lemma 3.5. For kla,| < ¢y < 1,

k
2Py,

q)*

n

E <1+ C(kla|)?

‘]- - 9n—1

Remark. Notice the left-hand side is a random variable but the right-hand side is
not; this Lemma says the random variable on the left is L>°(Q2, P) with bound given by

the quantity on the right.

Proof. We write

N
) — (1+|Ozn]2—2\0zn|cosvn)k/2

where 7, is uniformly distributed on the circle given Z* and thus cos, has conditional

2
@5
expectation 0 when conditioned on §,_;. Along with boundedness by |a,|, this is the
only condition we need out of the particular distribution of c,,. We estimate this quantity

when conditioned
2 k/2 k 2
E [(1 + |an|” — 2|, | cos 1) \Sn_l} =E |exp B In(1 + |an|” — 2|an| cosvn) | |Gn-1

<E [eXp ((k/Q)(’an‘Q — 2|ay,| COS’Vn)) |9n—1]

since log(1 + u) < w.
By our assumption that k|a,| < ¢o for ¢g < 1, we may bound the series expansion

for the exponential by a convergent geometric series to say
E [(1+ |an|* — 2|an| cos%)k/2|9n_1] <E [1+4 (k/2)|ow]* = 2|, | cos 1 + O(|ka|?)|Gni]
Because cos 7, has conditional expectation 0,

E [(1+ |al? = 2lan] c0570)2[Gn-1] < E [1+ C(klan])?] = 1+ C(kla])?
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We stitch this estimate together in a sparse manner.

Lemma 3.6. If k;|a,| < ¢y for co < 1 foralln € {G(j)+1,...,G(j + 1)}, then

G(j+1) o |F G(+1)
E(a] =B | [T t-owgr| [ < [T (1+Claal)?)
n=G(j)+1 " n=G(j)+1

and
G(5+1
1550 0 (L + Clhglan])?)

P{IMll oy = As} <

k.
Ay
Proof. This follows by conditioning
G(j+1) P | G(j+1) P |
E H 1— anzaz —E |E H 1— anza: Sa(i1)-1
n=G(j)+1 " n=G(j)+1 "
G(j+1)—1 k k
o, D1
E H 1 - 2z, E||1- AG(j+1)2 g U+ Sarn-1
n=G(j)+1 n G(+1)
G(j+1)—-1 O L
< (1+e(klacg))E | [T [1-anegt
n=G(j)+1 "

and iterating.
Markov’s inequality provides the claimed bound on the probability.

]

This Lemma only controls the process at the lattice points G(j). It is the martingale
structure which allows us to extend these estimates to uniform bounds over n between
these lattice points. In particular, we will use Doob’s P maximum inequality. This is
the first and only time the nature of the setup as martingale and not simply Markovian

process contributes heavily.

Lemma 3.7 (Doob). If X,, is a nonnegative submartingale then for 1 < p < oo,

¢ Klipxmﬂ - (%)pﬂz[xm
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Proof. Our proof will follow that of Durrett, Theorem 5.4.3 [28]. Denote

)?n = sup X,
0<m<n
Let
X, A M =min(X,, M)
We have
E [(55” A M)P} - / pAPIP [)?n AM > A} d\
0

Claim

PX0AM 2 SAE Xz, as) (3.6)

We may see this by defining a stopping time N = inf{m : X,, > Aorm = n}. Let
A = {X, > A}. Then since N is a stopping time which satisfies P[N <n] = 1,

X, — Xnan is a submartingale and so
E[Xy] <E[X,] (3.7)
Therefore Markov’s inequality says
AP[A] < E [Xy14]
and using (3.7) we have
E[Xn] = E[Xn1a] + E[XNn14c] = E[XN1a] + E[X, 14| < E[Xy] = E[Xn14] < E[X,14]

Since {X,, AM > A} is always either {X,, > A} or 0, the inequality (3.6) is proved. And

so we have

E [(f(n/\M)P] g/ pAP~! ()‘_I/an()?n/\M>)\)dP) dA
o >
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Since everything in sight is nonnegative we may switch the order of integration
B » XnAM D _
E [(Xn A M) ] < / X, / pNHANIP = [ X, (X, A My dP
0 p—

< % (E [X?))"/" (E [()?n A M)p})” g

where p, p’ are conjugate exponents, by Holder’s inequality.
~ 1/p
Dividing both sides by (E [(Xn AN M )p]) , letting M — oo and using monotone

convergence gives the statement. O

3.2 Proof of Theorem 3.3

Proof. (Theorem 3.3)
We adopt our notation with G(j) = 2%.

Let

Tj: iai:Rgm

n=2%7

VRn

n

Notice by the Cauchy condensation test, convergence of > implies convergence of

> & V Ror which in turn implies that of ) ; 27\ /T;, the condition we really use.

We first wish to bound, for appropriate k;,

f2i+1 f2iH1
H (14 Clank;|*) <exp [ C Z |ank;|* | < exp (CKIT)) (3.8)
n=2%7 n=227

Let k; ~ T]-_I/Q. Then |a,|k; < ¢ uniformly in n : 22 <n< 22! hecause T; is at
least the sum of the squares of |a,| in this range. Therefore we can apply Lemma 3.6,

Fubini’s Theorem and (3.8) to say

E[I315] = [ BN 5 <0
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And so

= Q

P [[|M;]le, > Aj] < A

Notice that we can strengthen this statement by Doob’s maximal L” inequality. That

is, by Lemma 3.7 we have

B[, mos e, 0] < (£55) B

22] Sn§22j+

and so

kj j
E{ max 1||M22j%||mm] < /TIE{ max_ llMggj%(z)vf]} <E [HM ||L] T)} <C

220 <p<2i 92 <p <920t
where the first inequality is simply the statement that the maximum of integrals is at
most the integral of the maximum in conjunction with Fubini’s Theorem.

Therefore we also have

P max ) HMQQJ'AHHLIQJ-(T) > Aj <

927 §n§22]+

A7

j
We wish to have [[; A; < oo as well as > Aj_kj < 00.
That is, we take A; = 1+ 1; and need [; € ¢*. We will choose [; = j72. Examine the

series:

12

ZA Zl—i—l kjSZexp(—ck:l Zexp —c f
J J

J

where the inequality is by estimating the Taylor series of log(1 +;), using our choice of
I

je

Since as we have noted

ZQj\/Tj<oo
J
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we have T; < 2% so

2 .
Zexp —c TJ] SC’zj:eXp(—Zjlj)
2

So since l; = j7° we see

< 00

ZP{ max [ Moo [l by = A
J

927 §n§22j+
Clearly there is a lot of room in the choice of [;. The requirement to sum up the

probabilities while enforcing
H A]’ < o0
J
is not our true obstruction.
Since the probabilities of the events sum up, the Borel-Cantelli Lemma implies that
{maxQQj ozt ([ My [ e oy 2 Aj} occurs infinitely often with probability 0.

Independent of the probability we have, for n > 22
[Pl < 1Mo [l [Py [l oo (3.9)
We use another simple deterministic Lemma.
Lemma 3.8. For 22" >n > 2% + 1, we have
[alle < (1= 2727)71 @) |, (3.10)

Proof. This follows from the Bernstein estimate, which states that for a polynomial P,

of degree n,

1Palloe < 7f| Palloo (3.11)

(3.11) shows that for ®, and any €, > 0, there is a set {2 with || > = for which

[Pn(2)] = (1 = €)[|Pn(2)]loc, 2 €0
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Therefore

€

oo dl
(I)np> CI>n 19p_>_" 1_nq)noop
12l > [ 0u(e)PE 2 % (1= )0 )
Since n < 2% for n € {22 +1,...,2¥""}, choosing €, = 272" and p = k; yields

(3.10). 0

So by (3.9) and (3.10) we have

) ) 2
max [Pyl < max  (1—277) 12X |0, |,
22J§n§223+1 22]§n§22]+1

) ) 2
< max  (1=27) TR My [l 9o o
227 §n§22]+1

And so with probability 1, if j is sufficiently large we have

B |l < (1— 272192 VA D, 3.12
max ||Ppf[ee < ( )27 )8 APy oo (3.12)

227 <p<92itt

We have seen [[; A; < oo. For the first term,

H(l — 272j+1)71 = exp (— Z(log(l — 22j+1))> < exp <Z 22]‘+1> < o0

J J

So we must investigate the convergence of

H(22”1)% e — Zz < o0

J J
Recall that k; ~ Tj_l/Q, and so since Zj 29\/T; < oo we can iterate (3.12) forward

with probability 1 to obtain

sup || Pplloe < C(w)
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Chapter 4

On Verblunsky Parameters in

Steklov’s Problem

The Steklov conjecture and its associated problems have a long history. Many measures
which violate the conjecture have been constructed. But the Verblunsky parameters
associated to these measures have remained unknown. This is surprising because the
Verblunsky parameters are an independently interesting aspect of OPUC.

One perspective on the Verblunsky parameters is physical-they play the role of the
electric potential. The analogy between Schrodinger operators and OPUC also yields a
physical interpretation of violating Steklov’s conjecture.

Roughly speaking, a system of OPUC which violates the Steklov conjecture is an
example of a resonance. There is a specific frequency at which the system oscillates
with high amplitude, but it is regular at infinity. The conjecture of Steklov is the
conjecture that if we enforce boundedness away from 0, resonances in the associated
quantum systems are disallowed. Since the potential lives in physical space and can be
observed or modified directly, the Verblunsky parameters which yield a resonance are
interesting from a physical perspective; how can the potential behave in order to create
this resonance?

Verblunsky parameters also provide a natural approach to disproving the Steklov
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conjecture, namely the following strategy:
1. Fix an arbitrarily large number n.

2. Construct a polynomial ¢,, which is permissible as OPUC whose uniform norm is

large in n.

3. Demonstrate that there is a sequence of Verblunsky coefficients {11, ..., an},

which take ¢, to ¢n obeying ||¢on|l < C.

4. Finally, take du = |[¢n| 2L,

Indeed, this is essentially the strategy followed by [2]. The difficulty lies in step 3.
For this step [2] develops a powerful new technology, the so-called decoupling Lemma
(Lemma 4.4) which decouples the problem at degree n.

The construction of a polynomial which grows in n and then decays back down to
O(1) for N > n (steps 2 and 3 above) could be accomplished in one fell swoop if a
particularly useful set of Verblunsky parameters could be identified and the calculations
carried out. Indeed, this is a strategy the author tried, and within which he made very
little progress. It does not seem to be quite as simple as it appears.

This conclusion is due in part to the high-powered results the author and his advisor
used to produce (asymptotics of ) recursion parameters which would create a resonance.
These parameters are computed via the paper of Deift, Its and Krasovsky [18] which used
a matrix-valued Riemann-Hilbert problem to asymptotically compute all polynomials
and related quantities for the case of weights on the circle with a particular class of

singularities, known as Fisher-Hartwig weights.
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4.1 Verblunsky asymptotics in Steklov’s problem

The polynomials of the second kind will be denoted by {V¥,} (monic) and ¥} (z) =
2", (z71), z € C, {1} (orthonormal), and {¢}. Recall that the pair (®,,, ®%) satisfies
the Szegd recurrence:

D,11(2,0) = 29,(z,0) — @, Pk (z,0) (1)
Q1 (2,0) = Pi(z,0) — anzP,(z,0)
The pair (W, U7) satisfies the same recurrence except that the parameters are {—a,}.
The recursion parameters {a, } C D> were called Schur parameters due to their relation-
ship with Schur functions and the Schur algorithm in [26], where these results originally

appeared, but here we will keep the name Verblunsky for consistency.

The main result of this section is

Theorem 4.1 (Denisov-R. [26]). Fiz € € (0,¢] where € is sufficiently small. Then,

there is no(€) such that for every n > ng(¢), there is a weight W™ such that

W™ satisfies the uniform Steklov condition - H = <1, (4.2)
W oo (my
[ Gans1(z, @) || ooy >e Inm, (4.3)
and the asymptotics for agn) s given by
(Tt , pies (1 — 2)
_ STRG+1))* ——"> 471, 0<j<n-1
ij,+1 -/ 2ies F(l - ﬁ)
—- SHRG+1)F ———L+rs,, n<j<2n-1
(n) _ _
G770, j=2n
(_1)]'2.]'72” j—2 . 2ies F<1 - E) )
— T2 = 2n)) 7~ T e 2n+1<7<3n
j—2n 5;1 (=) ’
0, j>3n

(4.4)
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where 7' =2n —1—j and |r;| < Ce(j+1)72.

Remark. The existence of the measure satisfying these conditions is not a new
result [62] and the logarithmic growth is not optimal [21].The polynomial constructed
by our method has a structure similar to the one from [22, 62].

Remark. Careful analysis of (4.4) shows that the main terms are real-valued and
converge to 0 as € — 0 for every fixed j. The results in [18] allow one to control the
dependence of C, on € when it converges to zero and we conjecture that lim._,q C. = 0.

Remark. The asymptotics above would be made exact if the recursion parameters

corresponding to the weight which is flat away from 2 jumps were computed exactly.

4.2 Proof of Theorem 4.1

The measures considered below will be symmetric with respect to R and so the related

Verblunsky parameters will be real. We will need the following simple Lemma.

Lemma 4.2. Suppose @y, V., @, Ui are the polynomials that correspond to real Verblun-
sky parameters {a; f;é. Then, the polynomials associated to the sequence of Verblulnsky

parameters {a;} given by

Oéj 10 S ] S k—1
Q; =
—gp—1—j k<j<2k-1
satisfy
2By = D2 + Oy — 27 H(DF)? + 21 Op T,

205, = (P5)? + O} W) — 207 + 2B, U,
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Proof. The pair (V;, ¥}) satisfies the Szegd recurrence with parameters {—a;}. If

0 2 —q a b
A=1] | = , (4.5)
j=k—1 | —z0; 1 c d
then
o, U, 1 1
=A
o —Ur 1 -1
Thus,
- <I>k+\11k, b= (IDk—\IJk7 . @’,;—\I/,’;’ g (IDZ%—\I/,’;'
2 2 2 2

First we reverse the dynamics. We are interested in

We see that
AT 'ﬁ z —2Q _ k-1 1 0 z —Q 1 0
=0 |—a; 1 =0\ [0 z7'| |—za; 1 0 2
1 0 | z —q 10
0 27| j=0 —zay 1 0 z
Therefore, i
k-1 ,
z —Q; _ 1 0 AT 1 0
J=0 [ —zaq 1 0 z 0 2zt
We have
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Therefore, (4.5) implies

ML 2 a; _ 1 0 AT 1 0 |
=0 |zay 1 0 —2 0 —z7!
and so
Dy, Wy 1 0 a c| |1 0 a bl (1 1
L - 0 —z| |b d| [0 =271 |e d| |1 -1
ala +b) —27tc(c+d) ala—b)+271c(d —c)
- dlc+d) —zbla+0b)  d(c—d)+ zb(b— a)
Thus,
20y, = ®F + Oy, — 27 H(DF)? + 21 OL U]
and

205, = (P5)? + O;U; — 287 + 2B, U,
O

Notice that this computational approach bears some resemblance to symmetry meth-
ods in differential equations; we are using a particular algebraic symmetry of the differ-
ence equation to simplify a potentially complex calculation.

The following result is well-known.

Lemma 4.3. If {o;} are the Verblunsky parameters for the measure o(6), then param-

eters {aj(~6)} for the translated measure o'®) = o(6 — B) are given by
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Proof. The proof follows from making the following two observations:
D, (2,0 = "B, (zeP)
(which follows from the definition) and, take z = 0 in (1.2), ®;,,(0,0¥) = —af). O

We will need the decoupling Lemma. Its proof is contained in Appendix B but we

include the statement for the reader’s convenience.

Lemma 4.4. Suppose we are given a polynomial ¢,, of degree n and Carathéodory func-

tion F which satisfy the following properties
1. ¢*(2) has no roots in D.

2. Normalization on the size and “rotation”

/T 0% (2)|7%d0 = 27, ¢5(0) >0 . (4.6)

3. FEC™(T), ReF >0 on T, and

1 -
— F(e®)do =1 . 4.
o TRe (e)db (4.7)

Denote the Verblunsky parameters given by the probability measures i, and o

do F(e
d5 — 7dp = 2eE)

= 2oL o 1

diy,

as {a;} and {a;}, respectively. Then, the probability measure o, corresponding to
Verblunsky coefficients

Qo, ..., Qp_1,00, 01, . ..

18 purely absolutely continuous with the weight given by

45" 2Re F
, o _ Re (4.8)

T nt Bt F( G — )2 Tlont Ot E0h— o)

The polynomial ¢,, is the n' orthonormal polynomial for o.




75
The next result is a consequence of the recent analysis of the asymptotics of the
polynomials orthogonal with the respect to the so-called Fisher-Hartwig weights. We

will use [18] as the main reference.

Consider the weight on T given by

f(2) = ;e (2)g_, 2 (2), (4.9)

where 2 = €, 0 € [0,27) and € € (0, ¢] with € to be chosen sufficiently small. For
zZj = et ,

eimhi 10 <argz <b;

9z.8; =

e” i 10, <argz < 2w
That is, f is a weight with two jumps, one from e to e~ around 7 (in counterclockwise
direction), and one from e~ back to e around —i (again in counterclockwise direction).
It does not define a probability measure but this will not influence the polynomials much
due to invariance of the monic orthogonal polynomials under scaling. Notice that f is
symmetric with respect to R so all its recursion parameters are real, as follows from the
proof of the Szegé recurrence (1.2) upon replacing the weight w with .

We will need the following result, the proof of which (essentially contained in [18])

will be discussed in the Appendix.

Lemma 4.5. Let € € (0,¢] and n > ng(e). Then, for the weight f given by (4.9), the
n-th associated monic polynomials of the first and second kinds ®,, and V,, respectively,

and their x-polynomials U and @ satisfy the following estimates:

[@7(2)| ~1, =z€T, (4.10)
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@ W7 4 2@, Uy || ooy >c Inn, 2 €T, (4.11)
n n <1 T, 412
By(s) By(—a)| v P € (4.12)

Remark. The following general identity is immediate from the Szegd recursion by

taking the determinant

o, U, -
det =—22" (1 = |y )
I =
SO
n—1
3,05+ @50, =2 [(1 - |ay?).
7=0

Then, (4.10) and (4.12) give

<1 (4.13)

~

(%
LSRN

uniformly over T if the polynomials correspond to the weight (4.9).

The asymptotics of the polynomials yields the following result as well.

Lemma 4.6. The Verblunsky parameters {c;} associated to the f above satisfy:

%:—u+m1le%H4»?%j%Q+

™

_ 1)+l ; - \" 7w/ .
(=17 (20 + 1)) (=) ) + e
Irjel < C(j+1)72

We give the proof of Lemmas 4.5 and 4.6 in the Appendix.

Now we are in position to give a proof of Theorem 4.1.
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Proof. (of Theorem 4.1). Given € > 0 and large n, we consider f defined by (4.9). If
the corresponding coefficients are denoted by {«;}, we consider the weight w™ given

by Verblunsky parameters {ozj(»")} defined as

(

Qj, j<n-1
. —ay. f=-l-jn<j<in-1
o =
0, j=om
(—1)]‘_2”()@',2”,1, 2n+1< ] < 3n

\

Now, (4.4) follows immediately from Lemma 4.6 and we need to show (4.2) and (4.3).
Let us prove (4.3). Notice first that |¢;| ~ |®;]| by (1.3) so it is sufficient to consider

®y,11. We apply Lemma 4.2 to say

20y, = ®2 + &, U, — 21O 4 21 DI T

n-—n?

205 = 17 4+ OX U — 202 4 20,7, .

: (n)
Since oy, = 0, we get Py = 2Pop, Voppy = 2Wo,, @5, | = &5, and V5, = U5 so

2Py, i1 = 202 4+ 28, W, — QX2 4 DXL 205 | = OEP 4 DIV — 2D2 42D, T, (4.14)

n-n?

We have

2 2nsilloc > 12787 + 220 Wlloo — 2[|Pnll5, >c Inn

by Lemma 4.5.
To show (4.2), we will use Lemma 4.4. We choose Carathéodory function for the

decoupled problem as
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We have (see [65], Theorem 3.2.4)
Re F(e”) = ¢}, (") 2

and F is Carathéodory function of the Bernstein-Szeg weight (2m)~2[¢7 (¢/@+™)|~2 hav-
ing the Verblunsky parameters
(—1)j+1aj, 7<n
0, j=n

(n)

as follows from Lemma 4.3. Since our Verblunsky parameters a;” = 0, j > 3n, we have

I(=2)| = |¢;(—2 f)| ~ 1, by (4.10).
So by the identity (4.8) we only need to show

|Pony1 + Py + ﬁ(@;nﬂ — Do) S1

*

~ v
uniformly on T. Recall that ' = ——= + O(1) by (4.12). We introduce auxiliary

o7,
* Ty % * 2
p=®u¥n 4 S0
2 2
Notice that
D wr D
|A| ~ 1, 1= _CI),’; = _<Z) +0(1) (4.16)

by (4.10) and (4.13). We can now rewrite (4.14) as
Gopp1 =—A"+D"+A+D, &), ,=-A+D+A+D".

(where the (x)-operations in these identities are of order 2n + 1).

Then, by (4.15),

- D
Popi1 + P5q + F(P5 00 — Pony1) =2 ((D +D") + Z<A* — A)) +0(1) =



by (4.16).
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Appendix A

Some standard harmonic analysis

A.1 BMO(T) functions

BMO was defined as a class by John and Nirenberg in [39], the functions of bounded mean
oscillation. BMO behavior can be captured by the so-called sharp maximal function
# 1
fr(x) =sup— [ |f(y) — faldy (A1)
QDx |Q| Q

where () ranges over subintervals of T containing x and

1
- d
fo ’Q|/Qf(y) y

With this definition,

f* e L*(T) < f e BMO(T)

and the L*™ norm of f# is called the “BMO norm” of f, denoted || f||gamo. The BMO
norm is in reality only a quasinorm, satisfying the triangle inequality and linearity
in multiplication, but constants have BMO norm 0. After factoring out constants it
becomes a legitimate norm.

Clearly an L function is also BMO. But BMO is strictly larger than L*°; a loga-
rithmic singularity like |log(#)| will be in BMO by a simple calculation. BMO can be

rather tricky; sgn(6)|log 6| is not BMO.
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We collect a few standard facts about BMO functions, and refer to [55] Section 7.4

or [66] Chapter 4 for their proofs.
BMO is intended as a useful substitute for L> so we should be able to interpolate

between BMO and LP. Indeed this is true:

Theorem A.1. Let T be a linear operator bounded on LP° for some 1 < pg < oo and

bounded from L — BMO. Then T is bounded on LP for any py < p < 0.

A fundamental property of BMO is its geometric/arithmetic scaling. That is, if

Q2 D @ with |Q2| = 2|Q4], we have

@] 1

_ < el -
| fa fQQl_!QzHQﬂ o

|f(y) = fo.ldy < 2|/ fllBmo

[terating this and using the triangle inequality shows, for {@Q,} a nested sequence of

dyadic cubes,
| fq. — faol < 2n||fllBmo

This relation says exactly that averages over cubes of BMO functions increase only
on an arithmetic scale while their supports decrease on a geometric scale; this principle

is the basis of the John-Nirenberg Theorem, first proved in [39].

Theorem A.2 (John-Nirenberg). Let f € BMO(T). Then, for any cube Q, we have
o € QUS) ~ Jol > M < ClQlexp ()

for any A > 0 with absolute ¢ and C.

Integrating this inequality shows that f is exponentially integrable, and in particular

f € LP(T) for all finite p.
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Another use of the arithmetic/geometric scaling properties of BMO was found by
Coifman, Rochberg and Weiss in their singular integral commutator estimate [16] which

is central to our section on BMO weights.

Theorem A.3 (Coifman-Rochberg-Weiss). ForT a so-called “strong” Calderén-Zygmund

operator, b € BMO(T), we have
1T 0]llpp < C(d, p)Allbl| Bar0
where the constant A depends on the operator T.

In fact BMO is characterized by this property; if the inequality holds for a single
Riesz transform then b € BMO. [16] also proved the iterated commutator bounds we
use in Section 3.

Finally, there is a close relationship between BMO functions and A, weights of Muck-
enhoupt which will be used in a Lemma to come. A weight w is A, for 1 < p < oo if

there exists A < oo so that for any cube @) C T,

(i) o) 21

where ¢ is such that % + % = 1. For the basic theory of such weights see [66] Chapter 5.

The relationship between BMO and A, will be seen in the proof of Lemma A.5.

A.2 Lemmas of Section 2.2

Lemma A.4. For every p € [2,00),

[1Panlloy < 1+ Cp = 2) (A-2)
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Proof. If P* is the projection of L*(T) onto H?(T) (analytic Hardy space), then

Py = 2Pt prtlpt,—(ntl) — 0.5(zHz* —z”+1Hz_(”+1)) +2Pyz "t = 2 Py~ ()
(A.3)
where H is the Hilbert transform. Recall that ||H||,, = cot(7/(2p)) [61] and || Fy],, =1

by monotonicity of LP-norms on probability space. So it suffices to note that
[Pl ll22 =1

and interpolate between this and e.g. || Py |33 = C. O

The proof of the following Lemma uses some standard results of harmonic analysis.
Lemma A.5. If |[w|gmo =t and p € [2,3], then we have
ICllpp < (Cit)’
Proof. Consider the following operator-valued function
F(z) = e Py e ™"

If we can prove that F'(z) is weakly analytic around the origin (i.e., analyticity of the

scalar function (F(2)fi, f2) with fixed fio) € C'*°), then

Flz) = —— /|€ PO 4e . en)

N 211 |=e f —Z
understood in a weak sense. By induction, one can then easily show the well-known

formula

C;=0F0)= j—'/ @dg
|

N 21 £l=e §j+1
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which explains that we can control ||C;]|,, by the size of [|[F'(§)]],, on the circle of radius

€. Indeed,
1Cjllpp = sup [(C;f1, f2)] <
f12)€EC, || fallp <L, || f2ll r <1
j' F é- f17 f2 .7‘
2 sup [ PR i) < D @)
T fryec= | filly<tlifoly<t [Jig=e & € Jel=e

The weak analyticity of F'(z) around the origin follows immediately from, e.g., the
John-Nirenberg estimate. To bound ||F|,,, we use the following well-known result
(which is again an immediate corollary from John-Nirenberg inequality, see, e.g., [66],
p.218).

There 1s ¢y such that

1@ a0 < €0 = [”]a, < [¥]a, <C, p>2

P

The Hunt-Muckenhoupt-Wheeden Theorem ([66], p.205), asserts that

sup [|H ||z myizmy = sup [|8VPH@ |,y = C(p) <00, pe[2,00) (Ad)

[@\]Ap <C WA, <C
We must also bound the || Fyl|rr(s),Lr(w) terms. But this is immediate by definition of

the A, characteristic:

[ @erainiegpas <7l [ ol < 51, il

where Il) + ]% = 1. Taking e < t~!, we get the statement. O

The following Lemma provides an estimate which is not optimal but it is good enough

for our purposes.
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Lemma A.6. Suppose w = 0, ||w||syo =t, |lw™|smo = s, and ||w|j; = 1. Then,
) < |lw L L1+ (1+1)s

Proof. Denote |[w™!||; = M. Then, by Cauchy-Schwarz inequality,
2m < [yl Y = 22

On the other hand, by John-Nirenberg estimate for w™!,

{6 fw™ = (2m) 7 M| > A} S exp (_%)

Choosing A = (47) 7'M, we get
CM 5\2 4m 4m
o < — | < (= =0 — <w< — -
|Q° < exp < . ) < < > ,  where {0 w M} (A.5)

Then, ||w||; = 1 and therefore

1 :/ wd9+/ wdf
w< (4m) /M w>(4m) /M

/ wdf > 1 — 82 M~ (A.6)
w>(4m) /M

By John-Nirenberg inequality, we have
lw = (2m) 7], < Ctp, p < o0 (A7)

We choose p = 2 in the last estimate and use Cauchy-Schwarz inequality in (A.6) to get

1+1¢

Lo se M < [ <l 165w > 4 MY < ol 0 5
w>(4m) /M M

where we used (A.5) and (A.7) for the last bound. So, M < (1+t)s+ 1. O

Lemma A.7. Forp € [2,00), we have

i, Paalllp < *llwllsaso
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Proof. The proof is standard but we give it here for completeness. Assume ||w| gyo = 1.

By duality, formula (A.3) and the John-Nirenberg estimate, it is sufficient to show that
lfw, H]lpp < Clp—1)7% pe (1,2 (A.8)

We will interpolate between two bounds: the standard Coifman-Rochberg-Weiss Theo-
rem for p = 2 ([16],[66])

|[H, w]l[22 < C (A.9)

and the following estimate

o510l )] > ey < ¢ (1 +log" (M)) it (A.10)

(0%

(See [60], the estimate was obtained on R for smooth f with compact support. The proof,
however, is valid for T as well and, e.g., piece-wise smooth continuous f). Assume a

smooth f is given and denote Af(t) = |[{z : |f(z)| > t}|,t > 0. Take A > 0 and consider

fA = f “ X|f|<A + A Sgnf “X|f|>A, gA = f — fA- Let T = [H, w]. Then,
[raalis =p/ P~ s (1)dt < p/ P \pp, (£/2)dt —|—p/ 7 Apg,, (t/2)dt = I, + I
0 0 0
Let A =t. From Chebyshev inequality and (A.9), we get
oo 00 A 00
BE [ e =2 [T [Cogodsin s @-nt [T e ot S @) A
0 0 0 0

For I, we use (A.10) (notice that g4 is continuous and piece-wise smooth)

ns- e [T (e ) a0 5

00 0o 1 _
I+ [ [T (tiow (-n/o)asar S 151 [ et (110t 1 )



We have

1/2 1 — 5 (3] 00
/ &2 (1 + log™ T) dé < / u Plogudu < / e Oltdt < 672
0 2 0

with 0 =p — 1.
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Appendix B

Some OPUC results

B.1 Classical constructions and results

Here we collect some standard constructions and definitions for the reader’s convenience.

We will call a function F' to be Carathéodory if it is analytic in D and its real part
is positive. Given a measure o, we will denote the Carathéodory function given by the
Schwarz transform of o as

e 4+ 2

e — 2

F(z)=8(0) = /T do(0). (B.1)

This Carathéodory function satisfies Re F'(¢?) = o/ ().
Verblunsky parameters of recursion have a special place in the theory far preceding
the parameter-to-potential correspondence. It is clear that any measure will yield a set

of Verblunsky parameters, but Verblunsky himself proved

Theorem B.1 (Verblunsky’s Theorem). Let {a;}32, be a sequence of numbers in D.

Then there is a unique measure dy with o;(dp) = o;

The proof of this Theorem made use of a construction called the Bernstein-Szeg6

approximation.

Theorem B.2 (Bernstein-Szegé Approximation). Let du be a nontrivial probability mea-

sure on T and let {a;(dp)}32, and {pn(2;du)}32, be its Verblunsky parameters and
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orthonormal polynomials. Then for each n,
/ 1 o ]
T [fn(e?)]? 2w

L
|¢n(e)[? 2

and the measure
dun =

obeys

a;(dp,) = a;(dp) j=0,1,....,n—1

Moreover, du, — du weakly as n — oo.

Notice that this final statement can also be viewed as a consequence of Theorem 1.4.

F' is also approximated by the polynomials in a specific sense. We introduce an
important class of measures, those of Aleksandrov.

Let A € T. For a measure du with Verblunsky parameters {«;}, denote by dpuy the
measure associated to the parameters {\a;}. Let F™ be the Carathéodory function

associated to duy. Then

In particular,

This hints that A = —1 will play a special role. The polynomials associated to du_; are
the second-kind polynomials we have already seen in Chapter 4, and are denoted ¥,, for

monic and ,, for orthonormal. They appear in an important limit formula for z € D

F(z;dp) = lim V(2 dp)

O 2eD
nove By (zdpr)
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For an interesting exposition of this and similar limiting formulae in orthogonal

polynomials, related to continued fractions, convergents and approximation theory, see

[40].

B.2 Proof of the Decoupling Lemma

Proof (Lemma 4.4). First, notice that {&;} € ¢! by Baxter’s Theorem (see, e.g., [65],
Chapter 5). Therefore, ¢ is purely absolutely continuous by the same Baxter’s crite-
rion. Denote the orthonormal polynomials of the first/second kind corresponding to
measure o by {gz~5j}, {J]} Similarly, let {¢;}, {¢;} be orthonormal polynomials for o.
Since by construction p, and ¢ have identical first n Verblunsky parameters, ¢, is n-th
orthonormal polynomial for .

Let us compute the polynomials ¢; and v;, orthonormal with respect to o, for the

indexes j > n. The recursion can be rewritten in the following matrix form

Prtm Ynt _ Gn W | (B.2)
:+m - :L—i-m Gm ®m :;, _w;

where A,,,, B, Cpn, D,,, satisfy

Ao B 10
Co Do - 01 ’
A B 1 z — Q1 z —ap
e, Dn ) PP\ a1 B
and thus depend only on ay, ..., a,,_;. Moreover, we have
Om U Am B 11

or —Ur e, D, 1 -1
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Thus, A, = (gm'f’qzm)/l .Bm:(gm _Jm)/Za Cn = (5%_1221)/27 DmZ@E‘F@ZE)/Q

and their substitution into (B.2) yields
21 = OO = V) + G200+ U) = Gy (S + 05+ Fulof— ) (B3I

where

~ Ui, (2)
F,(z)==—"—.
=30

Since {a,}€¢" and {a,} €', we have ([65], p. 225)

Fm—>ﬁasm—>ooand¢;—>ﬂ, gg;%ﬁasj%oo.

uniformly on . The functions I and II are related to o and & as follows: they are the

outer functions in D that satisfy
0|72 =2m0’, |72 =2r5", I(0) >0, II(0)>0 (B.4)
on T. In (B.3), send m — oo to get

201 = 11 (6, + 6}, + (6}, — 60)) (B.5)

and we have the Lemma after taking the square of absolute values and using (B.4). [

B.3 Localization principle

For a weight w on T, define

Aw) =exp (5 [losr) 57 ) Aw) = VT

27

The following Theorem was proved in [2].
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Theorem B.3 ([2]). Let wy(9) be two weights on (—m, 7| so that
wi(0) = we(0), 0 € [—e, ¢

Then

Pn(1;w1) A(wz) | 2A(wy) 0., o0 w) (W - w
On(1;w3) = A(wy) * eX(wy) (/|;>€‘¢n(€ Fw)fn(€; wa)|(wr + 2)d(9)

And we get the localization principle as a corollary.

Lemma B.4. (Localization principle [21]) Assume that

0<m < wl(g)(ew) <my, 6O€l[-mm)

and
0\ _ i0
’LU1(6 )—’LUQ(G )a e [_676]
Then
emy _ | gn(Liwr) | _ my
my ¢n(1;w2) ~emy

The following (quick) proof can be found in [21].
Proof. Notice that

™ T 1/2
/ |¢n(€w7w1)¢n(ei07w2)|w1d9 S </ |¢n(ei07w2)|2wld9)

by Cauchy-Schwarz and normalization. Since

1:/ ]¢n(60,w2)]2w2d92m1/ | (e, w3) |db

we see

ma

T 1/2
/ |¢n(ei07w1)¢n(ei07w2)|wld‘9 S (@)

Switching the roles of m; and ms we get the Lemma.
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B.4 Denisov’s argument in case of small deviation

The argument which comprises this section is due to Denisov in [21]. It is included for
the reader’s convenience and in order that the proof of Lemma 2.9 be contained within

this thesis.
Theorem B.5 (Denisov). Fore < 1,

sup  ||®, (e w)]|oe > C(e)n
1<w<l+e

for n > ngy(e).

See [21]. We will follow the strategy used in [2], constructing a large polynomial with
particular properties and decoupling the problem. Below, we introduce F , ¢y and check
that they satisfy conditions of Lemma 4.4. Then, we will control the deviation of the
weight from the constant. Notice that it is sufficient to consider € € (0,€) where ¢ is
sufficiently small.

(a) Consider auxiliary function H,, given by H, = 2(1 — 2)* % F,. Clearly H, is a
polynomial of degree n — 1. Since Re(1 — 2)¢ > 0,z € T and F, > 0, its real part is
strictly positive over T so H, is zero-free in D. In Lemmas B.6 and B.9, more detailed

information is obtained, in particular,
|arg H,| < Ce (B.6)

uniformly in 6 € [—m, 7) and n > n(e).

Because 7 F,d0 = 1, we get [* H,df = 2rH(0) = 2(27). Since F, is even and
Im(1 — 2)¢, z € [-m, 7| is odd, Im H,, is odd on [—m, 7] also.

(b) In Lemma B.9, take

F=2H" (B.7)

n
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From the properties of H,,, we get analyticity of F in D and infinite smoothness on the

boundary. Since

~ Re H,
ReF =2——" B.8
e VIR (B.8)
F is Carathéodory function. Moreover, since H,(0) = 2, we get the normalization
Re F(0) = 1.
From (B.6) and (B.8), we also have
1 <ReH, ReF <2 (B.9)

uniformly in 6 € [—m,7),n > n(e).
(c) Let @, be the analytic polynomial of degree n — 1 with no zeroes in D, which

satisfies

1Qul* = (Reﬁ) «F,, z€T (B.10)

and Q,(0) > 0.

We let ¢5, = a,(Qn + QF + @, H,) where a,, is the normalization constant chosen to
ensure that ||gz52_nl||%2m = 2m. Here @)} is understood as (x)-operation of order 2n acted
on @),. Thus deg ¢} < 2n.

To make sure that ¢35, has no zeroes in D, we write

Then, @, is zero-free and 1+ H, + Q! /Q,, is analytic in D having the positive real part

since
@n
Qn

The last inequality is the consequence of |Q*| = |@Q,|, z € T.

Re H,, > 0, Re(l—i— )20, 2e€T.
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We will show that

a, ~ 1 (B.11)

uniformly in n > n(e). Indeed,

2
> |Qu*(Re H,)? = (Re H,)2(Re F + F,) .

|Qn + Q:L + Qan|2 - ’Qn <1 + H, + g;)

Let us rewrite the last expression using (B.8)

o~ ~ i 3 I
(Re H,)2(Re F + F,) = (Re H,)? Re 7 - et In) 2(ReH’;) (ReFx5n)
Re F |H,| Re F

The second factor has absolute value uniformly bounded above and below in 6 € [—7, )

and n > n(e). This is due to Lemma B.8. From (B.6), we get

(Re H,)? 1
| Ha? '
Thus, |Q, + QF + Q.H,|*> > CRe H,, uniformly in § € [—m,7),n > n(e). Therefore,

Lemmas B.9, B.6, B.8, and (B.9) give
01 S 1Qu+ Qi + QuHal* S 1Qul* = (Re ) 5, S 10

for # € [—m, m), uniformly in n > n(e). Therefore, we have (B.11).

We can apply the Decoupling Lemma 4.4 now with 2n taken instead of n. Consider
the value of ¢35 at z = 1. Since |Q, ()] is even and @Q,(0) > 0, we have Q,(1) € R.

Thus, Q(1) = Qu(1) and

65,1, )2 = a2]Q,(1)(2 + Ho(0)* ~ |Re F % T, |y >

Ref*"fn B

2 ﬁ|z:1
Re F

z=1

|Re Fl._y — |Re Fl._ 1
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by Lemma B.8. Now, (B.7) and Lemma B.9 yield

|05, (L,0)[* 2 n”.

~Y

For the weight of orthogonality, we have by the Decoupling Lemma
ot = v, ABC,

where v,, is n—dependent parameter, v,, ~ 1, and

2
n — ~ 2
A=19L m_pima- P e:‘g+2+_ d

5 _ 6i(2n9—29)
Re F 7 7

(B.12)
where © = arg ),,.
Now, in what follows, we will consider a small e-dependent interval I. around 6 = 0
and will control how each of the factors A and (BC) deviates from constants on I..
By Lemma B.8,

A—1]<e (B.13)

uniformly in 6 € [—m,7) and n > n(e).

For B, we can write

—_— 2
_ - ,\ —
B=|2+Hn<1—F>|2:‘2(1_F>+H" SEHhfse

on some [, (due to estimates on H,, obtained in Lemma B.6), provided that n > n(e).

Consider
H,(1+ F)

g2t
24 H,(1-F)

Then, recalling (B.7) and Lemma B.6,

BC = B(L + |)> + 2Re(¢d)) = B + B|J|* + 2B Re(¢7) (B.14)



The first term is at most C'e2. For the third one, we have
2BRe(¢D)| S VBI2 + Ho(1+ F)| S el2+ Ha(1+ 2H;Y)| S e.
By (B.8), the second term in (B.14) can be rewritten as
124 H,(14 F)? = |4+ H,|> =16 + 8Re H,, + |H,,|* = 16 4+ O(e)
over appropriate I, for n > n(e). To summarize, we have
o =w, (1+0(e))

uniformly over some I. and n > n(e), positive w,, depends on n only and w,, ~ 1.

To apply Lemma B.4 later, we have to check that ¢’ satisfies the global lower and

upper bounds, i.e., we need to verify that

ABC ~ 1

uniformly in € provided that n > n(e) and € is small. Indeed, for A, we use (B.13). T
control BC we argue differently:

Be:‘4+Hn+§(Fn+2(1—%>)

It is clear that BC < 1. For the lower bound, we can use

2

(B.15)

4+Hn+£(ﬁn+2(1—%)) :4+Hn+0(e)+§(ﬂ—1) H,+¢H,
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=44+ (E+1)H, + O(e).
Since arg(l +¢) € [—n/2,7/2] and |arg H,| < Ce, we have
4+ (E+1)H, + O(e)| > 2

for small € and n > n(e). Therefore, we also have ¢’ ~ 1 uniformly in § € [—7, 7) and

n > n(e) provided that € < €.

We constructed a probability measure o given by weight ¢’ which is bounded above
and below uniformly in n, it deviates from the constant by at most Ce on the interval

I, centered at # = 0. Moreover,

[fan (L, 0)| 2 /2.

Finally, we are to use localization principle to make the deviation of the weight from

the constant smaller than C'e over the whole T. To that end, consider ws:

1, 60¢1

w, = /
g fel,

min o

Ie

We have 1 < wy < 1+ O(e) uniformly over T. Lemma B.4 gives

|pon (1, w1)| > C(€)|p2n(1,0)| > C(e)ne/Z, n > n(e).
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B.5 Quantified properties of auxiliary polynomials
in Denisov’s argument

Lemma B.6. Let

H,=2(1— 2 *F,

for &, the Fejér kernel of order n. Then there exist €y so that for all € < €y, there is
no(e) = exp (£) so that

|arg H, ()| < €
for 0 € [—m,m) and n > ny. Further,
[Ho(e)] ~ 0= + 10
for all 0 € [—m,m) and n > ny

Proof. This proof follows the proof of Lemma 6.2 in [21]. Note by Lemma B.9 it suffices

to prove this for |x| < §. For such =,
Hyy () = C(cos(em /2) H\Y () — isin(en /2) HP (z))
We deal with the real part first. We have defined

HO(z) = n! / " oS ((Z;(i ;)f)/ 240 + e ()

—T

We will handle ¢,(z) at the end. Let

For the first term, if |z| < 7/4,

o [T =)
=t [ e = M), M) = [ o0~

-7 —Tn
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For & € [—mn, n], estimating the integral yields uniformly
My () ~ 1+ 2]
For the imaginary part,

H?(z) =n"1 /7r |0|€sgn(9)Wd0 =n"“N,(nz) + €,(x)

where N, is odd and satisfies |N,,(2)| < M, (&) for all € [—mn,mn].

Finally we control €,. For both real and imaginary parts (see [21]),
len(2)] < C(n~ + €|z|' ™ + en ' logn)

Therefore we may take n 2> %, and we have the Lemma.

We will find quantitative control over M) (¢) to be useful.

Lemma B.7.

M ()] S+ e(1+ [t)

Proof.

1 n
= “sgns - g(s — t)d
~ T ((mr—t)2+1+(mr+t)2+1>+6/_m|8| sgns - g(s — t)ds

For the integral above, we write

ol =| [l - o
1 ™

™ 1
/ |s|“ tsgns-g(s—t)ds :/ SE_I(g(s—t)—g(—s—t))ds—i—/ |s|“ 'sgns-g(s—t)ds
0 1

—mn <|s|<nm

Applying the Mean Value Theorem to the first integrand, we have

<1+

/0 (g5 — 1) — g(—s — £))ds
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and we have

/ |s|“tsgns - g(s — t)ds| <
1<|s|<nm

Putting these estimates together yields the Lemma. O

1
1 e—l—d <1 t e—1
L1 s S 1)

Lemma B.8. Let

F=2H"

Then there is €y so that for every 0 < e < €, there is no(€) so that

Refn*?n

—— — 1| Se
Re F),

uniformly for 0 € [—m,m),n > ng(€). Moreover we may take

nof€) = exp (9>

Proof. This proof will follow the proof of Lemma 6.4 of [21]. We merely keep track of
the dependencies between n and e.

Fix €y small. Notice first that uniformly in this €, Re F— Re(1—2z)~“and Re FxF, —
Re(1 — z)~¢ uniformly in 7/2 < |0| < 7, since the smoothness of (1 — z)¢ in this region

is uniform as € — 0. Let = : || < 7/4. Then we have

ReF*ff

1| < 15,0 |'/ (na) (H'(0 — 2) — H,'(6)) de

A

Inserting the asymptotics we know for H,, by Lemma B.6 we may bound

dx

™ sin?(nx/2) | M, (n(0 — x)) — M,(nd) ™ sin®(nx/2) M, (n(0 — x)| + | M, (nf)]
S /_Tr n ‘ M,(n(0 — x)) ’dx+e /_,T nx? M,(n(0 — x))
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H,(0 —z)— H,(0)

mo—z |“

+COn~t /

By Lemma B.6 the last term is bounded by

g 1
C’n_l/ dr <n~!

7r|0_m|6 ~

The second term we may bound via the estimate M, ~ 1+ |x|¢ by

/m sin?(2/2) 1+ 0 — & + |4]°
€

= _ dz < e

For the first term, split the integral in two:

™ sin®(nz/2) | M, (n(0 — x)) — M, (nd)
/_7r 2 ' dx

C
M (n(6 — x))

M, (8 — &) — M,(8

< / sin?(2/2)
~ |Z2<logn 2

The last integral can be bounded by

d:f:—l—/ sin25§:/2)
|Z|>logn

72

/ |2|72*di = O(log™ "™ n)
|Z|>logn

For the first integral, use the estimate for the derivative of M,, in Lemma B.7. This

yields

60—
M, (0 — &) — M,(0)] < n2|2| + / e(1+ [¢))dg| Snlogn +e(1+ |2
0

by Holder’s inequality, for e sufficiently small.
Putting together the estimates we have shown yields the Lemma with ng(e) =

exp (e7!) as claimed.
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Lemma B.9. For § > 0, we may take ny(9), €(5) so that
|H,(2) —2(1 — 2)| < 1
Fol) = (1—2) <1
forn > nyg, € < e, uniformly in {z: z =€ |0] > §}

Proof. This is immediate because F,, is an approximation of the identity.

Given these properties we may prove Lemma 2.9.

Proof (Lemma 2.9). We examine the proof of Theorem 3.1 in [21] in the case of small
deviation, reproduced in section B.4. The proof of this Theorem constructs a weight w

which deviates from 1 by at most € on T such that the orthonormal polynomials obey
|on(1;w)] Z Cle)n™

for n = ng(e).

To prove Lemma 2.9, we need to take n sufficiently large to kill this C(e); it is here
we pay our steep price.

The C(¢€) above is a consequence of the localization principle. In the proof in B.4, we
estimate 3 quantities which do not vary much from constant on some interval I.. The
price we need to pay to localize is then |I| ~ C(¢) and we must inquire about the size
of this constant.

We rely essentially on two estimates. For ),, the Fejér-Riesz factorization of Re FZ *
F,, that is,

|Qn)? = Re F % F,,

we need
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1.
fen; - 1' < (e
2.
|H,| < Ce

By Lemma B.8, item 1 in fact can be satisfied uniformly in 6 if n = exp (%) and so
it cannot hurt us.

Lemma B.6 tells us we must take the interval I, sufficiently small and n sufficiently
large that

n c+10]° < Ce

That is,

1
0] < e, n>exp (' nel)
€

So for fixed €, we may take n such that

|6 (1;w)| 2 €nc

|In €|
€

if we enforce n > exp ( ) We also need n sufficiently large so that

1
< cre Cco€
€enitc 2 mn

for some 0 < ¢y < ¢;.

Solving this inequality for n we must take

C|1
nzexp(w)

€

and this is the quantity which appears in Lemma 2.9.
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We have seen that the weight w may be chosen to deviate at most € from constant
and have polynomials |¢,(1;w)| 2 n for n > exp <%) = ng(€), but we have not yet

seen the regularity claimed in properties (2) and (3) of Lemma 2.9. Let
VP, =25, — F, (B.16)

where

5, L (o w11

so that &, is the Féjer kernel. We call VP, the de la Vallée-Poussin kernel of order
n. Notice the Fourier transform of VP, is constant 1 on modes in [—n,n|. Then, for
n > no(e) fixed, let

w= VP, xw
Then w has the same first n moments as w, and therefore its polynomials agree for
indices j < n; that is
®;(zw) = j(zw), j<n
So w satisfies conclusion (1) of Lemma 2.9.

We estimate the smoothness of w. Write w = w — 1+ 1. Then
VP, xw=VP, x(w—1)+1

Since ||[VP,|l1 < 3 by (B.16), ||[VP, * (w — 1)||cc < 3e. Up to the factor of 3 this is
property (2) in Lemma 2.9 for the weight @w. Further, VP, * (w — 1) is a trigonometric

polynomial so we may apply Bernstein’s inequality to say

R

[e.9]

Since 41 = 0, (B.18) yields property (3) in Lemma 2.9 with a factor of 3. Replacing e

with €/3 proves the Lemma. ]
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Appendix C

Riemann-Hilbert analysis of weight

with jump—proof of Lemma 4.5

C.1 Setup

We wish to analyze the asymptotics of the orthogonal polynomials with respect to the
weight
f(z) = 6691‘,7%(2)94,%('2%

where z = |z[e?, 0 € [0,27). For z; = €%

e 10 <argz <0
gzj,ﬂ]- - '
e~mBi . 0; <argz <27

as defined in the main text.
This f belongs to the class of Fisher-Hartwig weights considered in [18] (see also
[30] for the weight on the real line), so much of this Appendix consists of examining the

results of [18]. Recall the three properties of these polynomials we need:

@, (2)] ~ 1,

n



107
HQ)Z\I’Z + z(I)n\IjnHLOO('[[‘) > In n,

wi(s) | W(—2)
r(2) | Dy(—2)

= 0(1),

for z € T, n > no(e).
As was noted in [5] and [36], the orthogonal polynomials of the first and second kinds

satisfy a particular Riemann-Hilbert problem with contour C' = T. If Y is defined by

©,(§) f(E)dE
LI A= =)
Y(z) = (C.1)
] P,-1(§) f(E)dE
~ P (2) _/T £— - 2mit

then it satisfies the following Riemann-Hilbert problem:
e Y(z) is analytic in C\T.

e For z € T\{4,—i}, Y has continuous boundary values Y, (z) as z approaches T

from the inside, and Y_(z) from the outside, related by the jump condition

12 f(z)
0 1

e Y'(2) has the following asymptotic behavior at infinity:

o) (5
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e As z — +i,2z € C\T,

Y(e) = O(1) O(ln|z — +i|)
O(1) O(ln|z — i)
In what follows, we consider n to be a sufficiently large but fixed parameter.

The analysis of Riemann-Hilbert problems of this type proceeds by enclosing the
singularity points z; by small but fixed disks U.,, enclosing the curve C' = T by lenses
meeting in these disks, solving the Riemann-Hilbert problems induced in these regions,
and finally stitching them back together. For Fisher-Hartwig singularities this was per-
formed in [18]. Since two of our estimates must be uniform over z € T, we will be
concerned with the formulas that result in the regions enclosed by U, as well as the the
regions outside U, but inside the lenses.

Before we begin the analysis of the Riemann-Hilbert problem, we list a few useful
identities and notations. Following [18], our complex logarithm will be cut at the negative
real axis unless otherwise noted.

dpy = ———d# is a probability measure. Therefore one has (see [65], equation
2w coshe

(3.2.53)):

®,,_1(e?)dp

e + 2
S(u)B! () — Wy (2) = ! / -

ST

:z"l/eiofz+2zmdu:0+2z”/ﬁ(£) f(§)dg
T

e — z r &—z i2n€coshe

SO

o) = [P ETIE L (ree () - coshw (), (€2

where F is the Carathéodory function associated to f(0)% (i.e. F =8(f/2n)), and ¥,

is the second kind polynomial associated to &,,.
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The exact expression for our F' is easy to compute:

Fo) = [ Ses

el —z 27
ilec—e™) i—z 1,
- 1 (e~ + €). .
- n(z‘+z)+2(€ + €f) (C.3)

We will use the following notation from [18]:
ﬁlz—iG/’ﬂ', 05120, 21 =1
52 = iE/ﬂ', as =0, z0=—1
Before we discuss the results obtained in [18] we introduce a confluent hypergeomet-
ric function ¢ (a,b,() which plays the key role in the analysis of the Riemann-Hilbert
problem. We will have to use many facts about ¢. For this purpose we refer the reader
to the National Institute of Standards and Technology’s Digital Library of Mathematical
Functions [57] and the appendix of [37].

The function 1 (a, b, () is the confluent hypergeometric function of the second kind,

often written as U(a, b, ). It is defined as the unique solution to Kummer’s equation

C——F(b—C)Z—?—aw:O,

satisfying w(a,b,() ~ (~* as ( — o0o. We will be interested in the following choices of
the parameters: b = 1 and a = {8;,1 + f;},j = 1,2. The function ¢ is analytic in ¢

on the universal cover of C\{0} and can be represented by the series (formula 13.2.9 in

[57)):
L (@, M(a+k) 20'(k+1)
Yla1,0) = " T(a) ; AER (mg T Ta+h)  TheD ) ’ (C4)
I'a+Fk) : .
where (a), = W is the Pochhammer symbol. This allows us to write ¢ as

¥(¢) = 9(¢) In ¢+ A(C), (C.5)
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where g and h are entire and single-valued. In particular, we have

L (M L) 2

¥(a,1,¢) = T [(a)  T(1)

) +0(CIn¢) (C.6)

for ¢ : |¢] < 1. The precise asymptotics of ¢ as ( € C — oo, —37/2 < arg( < 37/2 for

fixed a is (formula (7.2) in [37])

U(a,1,¢) = ¢l —a’¢T + O(¢7)] (C.7)

This asymptotics is a consequence of the following integral representation of ¢ (formula

(7.3), [37)):

1 ooe™
) / (1) % dt, —m<a<m —7m/24+a < arg( < T/2+a.
0

1/}<0J7 17C) = m

That representation, in particular, implies that

sup |Y(Lie, Lu)| —1, €—0 (C.8)
u€iR,|u|>1
and
sup |¥(1 xie, 1,u) — (1,1, u)| -0, €—0. (C.9)
u€iR,|ul>1

The crucial property of 1 which makes it indispensable for the Riemann-Hilbert analysis

is the following transformation formula (formula (7.30) in [37])

2m
(a)T'(a—c+1)

™ eeh(c — a,c, e ().

w(a’a Cy 672m<) = eQm’aw(a’ Gy C) - T

Following [18], we will use the convention that, unless otherwise mentioned, ¢ always

satisfies 0 < arg ¢ < 27.

Concerning the logarithmic derivative of the Gamma function (the digamma func-
tion) which appears above, we will have occasion to use its reflection formula (equation

5.15.6, [57])

M-z I'(2) = mcot(mz). (C.10)
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We compute the Szegé function of the weight under consideration before we begin

D(2) = exp (% /T hsl {(i) ds) = exp (%m (z . z)) . (C.11)

C.2 Asymptotic formulas for solution of the Riemann-
Hilbert problem

In the next subsection we recall how asymptotics of Y on T is obtained through solving
the Riemann-Hilbert problem. Then we will apply this asymptotics to prove Lemma
4.5.

In [18], the Riemann-Hilbert problem undergoes various transformations until it is in
a form for which explicit solutions can be written. The singularity points: ¢, —i, along
with the artificially introduced point z = 1 (though the analysis reduces to triviality
here and we drop this case) are all enclosed by the small disks U;, U_; of fixed radius
d > 0. The remainder of the unit circle is enclosed in “lenses” (see Figure 2).

We trace through the various transformations of the RH problem for z away from

the points of singularity ¢ and —i. These reductions are:

Y->T—-S—>R. (C.12)

We will explain each of these transformations below. Our analysis will be limited to the

case when € € (0, €], n > ng(€),|z| < 1 and z belongs to one of the lenses. This choice is
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Region I  Region IV

=1

z=—1

Figure 2: Setup of Riemann-Hilbert problem on T

motivated by our goal to control Y only on the unit circle T itself so we will only need
to take |z| = 1 later on. In these domains, some of the transformations in (C.12) are
trivial, e.g., T =Y (formula (4.1) in [18]).

Then, (formula (4.3), [18]), S is related to T" by

Now, the original Riemann-Hilbert problem for Y can be written in terms of S and its
solution proceeds by first choosing various parametrices (approximate solutions) in each
of the domains. The parametrices outside of U; U., and inside of each U., will be denoted
by N and P, , respectively. Our final transformation is to R, which satisfies the Riemann-
Hilbert problem of very special form. In fact, the correct choices of parametrices N and
P.; makes it possible to say that each jump in the Riemann-Hilbert problem for R is of
the form I+ O(n™') when n — oo on each of the contours involved (see (4.57)—(4.59) of

[18]) and an asymptotics of R at infinity is I + O(1/z). Then, the standard argument
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(see, e.g., [19]) implies that
R=I1+0(n") (C.13)
uniformly over z € C. It is clear now that the main asymptotics of Y is captured by N

and P,.. Below we will discuss these parametrices in detail.
Case 1. Parametrix N, z outside of U,

For z : |z| < 1, we write (formula (4.7), [18])

and

R(z)=1+0 (1>

n

by equations (4.61) and (4.65)-(4.71) in [18]. Since we are away from the singularities

of the weight all terms are uniformly bounded. Collecting O (}1) errors, we have

S<z>=N<z>+o<%).
Reversing these transformations
e —f(zl)‘lz”(l) -(ver+o (7)) f(z)l_lz"(l)
(2
: 930 D(Sw _01 (1) o (%) f(z)l_lzn (1)

So

Y(z) = +0 (%) , (C.14)
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when [z| < 1and z ¢ U.,. Now, to get asymptotical behavior of Y'(2) (and thus of ®},(2)
and ¥;(z) by formula (C.2)) on T but outside U, we need to take |z| — 1 in (C.14)

and this gives

iy | 7P P +0(—) (C.15)
—Di(2)7! 0

uniformly over z € T,z ¢ U.,.
Case 2: Parametrix P, , z € U,,.

The nature of the singularities of the weight f at points z; and z; is the same so we will

discuss only asymptotics in U,, in detail. By (4.23) in [18], we write

0 /2
where E(z) is chosen so that P, and N approximately match across U.;. For example,
we choose region I on Figure 2 (we can also take the similar domain around z3). This
corresponds to |z| < 1,0 < argzij < /2. By introducing { = nlnfj we get arg( €

(m/2,7) and the choice of E and W) are made by (formula (4.32), [18])

. -n/2 . . n/2
) 2imB; [ 2 _imB; _ A, —iT z r'(1-8)
\IJ(I)(C) _ w<ﬁj717g)e ’ (Zj> ) € Jw(l ﬁﬁl?e C) (Zj)/ F(ﬁj;
J B . —n/2 el ) Cin . n/2
—e (148,10 (2) T TR U(=5;,1,e77¢) (£)
) -n/2 . . n/2 . .
2inB; [ = () _imB; (i) (4),,,4)
“ () vi ) e G) )

this defines o)
, /2 n2 . ( 1,2,3,47 C1.2
_imb; <%> C§J)¢§J) <%> 1/14(1])

and (formula (4.47))
¢%o0 50 e 2B ()

0 (4 0 0 emifi
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Multiplying matrices, we find

B0 0 D) Py —e ) ()
z\7) = o . . .
_‘D(Z)—l 0 _627r26j ng)z}wc—ﬁjwéﬂ) ewzﬁj C_/Bjdjz(lj)

Restricting our attention to j = 1, and using the notation Y () to identify this as the

solution Y in region I around point z; = i:
YD =T = RP,

We have again

and
1
R(z)=1+0 (—)
n
as follows from (C.13). Since we have singularities in our expressions, we will leave R in

this form for now. This yields

YD (2) = (I +0 (1>) P, (2) Y (C.16)

~(1+0(1)) _@;-1 @(()z> »

—ie/m, (1 —e,(1) r—ie/m;—n, (1
Tl e Ty 1o

_625051)Z'ncie/7rwél) eecie/w¢£1) f—lzn 1



116

:(I+O(%>) —91)—1 D(()Z) 8

—ie/m,;,(1 —ep—1.n 1) r—ie/m:—n,; (1 —e,(1) r—ie/m;—m (1
ity emeg L) omeddg-ierni-ny )

—62€C§1)’inci€/ﬁ@/}§1) + eefilzncie/ﬂ-@bil) GGCiE/ﬂ-@/J&l)
o <[ L0 (1)) D(Z)(—BQECgl)inCiE/ngl) 4 eef—lzné‘ie/wwil)) @(z)eecie/wwil)
n — —i€e/m —er—1.n —ie/m;—n —1,—€ —te/m;—m
—D(2) (¢TI — eme izl minyll) D(z) ey Y
In U,,, the calculations are exactly the same, but with z; = ¢ replaced by 2z, = —i and

B replaced by [y = —p;. Therefore, we have

Y(2’I)(z) =
(1 +0 (1> ) De) (e el? (=) Y e YY) DIyl
n _@(z)fl(gie/ﬂ'qﬂ?) _ eefflzncg)gie/ﬂ'(_Z')fn,[?b:(f)) @(Z)fleecgz)cie/rr(_,L')fn,ll):?)
Recalling that
ef, —w/2<argz<m/2
f(z) = :

-, otherwise

we see that f = e “in U,,, region I, and f = e in region I of U,,. Thus, we get

YD () = (1 +0 <%)) «

QQE‘D(Z)(—Cgl)CiE/WZ.n@Dél) + anle/wdé”) D(z)eecie/w,l?bil) (C 17)
_D<Z)_1(<_i6/ﬂ—w§1) _ chgl)c—ie/ﬂi—nwél)) @(Z)—le—ecél)é‘—ie/ﬂi—nwél)

and
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2D () (= (i) ) D(z)en (T

—D(2) (Y — D (<)) D(z) et D¢ (—i)
(C.18)

Because of the singularities involved, we must take care in performing this last multipli-

cation. Denote by i/v'zj the right-hand matrix in the above equation. That is

V() =
€D () (=i "¢/ mimpgt) + 2oy D(z)e /s .19)
() () — D¢y D(z) e gy |
V() =
2D () (—e (i) T mY)  D(z)em (T

—D(2) PP — Dl (i) ) D(2) et T (i) )
(C.20)

We begin be proving Lemma 4.6.

Proof. (Lemma 4.6). We only need to use formula (1.23) from [18]. This equation shows,

in the notations introduced above,

_ 98, — L1+ p61) | _op, (1 +5,)
—ap = ®p(0) = k2R 200 L B =26l k2B Z A0 PE) L C.21
k—1 k( ) 1 F(_51> 2 F(_61> k, ( )
and
7] < Co(k+1)72 (C.22)

O

Remark. The estimates (C.21), (C.22), and (1.3) imply that the recursion coeffi-

cients under consideration satisfy

HwHle S Ve bl <e (k+1)7" (C.23)
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Recall that ¥,, and ¥’ satisfy recursion

\I/n-‘,-l = Z\:[Jn + in\:[j;kz

(C.24)
i1 = Y+ Y,
and we have
(W] < [nf(1+|ml),  [Wo| =1
[terating this formula and using (C.23) we get a rough upper bound
[0 | ooy <e ne. (C.25)

This estimate can be substantially improved by Riemann-Hilbert analysis but (C.25)

will be good enough for our purposes.

Now we are ready to verify Lemma 4.5.

C.3 First claim of Lemma
In this section we verify
|D7(2)| ~ 1,2 € T for € € (0, ] and n > ng(e)
We consider two cases.

Case 1: z outside U,

By equation (C.14), ®*(z) — D, (2)~! uniformly in this region. Since |D,|= f/? a.e.

on T, this trivially implies our desired estimate for z outside of U.;.

Case 2: 7 inside U,
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We consider the boundary values as |z| — 1 in the asymptotics for Y. Notice that, since
D.|? = f, we have |D,| = e /2 in region I around z = i. We will focus on region I
where ¢ = tu,u > 0. In the other regions, analysis is the same. Recall that ¢ = nln 2.

So, if z = €!™/2+7) 7 > 0, we have
—ie/m AN :__\—ie/T €/2 —% In(nT)
¢ = <nln—,) = (niT) =% :

i

Therefore, in region I, in which arg % > 0, one has

1

'W =e". (C.26)

Similarly, in region IV, the other side of i, |D(z)| = /2 and |¢~%/7| = |e~iem ' In¢| = ¢3¢/

€

(since arg ¢ = 37w/2). We again obtain

1

Consider the expressions involving the 1) in the first column of }71-(1)(2). We focus on

17;(2[%, the bottom left corner of the ¥ matrix. Due to (C.26) and definition of ¢,

® _ (Z\" 1), 1) i€ T(1+%) i€ i
¢1 — <Z> C2 1/13 w (—;,174-) —ecr%e)w (1+;7176 C)‘

Q(C’ E) = w (_§> LC) - ec%w (1 + %, 1,6”() .

™

€

= e :66

(I
Y9 (2)

Consider

It is the analysis of this function which concerns us. We want to show that

max_||2(¢,e)] —1] -0, €—0.
(=tu,ueR

We do this in two steps. The estimates (C.7),(C.8), and (C.9) imply that

max |[|Q(C,e)] —1] =0, €—0.
C=iu,|ul>1

For |¢| < 1, we will use series (C.4) for ¢». We want to show

max |[|Q2(C,e)] —1] =0, €—0.
C=iu,|ul<1



120

Recall that T'(¢) has a pole at 0 so lim._,o '"*(+ie) = 0. From (C.5), we get

(¢, ) =

(1 + ie/7)

(In Qg (~ie/m, ) hi(—ie/m, (et =7 57

(e ")) g(1ie/m, e ") +h(1-+ie/m, e (),
where

g(a,¢) = —ﬁ kz:; k—) (C.27)

1 &K@k (Ta+ k) 20V(k+1)
Ma. ¢) = " T(a) ; PE (F(a+k) - T(k+1) ) (C.28)

These expansions converge uniformly in ¢ : || < 1 and the coefficients depend on €

explicitly. In €, the logarithmic singularities cancel each other as follows (recall that

¢ =iu,u > 0)

__In¢ In(e=""¢) _ i .
I'(—ie/n) + T(—ic/m) ~ T(ie/n) — 0, e —0,

where we accounted for the first terms in the series (C.27) and (C.28) only since for the

other terms we can use

K¢l S1, ¢ <.

Therefore, the required asymptotics of €2 will follow from

Now, recall that (C.1), (C.20), (C.16) yield
—®F_1(2) = O(n HY 1) (2) + (1 + O~ 1)Y,5) ().

The analysis to show that 2(3(2) = O(1) is nearly identical to that showing |17;(Q(z)| ~1
except that it may be performed with less care, since only an upper bound is needed.

The estimates we obtained prove (4.10) in Lemma 4.5.
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C.4 Second statement
Here we verify the statement
||(I)Z\I/:<L + Z(I)n\llnHLoo(']]‘) > Inn

We will investigate ®* W + 2®,V,, for z = e 0 € (7/2+n"%° 7/2+2n7%5). Since
z

¢ =nln= = iu,u ~ +/n, this puts us in the ( = oo regime when using the parametrix
i

P,,. This also allows us to easily perform the final multiplication in (C.16), since all

clements in the Y matrix are O(1) when [¢| > 1. Recall equation (C.2):
22"Y99(z) = (coshe)Ur _(2) — F(2)®),_,(2). (C.29)
Performing the multiplication and noting the error, (C.19) gives
Yao(2) = D(z) e )¢ 0 (%) |

By (C.7), D(z)le~<c{V¢mie/mi—mpl) = O(n=1/2) and Yan(2) = O(n=Y/2). Similarly, by
equation (C.19),

=D ' +0 (%) (C.30)

for ¢ = 1u,u ~ y/n. Therefore we have
|U* (2)| ~ €elnn (C.31)

due to (C.3). Recall that 2"®; = ®,,. So, we can write

- O P
Y+ 20,V = B 4 T = L (1 ’ 22”“—@13@1‘) |

Inserting (C.29),(C.30), and using |D| ~ 1, we have
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oV, F(5)(D(x)2+01/yn) F (D s
or0n  F(2)(D(z) 2+ O0(1/yn)) F () (L+0m™). (C.32)

From (C.3) and (C.11) we can compute

|

=—140(1), n— o0

and

% = exp <%1n(0/2 - 7r/4)> (14+0(1)), n— o0

in our range of z = ¢, Therefore, substitution into (C.32) shows that there is some

0o : 0y € (/2 +n"%° 7/2 + 2n~?) for which

1 4 2+l CID;';(ZO)\I/;;(ZO)
O @ (20) Vi (20)

where z, = e'%.

Since, by (C.31), we have |V (2)| = O(Inn), and |®}| ~ 1, we get
| @ Wy + 2P, U, || oo (my >e Inn

as desired.

C.5 Final statement

Here we prove the claim

Vo) WD) o w
HERE TSR

Outside of U

212 this statement is trivial by (C.14), so we only consider 2 inside U,

12)°

Further, since the calculations are exactly similar in U; and U_;, we let z € U,.
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Before we proceed with the analysis let us make two remarks. First, since |®Ff| ~

1,n > ng(e), we only need to show that Us,, defined by Us,(z) = Wi(2)P:(z) +
U* (—2)Pr (—z), satisfies

|Uznl|Loe(ry S 1,

Secondly, Us,, is a polynomial of degree at most 2n and
Uzl ey S 2

by (C.25). The Bernstein inequality gives us

Uzl ey S 0!

Thus, to prove ||Usy||peo(ry = O(1), we only need

|Uan(e®)] < 1 (C.33)

Y

for 0 : 0 € (r/2+ e V", 7/2+ 6,) and the parameter §; here is of the same size as the
radius of U;.

Recall that Y(1®):1) denotes the Y matrix in the region I that corresponds to point
21(2), respectively. By (C.2),

I 1 * *
Y)Y (=) Via(2) \vn_1<—z>) |

Y (2) V(= (FO+F(=2)) ~(cosh) (@:;_1<z> ()

so we want to show

L, e,
(F(z) + F(—z)) -2 (Z"% + (—Z)"%) =0(1)

2z

uniformly on T provided that n is large enough.

The formula (C.3) implies

F(2)+ F(—2) = _ief =) (ln <Z — Z) +In (Z * Z)) fete =€ fe

T 14+ 2 11— 2z
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Due to this cancellation, we may focus on

1
Y3 (2)

Y5 (—2)
N7 o

where z = €, § € (7/2+e V", 7/2+6;). Since we know that |®*| ~ 1 uniformly on T,

we may multiply out the denominators and only examine
n 1 2 n 2 1
Y ()Y (—2) + (=2)"Y) (—2)¥y) (2).

We must take care in performing the final multiplication in the Riemann-Hilbert prob-
lem. We have previously seen that Ya(z) = Ya1(z) + O (1) ~ O(1) uniformly z € T.
Therefore,

Y ()5 (= 2) + (—2)"Y (—2)Y5 ) (2) = (C.34)

v (4) v (4)
- - - - Y12 (Z) + Y22 (Z)
Y () Vg (—2) + (—2)"Yas (—2)Yay) (2) + O [ max

Jj=12 n

Since the final term has a logarithmic singularity at z = ¢, we will handle it away from
this point. In the range z = €, 7/2 + e V" < 0 < 7/2 + §;, we have (by (C.19) and

estimates on 1))

@I+ VA, <\ In |

j=12 n n

) = 0Wajm =0,

So, it suffices to show

Yo ()Y (—2) + (—2)" Y3 (—2)Yay ) (2) = O(1). (C.35)
By (C.19) and (C.20), we have

nN ]- U nN <
Yy (2)Ya) (—2) 4 (—2)" Yy (—2) Y (2) =

1 A" oo (o (2N @,
aoper (3) 4 (o (- () #90?))




125

e (=2\" o) @ -1 © 2\ 1),
AT (-7) 2\ D)l (% (2) “ 3> ‘

Notice it is not ambiguous to leave the arguments of the v functions unidentified, as

(=nln 2 and E = _—Z Taking absolute values, we have
Zj T =1
nor (D) o (2 nor (2 (1
YR AV (=2) + (=) T (~2)V (=) =
“1| —e( (V) (1) (2 Z\" (1) (2),(2) 1 ef 2 ,1) (2 Z\" (1) (2),.(2) (1
DD e (20002 — (2" PPl ) + e (P02 — (2) el o)

I+ f) i€ Cin i€ JT(1 - %) i€ Cin i€
N ‘6’ m@b <1+;,1>6’ @) (0 (;71()4'6 T%)?ﬂ (1 - ;>1ve C) (0 <—;,17C)

™

S = =IO R CERE N |

™

By (C.7),(C.8),(C.9), these expressions are uniformly bounded in (,|¢| > 1,e < €y, n >
no(€). Thus, we only need to consider the case ¢ : |(| < 1. On that interval, (z/i)" =
e¢ = 1+ O(¢). We are concerned with the logarithmic singularities and the constant

terms in the series expansions for 1. We isolate these terms and denote their sum cy.

I'(z)
['(2)

¢ = e_m (m(a”g) +d (1 + %) - 2d(1)) <1n< +d (%) - 2d(1)>
45%*)@ (m(e—”g) +d (1 + %) _ 2d(1)) (111(6—”() +d (1 _ %) _ 2d(1))

™

+em (m(e—”“c) +d (1 - %E) — 2d(1)> <1n< +d (%“) — 2d(1)) :

Performing these multiplications, writing In(iu) = Inu + i /2, In(e”"™iu) = Inu — iw/2,

Using the notation d(z) = for the digamma function, we get

and pulling out the common factor yields

o= e (e (a() a1 ) i) e (a(2) (1) )0,
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where ¢ = iu. Using the reflection formula (C.10) gives

Inu
——————(e(—m cot(—ic)) + e“im + e~ (—m cot(ic)) + e “im)
LEOT(=%)
minu
= ——————(i(e“ + e ) — e cot(—ie) — e “cot(ic)) = 0,
FEOT(=%)
Z'(eiz + 671‘2)
because cot z = ——— = Therefore,
e'LZ —_ e_ZZ

YV (V) (2) + (—2)"V) (-3 () = O(1)

and
Uh(z) | Vi(==)
r(2)  Pp(—2)

uniformly in z € T for n large enough.
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