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Abstract

While AlphaFold2 has revolutionized protein structure prediction, it does not fully ad-
dress the protein folding problem. Proteins are inherently dynamic, and uncovering
the mechanisms by which they switch among distinct shapes, known as conforma-
tional changes, is crucial for understanding many biological functions. Molecular
dynamics (MD) simulations provide a robust tool to study protein dynamics at
atomistic details; nevertheless, extracting mechanistic insight from high-dimensional
trajectories and bridging the timescale gap between femtosecond integration steps
and millisecond (or longer) biological processes remain major challenges.

To address this challenge, this thesis develops physics-informed deep learning
frameworks that leverage principles from statistical mechanics together with modern
deep learning to investigate protein dynamics. Specifically, we present GraphVAMP-
nets, a geometric deep learning approach for kinetic modeling of multi-body systems,
TS-DAR, an OOD-detection-inspired framework that learns meaningful hyperspheri-
cal latent representations and enables simultaneous identification of transition states
across multiple free-energy barriers, and MEMnets, a deep learning method which
extends Markovian dynamic models to the non-Markovian regime by explicitly in-
corporating memory effects for representation learning of kinetic data. Overall, this
thesis opens new directions for understanding biomolecularmechanism and provides
a pathway toward more effective biological interventions, including drug discovery.
By integrating deep learning with physical principles, it demonstrates how elegant
network design can extend applicability to complex problems in chemistry, while new
theoretical insights from statistical mechanics can, in turn, guide the development of
machine learning. Taken together, these developments bridge statistical mechanics
and modern deep learning, establishing a unified perspective that is essential for
uncovering the microscopic principles governing biomolecular systems.
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Chapter 1

Introduction

1.1 Background and Motivation

1.1.1 Protein Structure Determination since 1960s

Proteins are fundamental biomolecules that orchestrate nearly all aspects of life [20,
104]. They act as enzymes that catalyze biochemical reactions, molecular machines
that transmit signals, structural scaffolds that maintain cellular integrity, and regula-
tory components that control gene expression and metabolism. Given their central
role in sustaining cellular function and driving virtually every biological process, elu-
cidating how proteins perform their tasks and respond to their environment remains
a central goal in molecular biology and biochemistry.

To uncover the molecular basis of protein function, scientists began investigating
their three-dimensional structures more than six decades ago, recognizing that a
protein’s function is intrinsically determined by its structure. The pioneering deter-
mination of the myoglobin and hemoglobin structures in the late 1950s marked the
birth of structural biology, revealing the first atomic-level insights into howmolecular
architecture underlies biological activity [65, 112]. Since then, the field has expanded
dramatically, and experimental techniques such as X-ray crystallography [58], nu-
clear magnetic resonance (NMR) spectroscopy [159], and cryo-electron microscopy
(cryo-EM) [3] have revolutionized our ability to determine protein structures with
near-atomic precision.

Despite these experimental breakthroughs, determining protein structures at
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atomic resolution remains time-consuming, technically demanding, and costly. Many
proteins are difficult to crystallize, unstable in isolation, or exist as heterogeneous
complexes that resist high-resolution characterization. As a result, structural coverage
across the proteome remains incomplete [6]. In recent years, the rapid development
of artificial intelligence (AI) has transformed this landscape. Data-driven models
trained on large structural databases have demonstrated remarkable ability to predict
protein folds directly from amino acid sequences. In particular, AlphaFold2 [63] and
RoseTTAFold [2] have achieved near-experimental accuracy in native structure predic-
tion, marking a major milestone in computational structural biology and dramatically
accelerating the pace of protein discovery. However, proteins are not characterized
by a single native structure but by a range of distinct structural states associated
with their functions. Recent efforts have therefore sought to extend these AI-based
frameworks to represent structural heterogeneity in protein systems. For example,
approaches such as AlphaFold-Multimer [44], AlphaFold-MSA clustering [154],
DiG [169] and BioEmu [79] are developed to capture alternative conformations and
infer the structural diversity of proteins from amino acid sequences.

1.1.2 Conformational Changes and Molecular Dynamics
Simulation

While AlphaFold-inspired foundation models have revolutionized protein structure
prediction, the protein folding problem [37] remains far from fully resolved. Proteins
are inherently dynamic, and elucidating the mechanisms underlying their confor-
mational changes is essential for understanding their biological functions. Many
biological processes, such as molecular recognition, allosteric regulation, and enzy-
matic catalysis, are driven by conformational changes that enable proteins to perform
specific tasks in a regulated and efficient manner. Such intrinsic flexibility highlights
the importance of viewing proteins as dynamic ensembles rather than static struc-
tures, where conformational fluctuations and transitions are fundamental to their
functional mechanisms.

To investigate protein conformational changes, molecular dynamics (MD) simu-
lations [99] provide a physically grounded framework for exploring biomolecular
behavior at atomic resolution. Unlike those AI-based models that depend primarily
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on evolutionary information of protein sequences and are purely data-driven, MD
simulations are rooted in the fundamental principles of statistical mechanics. They
compute the time evolution of atomic motions by integrating Newton’s equations of
motion based on the potential energy function, and simulate trajectories that sam-
ple the configurational space accessible under a certain thermodynamic ensemble.
Within this framework, the probability of observing a specific conformation is de-
termined by its Boltzmann weight, allowing one to derive equilibrium properties as
ensemble averages over the simulated configurations. More importantly, the time-
resolved nature of MD trajectories enables the characterization of dynamic properties,
such as transition pathways, mean first passage time, and relaxation timescales of
different dynamic patterns. Owing to their high spatial and temporal resolution, MD
simulations can provide atomistic insights into the detailed mechanisms of protein
motions that underlie relevant biological processes.

1.1.3 Kinetic Modeling for Protein Dynamics

Although MD simulations provide high-resolution, time-resolved trajectories of
atomic motions, significant challenges remain in directly leveraging these simula-
tions to elucidate the protein dynamics. First, raw MD trajectories evolve in a high-
dimensional configurational space consisting of the three-dimensional coordinates of
thousands to millions of atoms. As a result, it is not straightforward to interpret the
underlying kinetic mechanisms or to extract thermodynamic and kinetic properties
from such complex data. Second, MD simulations are computationally demanding
due to the intrinsic separation of timescales in biomolecular systems. The integration
time step is typically on the order of one to two femtoseconds to resolve the fastest
bond and angle vibrations, yet biologically relevant conformational changes often
occur on millisecond or longer. Bridging this timescale gap requires propagating
billions to trillions of integration steps, leading to substantial computational cost even
on modern high-performance computing architectures [85].

To overcome these limitations, kinetic modeling frameworks such as Markov
state models (MSMs) [73, 89, 116, 153] have been developed to extract relevant
thermodynamic and kinetic properties and to predict long-timescale dynamics by
integrating ensembles of short, parallel MD trajectories of protein conformational
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changes. The central idea of MSMs is to coarse-grain the continuous dynamics
in the high-dimensional configurational space into a series of discrete transitions
among a finite number of metastable states separated by free-energy barriers. The
transition probabilities between these states can be estimated directly by counting
the observed transitions in the MD data. In this way, MSMs circumvent the need for
a single, sufficiently long trajectory to sample all states, instead reconstructing global
kinetics from multiple shorter simulations. Once the transition probability matrix
is obtained, thermodynamic quantities, such as the equilibrium distribution, and
kinetic observables, such as transition pathways and mean first-passage times, can
be computed. Furthermore, the master-equation formalism allows the propagation
of these state-to-state transitions to predict the long-time evolution of the system.

Despite their success [5, 14, 16, 26–28, 32, 45, 59, 66, 71, 72, 76, 96, 114, 133, 134, 136,
147, 148], traditional MSMs face fundamental challenges when applied to complex
biomolecular systems. Constructing an MSM hinges on partitioning the configu-
rational landscape into kinetically meaningful states, yet defining such states in a
continuous, high-dimensional space remains inherently ambiguous and system de-
pendent. In practice, this process involves a series of heuristic operations, including
feature selection, dimensionality reduction, clustering, and lumping, all of which
require substantial domain expertise and subjective judgment, often introducing bias
and inconsistency into model quality. The challenge becomes even more pronounced
in multi-body systems, where the relevant motions involve collective rearrangements
that are invariant under permutations of identical particles and cannot be adequately
represented by simple geometric descriptors such as pairwise distances. At the same
time, MSMs have inherent methodological limitations. For example, MSMs empha-
size transitions among metastable states while neglecting short-lived transition states
that are critical for elucidating reaction mechanisms and identifying rate-limiting
steps. In addition, the underlying Markovian assumption in MSMs that future dy-
namics depend solely on the current state at a fixed lag time can break down in
large systems with memory effects, leading to distorted predictions of long-timescale
dynamics. Collectively, these limitations highlight the need for next-generation mod-
eling frameworks, capable of learning meaningful latent representations, resolving
transition states, and capturing memory effects beyond the Markovian regime of
protein dynamics.
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1.2 Contributions and Roadmap

1.2.1 Major Advances

Given the pressing importance of understanding protein conformational changes
and the existing challenges in both AI-based and physics-driven computational
approaches, this thesis develops physics-informed deep learning frameworks that
combine the rigor of statistical mechanics with the flexibility of modern deep learn-
ing to investigate protein dynamics. Specifically, my major contributions include
developing a geometric deep learning framework that generalizes traditional ki-
netic modeling from single-protein systems to complex multi-body assemblies [90];
introducing an out-of-distribution (OOD) detection-inspired deep learning frame-
work that enables consistent characterization across multiple levels of resolution,
from coarse-grained metastable states to high-resolution transient transition states in
biomolecular dynamics [87]; and formulating a new theoretical framework grounded
in statistical mechanics that extends conventional Markovian kinetic models to the
non-Markovian regime by explicitly incorporating memory effects for representation
learning of time-series data [88].

The research outcomes [87–90] of this thesis have been published in leading
journals across chemistry, physics, and AI, including Nature Communications, Nature
Computational Science, Journal of Chemical Physics, MRS Bulletin, etc. These works
have generated substantial interest in both the computational chemistry and machine
learning communities, influencing ongoing developments in kinetic modeling, rep-
resentation learning, trustworthy AI and drug discovery. My work demonstrates
how principled, theory-informed deep learning can bridge traditional boundaries
between chemistry, physics, and computer science, paving the way toward a new era
of AI-driven discovery in the molecular sciences.

1.2.2 Structure of the Thesis

The remainder of this thesis is organized as follows.
To begin with, chapter 2 (Markov State Models for Kinetic Modeling of Biomolec-

ular Dynamics) provides a comprehensive overview of MSMs as a foundation for
kinetic modeling in biomolecular systems. It introduces the theoretical principles
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underlying MSMs and the pipeline of their practical construction, and discusses
their historical development, advantages, and inherent limitations when applied to
complex biological processes.

Then, chapter 3 (Learning Geometry from Symmetry — GraphVAMPnets for
Uncovering Slow Collective Variables of Multi-Body Systems) presents the design and
implementation of the GraphVAMPnets framework [90]. This chapter elaborates on
its neural network architecture, symmetry-preserving design, and variational opti-
mization scheme for capturing slow dynamics, demonstrating how GraphVAMPnets
extract kinetic geometries from molecular symmetry and extend traditional MSMs to
efficiently model the dynamics of multi-body systems.

Next, chapter 4 (Revealing Transition from Uncertainty — Exploring Transition
States of Protein Conformational Changes via Out-of-Distribution Detection in a Hyperspher-
ical Latent Space) introduces the TS-DAR, a novel deep learning framework that can
simutaneously and automatically identify all transition states across multiple free
energy barrier in a latent hypersphere [87]. TS-DAR leverages the concept of OOD
detection from trustworthy AI, recognizing that transition states can be viewed as
OOD samples exhibiting a distributional shift relative to the in-distribution data repre-
senting metastable states. This work is the first to translate the idea of OOD detection
into the domain of protein dynamics through quantitative uncertainty measures,
illustrating how a simple yet principled architectural design can extend the appli-
cability of deep learning in chemistry. Furthermore, section 4.5 presents AutoDAR
(Autonomous Dynamics Analysis and Routing), an agentic extension that integrates
TS-DAR with LLM-based multi-agent orchestration to support user-friendly, natural-
language-driven kinetic modeling workflows. AutoDAR also provides a foundation
for closed-loop modeling and adaptive sampling, in which TS-DAR-derived OOD
scores can be used to automatically select informative conformations to initiate new
simulations and iteratively improve rare-event sampling.

The previous chapters focus on Markovian frameworks, while chapter 5 (Intro-
duction to Non-Markovian Dynamic Modeling of Protein Dynamics) provides a
conceptual bridge from Markovian to non-Markovian modeling regimes. It revisits
the generalizedmaster equation (GME) formalism as a theoretical basis for incorporat-
ing memory effects into coarse-grained dynamics, and discusses how non-Markovian
frameworks can more accurately capture long-timescale dynamics in biomolecular
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systems.
Last, chapter 6 (Deriving Simplicity from Memory —Memory Kernel Minimization-

based Neural Networks for Uncovering Slow Collective Variables of Biomolecular Dynamics)
proposes the MEMnets framework [88]. Building upon the GME formalism in-
troduced in the previous chapter, MEMnets establish a theoretical framework for
quantitatively evaluating the total memory effects embedded in the dynamics of
latent continuous space and formulate a neural approach that minimizes these mem-
ory effects to identify optimal collective variables, yielding a concise and physically
interpretable representation of time-series data. This chapter demonstrates how
explicitly modeling memory effects can lead to simpler yet more accurate dynamical
descriptions and provides a principled pathway toward bridging statistical mechanics
and deep learning.
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Chapter 2

Markov State Models for Kinetic
Modeling of Biomolecular Dynamics

2.1 Introduction

The dynamics of biomolecular conformational changes play an important role in
many biological functions. Molecular dynamics (MD) simulations provide a power-
ful computational approach that complements experimental techniques in studying
such processes. By integrating Newton’s equations of motion, MD simulations gen-
erate atomistic trajectories that, in principle, contain all the information required
to describe the underlying molecular dynamics. However, extracting interpretable
kinetic models from the high-dimensional and noisy data produced by MD remains
a major challenge. Moreover, the characteristic timescales of biologically relevant
events (oftenmilliseconds or longer) remain difficult to access routinely with all-atom
MD simulations.

Over the past two decades, Markov state models (MSMs) [73, 89, 116, 153] have
emerged as a powerful and conceptually elegant framework for studying biomolecular
dynamics [5, 14, 16, 26–28, 32, 45, 59, 66, 71, 72, 76, 96, 114, 133, 134, 136, 147, 148]. By
partitioning the conformational space into metastable states and estimating the transi-
tion probabilities between them, MSMs provide a discrete-state representation of the
system’s dynamics that is both interpretable and amenable to quantitative analysis.
MSMs enable the computation of equilibrium populations, mean-first-passage times,
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and dominant kinetic pathways directly from simulation data, establishing a rigorous
connection between microscopic sampling and macroscopic thermodynamics and
kinetics.

Despite their success, MSMs also face intrinsic challengeswhen applied to complex
biological systems. Constructing a reliable MSM requires defining an appropriate set
of features, selecting relevant collective variables (CVs), and discretizing a contin-
uous free energy landscape into kinetically meaningful states. Each of these steps
introduces potential sources of ambiguity and may compromise model accuracy.

This chapter provides an overview of the theoretical foundation and practical
implementation ofMSMs for kineticmodeling of biomolecular dynamics. We begin by
introducing the operator-theoretic formulation of molecular kinetics and its discrete
approximations that lead to the master equation framework. We then summarize the
standard workflow forMSM construction—from feature selection and dimensionality
reduction to clustering and kinetic lumping—and discuss how each step affects model
fidelity. Finally, we highlight the strengths and limitations of conventional MSMs,
motivating the development of advanced approaches such as geometric, reliable and
non-Markovian deep learning frameworks presented in the following chapters.

2.2 Theoretical Basis

2.2.1 Transfer Operator in Full Configuration Space

The theoretical foundation of molecular dynamics can be cast in an operator-theoretic
form that links microscopic equations of motion to the time evolution of probability
densities and observables. Let x ∈Ω denote the configurational coordinates of the
system and 𝑝𝑡(x) the probability density at time 𝑡. For Hamiltonian (Liouville) or
stochastic dynamics (Fokker–Planck /Langevin), the evolution over a finite lag time
𝜏 can be written as the action of the forward operator 𝒫𝜏:

𝑝𝑡+𝜏(x) = 𝒫𝜏 ◦ 𝑝𝑡(x) =
∫
Ω

𝑝(y,x;𝜏)𝑝𝑡(y)𝑑y (2.1)

where𝒫𝜏 transports the ensemble densities forward by 𝜏 and thereby encapsulates all
dynamical information, and 𝑝(y,x;𝜏) denotes the transition density, the conditional
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probability density of being x at time 𝑡+𝜏, given y at time 𝑡.
In equilibrium systems, there always exists a stationary distribution 𝜋(x), which

satisfies
∫
Ω
𝑝(y,x;𝜏)𝜋(y)𝑑y = 𝜋(x). Equivalently, one may normalize densities by sta-

tionary distribution and define the transfer operator 𝒯𝜏 ≔𝑀−1𝜋 𝒫𝜏𝑀𝜋, where (𝑀𝜋𝑢)(x)=
𝜋(x)𝑢(x), so that

(𝒯𝜏𝑢)(x) =
1

𝜋(x)

∫
Ω

𝑝(y,x;𝜏)𝑢(y)𝜋(y)𝑑y (2.2)

On the dual side, the Koopman (backward) operator 𝒦𝜏 acts on observables via

(𝒦𝜏𝑔)(x) = E[ 𝑔(x𝑡+𝜏) | x𝑡 = x ] (2.3)

Under microscopic reversibility (detailed balance with respect to 𝜋), 𝒯𝜏 is self-adjoint
to 𝒦𝜏, admitting a real spectrum 1 = 𝜆1 > 𝜆2 ≥ 𝜆3 ≥ · · · with orthonormal eigenfunc-
tions {𝜓𝑖}.

Given the above definition, there are several important properties about 𝒯𝜏 as in
the following.

• The eigenfunctions {𝜓𝑖} of 𝒯𝜏 construct a complete Hilbert space, where the
inner product is weighted by the stationary distribution 𝜋(x). The first eigenpair
is (𝜆1,𝜓1) = (1,1), and the rest of nontrivial eigenpairs characterize relaxation
processes with implied timescales 𝑡𝑖 = −𝜏/ln𝜆𝑖 .

• 𝒯𝜏 satisfies the Chapman–Kolmogorov (CK) relation, i.e., the semigroup property
𝒯𝜏1+𝜏2 = 𝒯𝜏1𝒯𝜏2 , and the dynamics can be propagated to arbitrary long times, i.e.,
𝑢𝑡+𝑘𝜏(x) = (𝒯𝜏)𝑘 ◦𝑢𝑡(x).

Therefore, for an arbitrary dynamic process governed by 𝒯𝜏, it can be decomposed
as a linear combination of the orthogonal eigenfunctions {𝜓𝑖} (or called dynamic
modes) of 𝒯𝜏:

𝑢𝑡+𝑘𝜏(x) = (𝒯𝜏)𝑘 ◦𝑢𝑡(x)
=

∑
𝑖=1

𝜆𝑘𝑖 ⟨𝑢𝑡 ,𝜓𝑖⟩𝜋𝜓𝑖(x)

= 1+
∑
𝑖=2

exp(− 𝑘𝜏
𝑡𝑖
)⟨𝑢𝑡 ,𝜓𝑖⟩𝜋𝜓𝑖(x)

(2.4)



11

where 𝑢𝑡 is normalized so that ⟨𝑢𝑡 ,𝜓1⟩𝜋 = 1, and the first term reduces to 1.
This decomposition shows how any normalized distribution relaxes to equilib-

rium as time evolves: the nontrivial modes ({𝜓𝑖}𝑖≥2) decay exponentially with rates
set by their implied timescales 𝑡𝑖 = −𝜏/ln𝜆𝑖 . Modes with larger eigenvalues (equiva-
lently, larger 𝑡𝑖) decay more slowly and thus dominate long-time behavior. When a
spectral gap separates a few leading nontrivial eigenfunctions from the remainder,
these modes collectively capture the dominant slow processes and furnish a low-
dimensional kinetic manifold. Their level sets also align with metastable regions,
whereas changes in sign or magnitude delineate transition patterns.

2.2.2 Transition Probability Matrix and the Master Equation

The above operator-theoretic formulation introduces the transfer operator 𝒯𝜏 that gov-
erns the dynamics in the full-configuration space and encapsulates the full dynamic
information of the system. However, it’s untractable to build a kinetic model that
operates at such a high-dimensional continuous space. In practice, since there are
typically a small number of slowly decaying modes that dominate long-time be-
havior in protein dynamics, we can pass from the continuous-space operator to a
finite-state approximation by partitioningΩ into disjoint sets {𝑆1, . . . ,𝑆𝑛} and tracking
state-occupancy probabilities

𝑝𝑖(𝑡) =
∫
𝑆𝑖

𝑝𝑡(x)𝑑x, 𝜋𝑖 =

∫
𝑆𝑖

𝜋(x)𝑑x, 𝑖 = 1, . . . ,𝑛 (2.5)

The state approximation of 𝒯𝜏, i.e., the 𝜏-lag transition probability matrix (TPM)
T(𝜏) = [𝑇𝑖 𝑗(𝜏)], is defined by averaging the transition density over the sources /target
sets:

𝑇𝑖 𝑗(𝜏) =
1
𝜋𝑖

∫
𝑆𝑖

∫
𝑆𝑗

𝑝(y,x;𝜏)𝜋(y)𝑑x 𝑑y, 𝑇𝑖 𝑗(𝜏) ≥ 0,
𝑛∑
𝑗=1
𝑇𝑖 𝑗(𝜏) = 1 (2.6)

With TPM, the coarse-grained dynamics then satisfies the discrete-time master
equation under the Markovian approximation (see Chapter 5 for the detailed deriva-
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tion of a general form based on projection operator formalism):

p(𝑡+𝜏)⊤ = p(𝑡)⊤T(𝜏), π⊤T(𝜏) = π⊤ (2.7)

i.e., T(𝜏) is row-stochastic and preserves the stationary distribution π.

Estimation of TPM and the detailed balance constraint. With the above definitions,
the central idea of MSMs is to decompose the continuous MD trajectories into dis-
crete transitions among several metastable states and to estimate the TPM simply by
counting the transitions between them. With TPM, one can propagate long-timescale
dynamics based onmaster equation and extract thermodynamic/kinetic properties of
the system. This approach avoids the need for a single very long, globally equilibrated
trajectory: many short MD simulations that are locally equilibrated can be stitched
together to provide sufficient statistics for the transitions at lag 𝜏, greatly reducing
computational cost. In addition, this coarse-grained, state-based dynamic representa-
tion significantly enhances the interpretability of the corresponding biomolecular
dynamic system.

In detail, we can directly estimate the TPM from MD data. Once we have the
disjoint sets {𝑆1, . . . ,𝑆𝑛} and a chosen lag time 𝜏, we can first compute the transition
count matrix (TCM), i.e., C(𝜏) = [𝐶𝑖 𝑗(𝜏)], using sliding windows over all trajectories

𝐶𝑖 𝑗(𝜏) =
∑
𝑡

1{x𝑡 ∈ 𝑆𝑖 , x𝑡+𝜏 ∈ 𝑆 𝑗} (2.8)

Then, we can estimate the empirical TPM by row normalization

𝑇𝑖 𝑗(𝜏) =
𝐶𝑖 𝑗(𝜏)∑
𝑗 𝐶𝑖 𝑗(𝜏)

(2.9)

For equilibrium systems, microscopic reversibility implies that the transition
probabilities should satisfy the detailed balance condition,

𝜋𝑖𝑇𝑖 𝑗(𝜏) = 𝜋 𝑗𝑇𝑗𝑖(𝜏), ∀ 𝑖, 𝑗 (2.10)

which ensures that T(𝜏) is reversible with respect to the stationary distribution π
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and thus preserves thermodynamic consistency. Enforcing detailed balance not only
reduces statistical noise but also improves the robustness of estimated kinetics when
sampling is limited or uneven.

In practice, there are two common strategies for constructing a reversible TPM
from the transition counts. The first is the transpose symmetrization (or row–column
averaging) strategy, where the reversible TPM T̂(𝜏) is symmetrized to satisfy Eq. (2.10)
by

𝑇
sym
𝑖 𝑗
(𝜏) = 1

2

[
𝑇𝑖 𝑗(𝜏)+

𝜋 𝑗

𝜋𝑖
𝑇𝑗𝑖(𝜏)

]
(2.11)

with 𝜋𝑖 estimated from state populations, e.g., 𝜋𝑖 =
∑
𝑗 𝐶𝑖 𝑗/

∑
𝑘,𝑙 𝐶𝑘𝑙 . This simple sym-

metrization enforces reversibility by construction and performs well when transition
counts are sufficiently large.

Amore statistically rigorous alternative is themaximum-likelihood estimation (MLE)
approach under detailed balance constraints. In this formulation, the reversible TPM
T(𝜏) given stationary distribution π are obtained by maximizing the log-likelihood
of observing the transition counts (see Ref. [142] for more general cases),

ℒ(T) =
∑
𝑖,𝑗
𝐶𝑖 𝑗(𝜏) ln𝑇𝑖 𝑗(𝜏) (2.12)

subject to ∑
𝑗

𝑇𝑖 𝑗(𝜏) = 1, 𝜋𝑖𝑇𝑖 𝑗(𝜏) = 𝜋 𝑗𝑇𝑗𝑖(𝜏), 𝑇𝑖 𝑗(𝜏) ≥ 0.

This constrained optimization can be efficiently solvedusing iterative algorithms [116],
yielding a reversible MSM that is statistically optimal given the available data. Com-
pared with the symmetrization method, the MLE approach generally provides
smoother estimates and more accurate long-timescale predictions, particularly when
sampling is sparse or when certain transitions are rarely observed. Together, these
reversible estimation strategies ensure that the constructed MSM adheres to equilib-
rium thermodynamics and forms a consistent bridge to the continuous reversible
dynamics discussed before.

Validation of Markovianity: the Chapman–Kolmogorov test. After estimating
a reversible TPM, it is essential to verify whether the chosen lag time 𝜏 yields a
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Markovian model, i.e., whether the dynamics between states can indeed be described
by a memoryless process at this temporal resolution. The standard diagnostic tool for
this purpose is the Chapman–Kolmogorov (CK) test, which examines the consistency
of transition probabilities across different multiples of the lag time.

For an ideal Markov process, the TPMs at different lag times should satisfy the
Chapman–Kolmogorov equation

T(𝑘𝜏) = [T(𝜏)]𝑘 , 𝑘 = 1,2, . . . , (2.13)

meaning that a transition over 𝑘𝜏 can be represented as 𝑘 successive transitions
of length 𝜏. In practice, T(𝑘𝜏) can be directly estimated from MD data using the
same procedure as for T(𝜏), while [T(𝜏)]𝑘 can be computed via matrix multiplication.
The degree of agreement between the two provides a quantitative measure of the
Markovianity of the chosen model.

A common way to visualize this test is to compare the evolution of state pop-
ulations predicted by the model, p(𝑡0)⊤[T(𝜏)]𝑘 , with the corresponding empirical
populations observed at time 𝑡0+ 𝑘𝜏. Alternatively, one may compare the implied
timescales 𝑡𝑖(𝜏) = −𝜏/ln𝜆𝑖(𝜏) as a function of 𝜏: for a truly Markovian model, these
timescales should remain constant with respect to the lag time. In both cases, sys-
tematic deviations indicate that the selected lag time is too short and memory effects
remain significant. The CK test therefore provides a practical criterion for choosing
an appropriate lag time 𝜏 and validating the internal consistency of the MSM before
proceeding to further kinetic or thermodynamic analyses.

Relation to the transfer operator. The discrete transition probabilitymatrixT(𝜏) can
be interpreted as a finite-state approximation to the transfer operator 𝒯𝜏 introduced
in Section 2.2.1. Specifically, while 𝒯𝜏 governs the time evolution of probability
densities in the full continuous configuration space Ω, T(𝜏) represents its Galerkin
projection onto the finite-dimensional subspace spanned by the indicator functions
of the metastable sets {𝑆𝑖}𝑛𝑖=1. In other words, T(𝜏) captures how the probability mass
is transferred between these coarse-grained regions under the dynamics generated
by 𝒯𝜏:

𝑇𝑖 𝑗(𝜏) =
1
𝜋𝑖

〈
1𝑆𝑖 , 𝒯𝜏1𝑆𝑗

〉
𝜋

(2.14)
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This projection establishes a rigorous connection between the transfer operator
formalism and the discrete MSM representation. The eigenfunctions of 𝒯𝜏 describe
the slow dynamic modes of the full system, while the corresponding eigenvectors of
T(𝜏) provide their discrete approximations in the coarse-grained space. Consequently,
the implied timescales computed from T(𝜏) approximate the relaxation times associ-
ated with the slowest eigenmodes of 𝒯𝜏. As the state decomposition {𝑆𝑖} becomes
increasingly fine and the sampling converges, the MSM approaches the exact spectral
properties of the transfer operator.

Thus, the MSM can be viewed as a discretized projection of the transfer operator,
offering a finite yet physically interpretable representation of molecular kinetics. This
correspondence forms the theoretical foundation linking operator theory, Markov
modeling, and spectral analysis of molecular dynamics.

2.3 Recommended Protocol for MSMs construction

The preceding sections established the theoretical foundation ofMSMs [116], showing
how the transfer operator 𝒯𝜏 that governs dynamics in the full configuration space
can be approximated by a discrete transition probability matrix T(𝜏), whose spectral
properties encode the slow dynamic modes of the system. However, the accuracy and
interpretability of such a model critically depend on how the continuous molecular
configurations are discretized into a finite set of states. In practice, the choice of
representation and partitioning scheme directly determines whether the resulting
MSM can faithfully approximate the true spectral space of 𝒯𝜏 and thus reproduce the
underlying long-timescale dynamics.

Constructing an MSM therefore requires a careful and systematic procedure [73,
89]. A well-designed MSM should resolve kinetically meaningful conformational
states while preserving the relevant kinetic properties of the underlying dynamics.
To this end, MSM construction in practice typically follows a standardized workflow
comprising four major stages:

1. Feature selection: choosing physicallymeaningful descriptors (such as dihedral
angles, contact maps, or pairwise distances) that capture the essential degrees
of freedom governing conformational changes;
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2. Dimensionality reduction: projecting the high-dimensional feature space onto
a lower-dimensional manifold that preserves the slow collective motions, often
using methods such as time-lagged independent component analysis (tICA) or
other variational approaches;

3. Clustering: discretizing the reduced space into a large number of microstates
and provide sufficient resolution of the dynamic landscape;

4. Kinetic lumping: coarse-graining microstates into macrostates or metastable
basins to enhance interpretability and reduce model complexity while retaining
the dominant kinetic behavior.

Together, these steps constitute the practical pipeline for building reliable and
physically grounded MSMs. The following subsections elaborate on each stage in
detail, discussing their theoretical rationale, methodological choices, and practical
considerations for constructing robust models of biomolecular dynamics.

2.3.1 Feature Selection

The first step in constructing an MSM is the selection of appropriate molecular
descriptors, or features, that characterize the relevant conformational degrees of
freedom of the system. These features define the mapping from the continuous
atomic coordinates x𝑡 ∈Ω to a lower-dimensional representation f(x𝑡) ∈ R𝑑, which
serves as the basis for all subsequent analysis. In essence, feature selection determines
what aspects of molecular motion are considered dynamically relevant and thus sets
the stage for an effective discretization of the configurational space.

Awell-chosen feature set should satisfy several criteria. First, it should be physically
meaningful, i.e., the selected descriptors should correspond to structural variables that
govern conformational transitions of interest. Second, the features should be invariant
to irrelevant transformations, such as overall translation and rotation, ensuring that
the equivalent conformations are represented identically. Third, they should be
sufficiently expressive to distinguish kinetically distinct conformations while avoiding
redundant or irrelevant high-frequency motions.

In practice, the choice of features depends on the molecular system and the type
of motion being investigated. For small peptides or loop rearrangements, backbone
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torsion angles often provide a compact and interpretable description. For larger
proteins or multi-domain biomolecules, pairwise distances between selected residues,
inter-domain center-of-mass separations, or contact maps are commonly employed
to capture both local flexibility and large-scale conformational rearrangements. In
more complex biomolecular assemblies such as protein–ligand complexes, additional
features such as hydrogen-bond networks, salt bridges, or solvent-accessible surface
areas may be included to reflect the relevant biochemical interactions.

From a theoretical perspective, feature selection defines the subspace in which the
transfer operator 𝒯𝜏 will be approximated. The closer this feature space aligns with
the true slow eigenspace of 𝒯𝜏, the better the resulting MSM can reproduce the long-
time dynamics of the full system. Conversely, inadequate or poorly chosen features
may merge kinetically distinct configurations or emphasize irrelevant fluctuations,
leading to inaccurate transition models.

Modern molecular modeling increasingly benefits from automated and data-
driven feature extraction methods, such as graph-based representations that encode
atomic connectivity, or symmetry-preserving descriptors that maintain physical
invariances. In addition, recently developed approaches, spectral-oASIS [86], can
automatically identify optimal subset of features as those that can reproduce the
time-correlation matrix of the full feature set upon reconstruction and capture the
slow dynamics; and MoSAIC [36], introduces a geometry-based selection method
that can cluster candidate features based on their geometric correlations in molecular
dynamics. These approaches extend traditional handcrafted features while retaining
interpretability and physical consistency. Regardless of the specific choice, careful
feature selection remains the cornerstone of any reliable MSM construction, as it
determines the resolution and fidelity with which the subsequent dimensionality
reduction and state decomposition steps can capture the relevant conformational
dynamics of the system.

2.3.2 Dimensionality Reduction

After selecting physicallymeaningfulmolecular descriptors, the next step is to identify
a small set of collective variables that best represent the slow, large-scale dynamics of
the system. Since the raw feature space f(x𝑡) ∈ R𝑑 is often high-dimensional and con-
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tains both fast and slow degrees of freedom, direct clustering or state decomposition
in this space is inefficient and may lead to noisy or kinetically meaningless partitions.
Therefore, dimensionality reduction serves to extract a low-dimensional manifold
that captures the dominant dynamic modes while filtering out high-frequency fluc-
tuations.

The fundamental objective of this step is to approximate the dominant eigenspace
of the transfer operator 𝒯𝜏 within the chosen feature basis. Ideally, one seeks a set
of coordinates ξ(x𝑡) that approximates the leading eigenfunctions of 𝒯𝜏, as these
modes govern the relaxation toward equilibrium and define the system’s metastable
structure (Section 2.2.1).

In practice, several linear andnonlinearmethods based on variational approach [108]
have been developed for this purpose. Among the most widely used are time-lagged
independent component analysis (tICA) [117, 127] and the variational approach
for Markov processes (VAMP) [156, 158]. tICA seeks linear projections of the input
features that maximize the normalized autocorrelation at lag time 𝜏, providing an ap-
proximation to the leading eigenfunctions of 𝒯𝜏 under the assumption of reversibility.
VAMP generalizes this framework by optimizing the variational score of the Koopman
operator, allowing for both reversible and nonreversible dynamics. In both formula-
tions, the resulting components are ordered by their associated timescales, and only
the slowest dynamic modes are retained to form the reduced kinetic subspace.

Beyond these linear approaches, recent developments in deep learning have en-
abled nonlinear generalizations that can capture more complex dynamical manifolds.
Time-lagged autoencoders [155], VAMPnets [98], and SRVs [23] employ neural
networks to learn nonlinear transformations that preserve slow kinetic information,
often leading to more accurate representations of biomolecular dynamics. These
methods remain grounded in the same variational principle that underlies tICA and
VAMP, sharing the same theoretical connection to the transfer or Koopman operator
formalism.

In summary, dimensionality reduction links the original high-dimensional molec-
ular descriptors to the lower-dimensional space on which Markov models are built.
By projecting the data onto a space spanned by the dominant slow modes, this step
greatly improves the statistical efficiency and physical interpretability of subsequent
clustering and kinetic lumping, while ensuring that the discretized model remains
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faithful to the slow dynamics of the underlying system.

2.3.3 Clustering

After obtaining a reduced representation of themolecular dynamics, the next step is to
partition this space into a large number of discrete regions, ormicrostates, by applying
a clustering algorithm. This discretization transforms continuous trajectories into
symbolic sequences of state indices, forming the basis for constructing the transition
probability matrix T(𝜏). The principal goal of this step is not to perform coarse-
graining, but rather to create a high-resolution approximation of the transfer operator
𝒯𝜏, in which the dynamics are finely resolved across the configurational landscape.

From a theoretical perspective, clustering can be viewed as a Galerkin discretiza-
tion of 𝒯𝜏 using indicator functions over the clusters {𝑆𝑖}𝑛𝑖=1 as basis functions. In-
creasing the number of microstates enhances the representational capacity of this
discrete space, allowing the model to more accurately approximate the true eigen-
functions of 𝒯𝜏. In this sense, a microstate MSM acts as a high-dimensional numerical
representation of the transfer operator: although individual states may not be directly
interpretable, the ensemble of many small regions collectively provides a faithful
reconstruction of the system’s slow dynamic modes. This fine-grained representation
then serves as the foundation for the subsequent kinetic lumping step, which extracts
physically meaningful macrostates from the underlying microstate dynamics.

In practice, clustering is usually performed in the space of the slow coordinates
obtained from dimensionality reduction (e.g., tICA or VAMP components), where the
relevant kinetic structures are most clearly separated. Common algorithms include 𝑘-
means [130] and 𝑘-centers [49, 168], which are both distance-basedmethods: 𝑘-means
tends to place centers in regions of high data density, whereas 𝑘-centers emphasizes
a more uniform coverage of the space by minimizing the maximum distance between
any point and its nearest center. For systems with irregularly shaped or nonuniformly
sampled manifolds, density-based methods such as DBSCAN [43] or density-peak
clustering [121] can adaptively identify clusters that follow the underlying data
distribution.

A key practical consideration is the number of clusters 𝑛. Too few clusters pro-
duce an overly coarse discretization that fails to resolve important kinetic variations,
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whereas too many may lead to sparse transition statistics and numerical noise. The
optimal choice typically balances resolution and statistical reliability and can be
assessed by examining the convergence of implied timescales or the stability of domi-
nant eigenvectors as 𝑛 varies.

In summary, clustering provides a fine-grained discretization of the reduced
configuration space, enabling the construction of a microstate MSM that offers a
detailed, high-resolution approximation of the underlying molecular kinetics. This
microstate model, while not directly interpretable, faithfully preserves the system’s
dominant spectral structure and thereby paves the way for the subsequent kinetic
lumping step, in which metastable macrostates and their transition networks are
identified.

2.3.4 Kinetic Lumping

Once a high-resolution microstate MSM has been constructed, the next step is to
coarse-grain it into a smaller number of kinetically meaningful macrostates that
capture the dominant slow processes of the system. This procedure, known as kinetic
lumping, transforms the detailed but often noisy microstate model into a simplified
representation that reveals the metastable organization of the molecular dynamics
while preserving its essential kinetic characteristics.

From the perspective of the transfer operator 𝒯𝜏, kinetic lumping can be regarded
as a second-level approximation that groups microstates whose probability densities
evolve coherently under 𝒯𝜏. Ideally, each macrostate corresponds to a metastable
basin associated with a nearly constant sign structure of the leading eigenfunctions of
𝒯𝜏 or, equivalently, of its discrete counterpart T(𝜏). The goal is to construct a partition
of the 𝑛 microstates into 𝑚≪ 𝑛 macrostates, typically encoded in a partition matrix
A, such that the coarse-grained transition matrix obtained by projecting T(𝜏)with
respect to the stationary distribution reproduces the dominant eigenstructures of the
original dynamics.

Several spectral methods have been developed to perform this coarse-graining
optimally. Among them, the Perron cluster cluster analysis (PCCA [33, 34] and its
improved variant PCCA+ [124]) remains the most widely used. PCCA+ identifies
metastable macrostates by analyzing the subspace spanned by the leading eigenvec-
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tors of T(𝜏) and assigning microstates based on the membership functions derived
from these eigenvectors. This approach ensures that each macrostate is associated
with a set of microstates that interconvert rapidly within the cluster but only slowly
between clusters, thereby maximizing kinetic coherence while maintaining spectral
fidelity.

By separating the slow inter-macrostate transition modes from the fast intra-
macrostate dynamics, kinetic lumping substantially improves the model’s inter-
pretability and reduces statistical noise, enabling the visualization and quantitative
analysis of long-timescale behavior in terms of a small number of metastable basins.
To determine an appropriate number of macrostates, one can inspect the separation
of implied timescales in the microstate MSM.

In summary, kinetic lumping bridges the gap between the detailed microstate
representation and the physically interpretable macrostate model. By projecting
the fine-grained MSM onto a reduced basis aligned with the dominant eigenfunc-
tions of 𝒯𝜏, this step completes the MSM construction pipeline, yielding a compact,
interpretable, and dynamically consistent description of biomolecular dynamics.

2.4 Discussions

The framework presented above establishes a rigorous foundation for constructing
Markov State Models that bridge microscopic dynamics and macroscopic kinetic ob-
servables. Once a reliable transition probability matrix T(𝜏) is obtained and validated,
a wide range of theoretical analyzes can be performed to elucidate the mechanisms
of biomolecular conformational changes. Among these, Transition Path Theory
(TPT) [42, 106] provides a particularly powerful tool for characterizing the reactive
pathways between two metastable basins, such as folded and unfolded or ligand-
bound and unbound states. By conducting a TPT analysis, key kinetic quantities
can be computed, including committor probabilities, flux networks, and mean first-
passage times, enabling a quantitative description of the reaction mechanisms of the
system.

In parallel with advances in the theoretical analysis ofMSMs, recent developments
in deep learning have led to end-to-end frameworks that integrate the entire modeling
pipeline into a single differentiable architecture. Among these, VAMPnets represent
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a milestone. Based on the VAMP theory, VAMPnets employ neural networks to learn
nonlinear transformations of molecular configurations from input geometric features
to metastable state assignments by optimizing a variational score associated with the
approximation of slowest dynamic modes. In doing so, they unify feature selection,
dimensionality reduction, state decomposition, and kinetic modeling into a single
end-to-end pipeline. The resulting models can automatically discover kinetically
meaningful order parameters or metastable states without manual preprocessing,
thereby providing a data-driven yet physically grounded approach to uncovering
molecular kinetics.

Although the MSM framework and its deep learning-based extensions, such
as VAMPnets [98], have proven highly effective for elucidating protein conforma-
tional changes, several challenges persist. One of the most pressing issues lies in
accurately representing high-dimensional, multi-body systems in which geometric
and permutation symmetries play a central role. In such systems—ranging from
protein complexes and supramolecular assemblies to colloidal and polymeric aggre-
gates—the dynamic behavior emerges from collective motions among many identical
or symmetry-related components. Conventional MSMs rely on fixed feature repre-
sentations, such as pairwise distances or internal coordinates, that do not inherently
preserve these symmetries. Consequently, equivalent configurations may be mapped
to distinct points in the feature space, introducing artificial degeneracy and fragment-
ing the kinetic landscape. Similarly, VAMPnets, while more flexible through their
neural-network parameterization, still operate on vectorized inputs lacking explicit
awareness of molecular geometry and relational structure. These limitations hinder
the faithful identification of slow collective modes and metastable states that arise
from coordinated multi-body rearrangements. Overcoming these representational
challenges requires models that intrinsically encode geometric relations and respect
the chemical symmetries of the system.

In addition, two broader issues are worth emphasizing. First, standard MSM
analyses focus on transitions among metastable states and therefore provide a coarse-
grained viewofmechanisms; resolving transition-state ensembles and high-resolution
barrier-crossing structures generally requires complementary approaches, which are
discussed in later chapters. Second, the Markovian assumption underlying T(𝜏) is not
guaranteed after discretization: projecting continuous dynamics onto a finite state
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representation can induce memory. Although using a sufficiently long lag time can,
in principle, alleviate this violation, in complex biomolecular systems the required
lag time often becomes comparable to—or even exceeds—the available MD trajectory
length, rendering the approximation impractical. How such non-Markovian effects
arise, how they can be diagnosed, and how they can be treated systematically will be
addressed in subsequent chapters.

The next chapter builds upon this foundation by addressing this representational
limitation. We introduce GraphVAMPnets [90], a graph-based neural architecture
that learns slow collective variables directly frommolecular configurations. By encod-
ing physical invariances and relational information in the learning process, Graph-
VAMPnets provide a unified framework to uncover the intrinsic kinetic geometry
of complex biomolecular systems. This development represents a natural evolution
from the theoretical principles outlined in this chapter toward more expressive and
physically consistent learning-based models for molecular dynamics.
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Chapter 3

Learning Geometry from Symmetry –
GraphVAMPnets for Uncovering Slow
Collective Variables of Multi-Body
Systems

3.1 Introduction

.
Understanding the dynamics of multi-body systems, where numerous interacting

particles, residues, or molecular subunits collectively form complex structures, is a
fundamental goal across chemistry, biology, and materials science [21, 38, 47, 53, 80,
170]. Such processes often proceed through a hierarchy of intermediate configurations
governed not only by thermodynamic stability but also by kinetic control. While free-
energy landscapes provide valuable thermodynamic insight, they may fail to capture
the true dynamical nature of these multi-body transformations, which are often
dominated by rare events, transient intermediates, and cooperative rearrangements.
A kinetic perspective is therefore essential to reveal mechanistic pathways and rate-
determining steps, ultimately enabling the rational design of functional materials
and facilitating the understanding of many relevant biological processes.

Molecular dynamics (MD) simulations offer atomistic access to these processes,
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Figure 3.1: Illustration of challenges in feature selection for multi-body systems.
(a) Permutation-invariance: the monomers in multi-body system are usually identical. If
two monomers exchange their positions, the structure is the same but the defined pairwise
distances 𝑑23′ and 𝑑32′ will change. (b) Rotational symmetry-invariance: the monomers in
multi-body system could be rotationally symmetric. If the hexagonal ring rotates along its 𝐶2
axis, the structure is identical but the defined pairwise distances 𝑑11′ and 𝑑41′ will change.

but their raw trajectories alone rarely yield a clear statistical picture of how distinct
configurations interconvert. Kinetic network models (KNMs), and in particular,
Markov state models (MSMs) [73, 89, 116, 153], address this challenge by statistically
combining many MD trajectories to infer a global dynamical model. As discussed
in Chapter 2, an MSM can approximate the transfer operator governing the time
evolution of molecular ensembles, allowing one to extract kinetic pathways, transition
rates, and mean first-passage times. However, the construction of such models for
multi-body systems remains far from trivial, as it critically depends on identifying
suitable representations that capture the relevant slow dynamics while respecting
the underlying physical symmetries.

Two major challenges arise in this context [89]. (1) Symmetry invariance: multi-
body systems often consist of identical or geometrically symmetric components—such
as identical monomers in self-assembly, equivalent residues in protein oligomers, or
indistinguishable ions in condensed phases. A permutation of identical subunits or a
rigid-body rotation of a symmetric structure should not change its representation,
yet commonly used feature sets, such as pairwise distances or Cartesian coordi-
nates, violate these invariances (Figure 3.1). This leads to redundant or inconsistent
descriptions that obscure the true dynamical manifold of conformational changes.
(2) Sampling imbalance: many multi-body processes are energetically downhill or
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nonequilibrium in nature, producing trajectories that inadequately sample reverse
transitions. In such cases, traditional time-reversible approaches like tICA, which rely
on symmetrized correlation matrices to enforce detailed balance, may yield biased
descriptions of the underlying dynamics.

To overcome these limitations, we develop and apply GraphVAMPnets [90], a
symmetry-preserving, graph-based neural framework that integrates graph neural
networks with the variational approach for Markov processes (VAMP) theory [156]
to uncover the slow collective variables (CVs) of complex multi-body systems. In
this formulation, each system configuration is represented as a graph, where nodes
correspond to atomic or coarse-grained entities and edges encode pairwise inter-
actions. Through message-passing operations that are invariant to permutations
and rotations, GraphVAMPnets learn dynamical embeddings that respect intrinsic
symmetries while directly optimizing the variational objective associated with the
slowest dynamic modes of the Koopman operator. This enables the discovery of
physically meaningful CVs andmetastable states without the need for manual feature
engineering or explicit symmetry corrections.

In contrast to conventional VAMPnets [98] that rely on fixed and vectorized
input representations, GraphVAMPnets explicitly encode geometric and topological
information through flexible graph representations. In particular, we extend previous
implementations [48, 160] by allowing variable edge numbers for each node to account
for the evolving coordination environment in multi-body assemblies. For systems
containing identical or symmetric components, node embeddings are initialized
identically and constrained during training to preserve permutation and rotational
invariance.

The following sections present the theoretical formulation of GraphVAMPnets,
its connection to the variational principle of Koopman operator, and the algorithmic
details of euclidean symmetry-invariant graph encoders. We then demonstrate its
capability through representative examples, including molecular aggregation and
patchy-particle self-assembly, highlighting how GraphVAMPnets resolve slow CVs
that conventional feature-based approaches fail to capture. Overall, this chapter
establishes a symmetry-aware, geometry-informed learning framework that extends
the MSM paradigm to the complex, relational dynamics of multi-body systems.
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Figure 3.2: Schematic architecture of GraphVAMPnets for identifying slow CVs of
multi-body systems. The method can be divided into three parts: (A) Transition pairs of
molecular configurations separated by a lag time 𝜏 are extracted from simulation trajectories.
(B) Each configuration is represented as a graph and processed by two parallel graph neural
networks. (C) The resulting graph embeddings are obtained via average pooling and passed
into a VAMP-2-based objective to learn slow dynamic modes.

3.2 Methods

GraphVAMPnets (Figure 3.2) integrate graph neural networks with the VAMP theory
to identify the slow CVs of complex multi-body dynamics. The method combines the
geometric expressivity of graph-based representations with the theoretical rigor of
operator-based kinetic modeling. In this section, we describe the graph representation
of molecular configurations, the neural network architecture, the theoretical formu-
lation of VAMP, and the implementation of permutation and rotational symmetry
invariance.

3.2.1 Graph Representation of Molecular Configurations

Each molecular configuration at time 𝑡 is represented as a graph 𝐺𝑡 = (𝑉 ,𝐸), where
nodes (𝑉) correspond to atoms, residues, or coarse-grained particles, and edges (𝐸)
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Figure 3.3: Illustration of graph convolutional layers in GraphVAMPnets based
on the SchNet framework. Each node aggregates messages from its neighbors through
continuous-filter convolution layers with attention weighting before residual updates.

encode local interactions or geometric relationships between them. Every node 𝑖 ∈𝑉
is embedded as a feature vector v𝑖 , and each edge (𝑖, 𝑗) ∈ 𝐸 is associated with an edge
vector e𝑖 𝑗 that encodes geometric and distance-based information.

For systems composed of identical or symmetric components, all equivalent par-
ticles are initialized with identical node embeddings to ensure permutation and
rotational invariance. Edges can be defined using one of several criteria: (a) connect
each node to a fixed number of its nearest neighbors, (b) connect pairs within a dis-
tance cutoff 𝑟𝑐 , or (c) connect based on known chemical bonds or specific interaction
rules.

Then, we embed these edges as vectors by using Gaussian expanded pairwise
distances:

𝑒𝑖 𝑗,𝑘 = exp

[
−
(𝑑𝑖 𝑗 − 𝑐𝑘)2

𝜎2
𝑘

]
(3.1)

where 𝑒𝑖 𝑗,𝑘 is the 𝑘th element of edge vector e𝑖 𝑗 , {𝑐𝑘} and {𝜎𝑘} are centers and widths
of the expansion kernels.
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3.2.2 Graph Neural Network Architecture

TheGNNarchitecture (Figure 3.3) employed inGraphVAMPnets follows SchNet [129],
adapted to capture many-body interactions in dynamic molecular graphs and extract
slow CVs. At each layer ℓ , node embeddings vℓ

𝑖
and edge embeddings eℓ

𝑖𝑗
are first

mapped to a common latent dimension through dense layers:

ṽℓ𝑖 =Wℓ
𝑣vℓ𝑖 +b

ℓ
𝑣 , (3.2)

ẽℓ𝑖𝑗 =Wℓ
𝑒 tanh

(
Wℓ

𝑒2e
ℓ
𝑖𝑗 +b

ℓ
𝑒2

)
+bℓ𝑒 (3.3)

The local interactions from surroundings for each node 𝑖 are then computed via a
continuous-filter convolution with an attention mechanism:

zℓ𝑖 =
∑
𝑗

𝛼ℓ𝑖𝑗

(
ṽℓ𝑗 ⊙ ẽ

ℓ
𝑖𝑗

)
, (3.4)

𝛼ℓ𝑖𝑗 =
exp

[
ṽℓ
𝑗
⊙ ẽℓ

𝑖𝑗
Wℓ

𝑎

]
∑
𝑘 exp

[
ṽℓ
𝑘
⊙ ẽℓ

𝑖𝑘
Wℓ

𝑎

] (3.5)

where ⊙ denotes element-wise multiplication, and 𝛼(ℓ )
𝑖 𝑗

are normalized attention
weights indicating the importance of neighbor 𝑗 to node 𝑖. The updated node embed-
dings are obtained via residual connections:

vℓ+1𝑖 = vℓ𝑖 +W
ℓ
𝑢 tanh

(
Wℓ

𝑧zℓ𝑖 +b
ℓ
𝑧

)
+bℓ𝑢 (3.6)

Stacking multiple interaction layers enables message propagation through the graph,
allowing the embeddings to encode global many-body correlations while retaining
local geometric detail.

3.2.3 Variational Approach for Markov Processes (VAMP)

The VAMP theory was developed by Wu and Noé [156]. Its theoretical foundation
is built upon the Koopman operator theory, which originates from fluid mechanics
and provides a powerful framework for analyzing the dynamics of arbitrary time-
homogeneous Markov processes without requiring time reversibility. The Koopman
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operator 𝒦𝜏 is defined as

(𝒦𝜏𝑔)(x) = E𝑡
[
𝑔(x𝑡+𝜏) | x𝑡 = x

]
=

∫
𝑔(x𝑡+𝜏)𝑝(x𝑡+𝜏 | x𝑡 = x)𝑑x𝑡+𝜏

=

∫
𝑔(y)𝑝(x,y;𝜏)𝑑y

(3.7)

where 𝑔(x) is an arbitrary observable defined on the full configuration space, and
𝑝(x,y;𝜏) denotes the transition probability from configuration x to y over a lag time 𝜏.
The Koopman operator thus computes the conditional expectation of an observable at
a future time, given the current configuration. It is also known as the backward operator,
as it can be used to propagate ensemble averages backward in the configuration space
over the lag time 𝜏.

The goal of VAMP is to obtain the leading singular functions of the Koopman
operator, which represent the slowest dynamic modes of the system and evolve on
average under a linear propagation model

⟨𝜓𝑖 ,𝒦𝜏𝜙 𝑗⟩𝜌0 = 𝜎𝑖𝛿𝑖 𝑗 , 1 = 𝜎1 > 𝜎2 ≥ 𝜎3 ≥ · · ·
E𝑡[𝚽(x𝑡+𝜏)] =K⊤E𝑡[𝚿(x𝑡)]

(3.8)

where 𝜙𝑖 , 𝜓𝑖 , and 𝜎𝑖 denote the 𝑖-th right singular function, left singular function,
and singular value of𝒦𝜏, respectively. 𝚽 = (𝜙1,𝜙2, . . . )⊤ and𝚿 = (𝜓1,𝜓2, . . . )⊤ are the
corresponding vector forms, and K = diag(𝜎1,𝜎2, . . . ).

VAMP employs the variational principle to approximate the leading left and right
singular functions of 𝒦𝜏 using two sets of trial functions,

f = ( 𝑓1, 𝑓2, . . . , 𝑓𝑚)⊤, g = (𝑔1, 𝑔2, . . . , 𝑔𝑚)⊤

⟨ 𝑓𝑖 , 𝑓𝑗⟩𝜌0 = 𝛿𝑖 𝑗 , ⟨𝑔𝑖 , 𝑔𝑗⟩𝜌1 = 𝛿𝑖 𝑗
(3.9)

and maximizes the VAMP-2 score 𝑅̂2 as the sum of the squared approximate singular
values, which is bounded by the sum of the squared true singular values.

𝑅̂2 = ⟨f,𝒦𝜏g⟩𝜌0 =
∑
𝑖

𝜎̂2𝑖 ≤
∑
𝑖

𝜎2𝑖 (3.10)
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In practice, the trial functions can be expressed as linear combinations of two sets
of basis functions, χ0 = (𝜒01,𝜒02, . . . ,𝜒0𝑚)⊤ and χ1 = (𝜒11,𝜒12, . . . ,𝜒1𝑚)⊤, respectively:

f =U⊤χ0, g =V⊤χ1 (3.11)

where U and V are transformation matrices.
The variational optimization problem can then be formulated as

I =U⊤C00U,
I =V⊤C11V,

𝑅̂2 =
∑
𝑖

(u⊤𝑖 C01v𝑖)2
(3.12)

where the instantaneous and time-lagged covariance matrices are defined as

C00 = E𝑡[χ0(x𝑡)χ0(x𝑡)⊤],
C11 = E𝑡[χ1(x𝑡+𝜏)χ1(x𝑡+𝜏)⊤],
C01 = E𝑡[χ0(x𝑡)χ1(x𝑡+𝜏)⊤]

(3.13)

To solve the above optimization problem, the covariance matrices C00 and C11 can
be decomposed into the products of their respective matrix square roots, C1/2

00 and
C1/2
11 . The singular values of the matrix

K𝑠 = C−1/200 C01C
−1/2
11 (3.14)

are then equivalent as the approximate singular values of the Koopman operator.
Consequently, the VAMP-2 score can be expressed as the squared Frobenius norm

of K𝑠 :

𝑅̂2 = ∥K𝑠∥2𝐹 = ∥C
−1/2
00 C01C

−1/2
11 ∥

2
𝐹 (3.15)

The time evolution of observables in the projected space can then be expressed as

E𝑡[χ1(x𝑡+𝜏)] ≈K⊤E𝑡[χ0(x𝑡)] (3.16)
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where K = C−100C01 is often referred to as the Koopman matrix, which provides a
finite-dimensional approximation of the Koopman operator that governs the dy-
namics of latent variables χ0 and χ1 with a least-squares regression minimizing
E𝑡

[
∥χ1(x𝑡+𝜏)−Kχ0(x𝑡)∥2

]
.

Building on this framework, Noé and coworkers developed VAMPnets [98], in
which the basis functionsχ0 andχ1 are parameterized by twoparallel neural networks
that introduce nonlinearity into the representation. The loss function is defined as the
negative VAMP-2 score, and minimizing this loss maximizes the VAMP-2 objective.
The trained neural networks thus serve as optimal basis functions to approximate the
leading singular functions of the Koopman operator, yielding slow CVs that capture
the system’s essential kinetic processes.

In the present work, we extend this concept to GraphVAMPnets, where graph
neural networks with average pooling layers act as the nonlinear basis functions in
the VAMP formulation. Each molecular configuration is embedded as a graph, and
pairs of configurations separated by lag time 𝜏 are encoded as

o0 = (𝜒01(x𝑡), . . . ,𝜒0𝑚(x𝑡))⊤, o1 = (𝜒11(x𝑡+𝜏), . . . ,𝜒1𝑚(x𝑡+𝜏))⊤.

The empirical mean-free covariance matrices C̄00, C̄01, and C̄11 are estimated from
these graph embeddings to compute the VAMP-2 score. The parameters of the graph
networks are then optimized by minimizing the negative VAMP-2 loss, and the
resulting approximated leading singular functions are obtained.

f =U⊤χ0, g =V⊤χ1

Specifically, we take the left approximate singular functions f as our identified slow
CVs.

3.2.4 Permutation and Rotational Symmetry Invariance of
GraphVAMPnets

A fundamental property of graph neural networks is that the learned representa-
tion of each node depends solely on its local environment, rather than on its index
within the graph. This property, known as index equivariance, ensures that the
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Figure 3.4: Illustration of the aggregation-prone 9-(Diphenylmethylene)-9H-
fluorene (9d9f) molecules and the rotational-symmetry–invariant features of the
system. (A) Chemical structure of the 9d9f molecule. (B) Definition of the angles (𝜃1,𝜃2),
formed between the normal vectors of the two molecules and the displacement vector connect-
ing their centers of mass. Exchanging the two 9d9f molecules transforms the angles from
(𝜃1,𝜃2) to (180◦−𝜃1, 180◦−𝜃2), yet the overall configuration remains identical. Similarly,
rotating one molecule (shown in yellow) around its 𝐶2 axis changes 𝜃 to (180◦−𝜃) without
altering the structure of the dimer.

embeddings of identical nodes are consistent under reordering. When the node
embeddings are subsequently aggregated through average pooling to produce a
graph-level representation, the resulting feature vector becomes invariant to the node
indexing.

In self-assembly or other multi-body systems, particles that are identical under
permutation or rotational symmetries should therefore be assigned the same initial
node embeddings and constrained to share identical values throughout training.
If two such particles exchange positions through a permutation or rotation, this
operation merely corresponds to swapping their node indices in the graph. Because
of the index equivariance of the GNN and the pooling operation, the overall graph
embedding remains unchanged, guaranteeing that equivalent conformations yield
identical representations in GraphVAMPnets.

3.3 Results

3.3.1 Aggregation of Two Hydrophobic Molecules in Water

To demonstrate the capability of GraphVAMPnets in capturing slow dynamic modes
that are invariant to permutation and rotational symmetry in multi-body systems,
we first applied the method to study the aggregation dynamics of two hydropho-
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Figure 3.5: Feature embedding of the 9d9f system using different methods. (A) In
tICA and VAMPnets, 14 carbon atoms (highlighted by grey circles) are selected from each
9d9f molecule, yielding 196 intermolecular pairwise distances (indicated by orange arrows) as
input features. (B) In GraphVAMPnets, the same 28 carbon atoms are represented as graph
nodes with learned embeddings. Atoms circled in the same color correspond to positions that
are equivalent under permutation and rotational symmetries and are therefore constrained to
share identical node embeddings during training.

bic molecules (i.e., (9-(Diphenylmethylene)-9H-fluorene) or 9d9f) in water (Fig-
ure 3.4A). Hydrophobic association is a fundamental process in biomolecular and
colloidal systems, often serving as a model for understanding protein folding, micel-
lization, and molecular recognition.

All-atom MD simulations were performed to generate trajectories of the two hy-
drophobic molecules freely diffusing and aggregating in aqueous solution. In total,
there are 40 MD trajectories, with an aggregated simulation time of 4 μs. To examine
the permutation- and rotational-symmetry–invariant nature of the system, we char-
acterized each configuration of the 9d9f dimer using a pair of angles (𝜃1,𝜃2), defined
between the normal vectors of the two molecules and the displacement vector con-
necting their centers of mass (Figure 3.4B, left). As illustrated in Figure 3.4B (right),
a configuration with angle 𝜃 is geometrically identical to one with angle (180◦−𝜃),
since the two structures can be perfectly superimposed through permutation and
rotation of the identical 9d9f molecules. We then projected all MD configurations
onto the two-dimensional (𝜃1,𝜃2) space, which revealed four equivalent regions with
identical conformations (Figure 3.6A).

To compare the performance of different dimensionality-reduction approaches,
we applied tICA, VAMPnets, and GraphVAMPnets to the same MD dataset. For
tICA and VAMPnets, 14 representative carbon atoms were selected from each 9d9f
molecule, yielding 196 inter-molecular pairwise distances between atoms on different
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Figure 3.6: Visualization of identified CVs from different methods in the (𝜃1,𝜃2)
space. (A) Free-energy landscape of all MD conformations projected onto (𝜃1,𝜃2). (B) Rep-
resentative conformations from four equivalent regions (I–IV). (C) Projection of CV values
onto the (𝜃1,𝜃2) space. All methods identify similar first CVs, but only GraphVAMPnets
captures a symmetry-consistent second CV.

molecules as input features (Figure 3.5A). In contrast, GraphVAMPnets represented
each conformation as a graph, using the same 14 carbon atoms from each molecule as
nodes. Atoms equivalent under permutation or rotational symmetry were embedded
with identical node vectors (atoms of the same color in Figure 3.5B). Edges were
defined between each atom and its ten nearest neighbors. To evaluate the influence
of the symmetry constraint, we also trained a control model (GraphVAMPnets-rand)
in which node embeddings were not constrained by symmetry. All methods were
trained using the same hyperparameters, with a training lag time of 200 ps, a batch
size of 1000, a learning rate of 10−3, and an 80%/20% train/validation split. From
each model, two slow CVs were extracted.

As shown in Figure 3.6, we compared the slowest CVs identified by tICA, VAMP-
nets, GraphVAMPnets-rand, and GraphVAMPnets, projected in the (𝜃1,𝜃2) space.
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Figure 3.7: Conformations of the 9d9f aggregation system in the space of the
two slowest CVs identified by GraphVAMPnets. (A) 𝜙 is defined as the angle be-
tween the vectors pointing from fluorenyl to phenyl rings in the two molecules, describing
their relative orientation. (B) Free-energy landscape projected on CV1 and CV2. SASA
decreases monotonically along CV1, while 𝜙 varies from 180° to 0° along CV2. Represen-
tative conformations—dispersed (left) and stacked with parallel or antiparallel orientations
(right)—correspond to the three basins in this projection.

Each CV represents a distinct dynamic mode corresponding to transitions between
its positive and negative regions. As shown in the top row of Figure 3.6C, the first
CV obtained by all methods is consistent, displaying four symmetric positive regions
(red) corresponding to identical aggregate conformations (examples in Figure 3.6B).
However, notable differences emerge in the second CV (bottom row of Figure 3.6C).
The second modes obtained by tICA, VAMPnets, and GraphVAMPnets-rand pri-
marily describe transitions between symmetry-related states—those differing only
by molecular permutation or rotation along the 𝐶2 axis—rather than genuine con-
formational changes. In contrast, the second CV derived from GraphVAMPnets
displays a symmetric pattern consistent with the four equivalent regions in the
(𝜃1,𝜃2) space, confirming that GraphVAMPnets successfully learns permutation- and
rotation-invariant CVs that reflect the true aggregation dynamics.

To gain further insight into the physical meaning of the learned CVs, we projected
all MD conformations onto the two CVs identified by GraphVAMPnets (Figure 3.7B).
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The solvent-accessible surface area (SASA) and 𝜙 angle, representing the relative
orientation between the two molecules, were analyzed as physically interpretable
descriptors. SASA is a useful indicator of hydrophobic collapse, decreasing as ag-
gregation proceeds, whereas 𝜙 distinguishes head-to-head and head-to-tail stacking
modes (Figure 3.7A). Along CV1, SASA monotonically decreases, indicating that
CV1 primarily describes the aggregation process from dispersed to compact states.
Along CV2, the 𝜙 angle varies from 0◦ to 180◦, reflecting rotational rearrangements
of the two molecules. The free energy landscape (Figure 3.7B) reveals that the left
basin corresponds to dispersed conformations where the molecules are separated
(𝜙 ≈ 90◦), while the two right basins correspond to aggregated states: the upper
basin represents parallel stacking (same orientation), and the lower basin represents
antiparallel stacking (opposite orientation). The asymmetry along CV2 indicates a
slight energetic preference for the antiparallel configuration, which exhibits a smaller
SASA and thus greater stability. This observation aligns with chemical intuition,
as steric hindrance between phenyl groups reduces 𝜋–𝜋 stacking efficiency in the
parallel configuration, leading to a higher free energy.

3.3.2 Self-Assembly of Patchy Particles

We next applied GraphVAMPnets to identify the slow CVs and construct a kinetic
network model for the self-assembly of patchy particles (Figure 3.8). The dataset,
adapted from previous studies [83, 84, 163], comprises 60 coarse-grained MD tra-
jectories, each containing 2,000 frames saved at 1,000 MD-step intervals. In these
simulations, 960 patchy particles spontaneously form dodecahedral cages over time
(Figure 3.8B). Each patchy particle consists of a central spherical core and three
surface patches separated by fixed angular intervals of 108◦, 108◦, and 120◦, with a
half-opening angle 𝜃𝑘𝑚 of 55◦ for each patch (Figure 3.8A).

To construct the graph representation, we identified all existing inter-particle
interactions as edgeswithin eachMD frame. Two particles were considered connected
if (i) the distance between their centers was smaller than a cutoff 𝑟𝑐 = 0.75 and (ii)
each had at least one patch whose orientation vector formed an angle with the inter-
particle axis smaller than the half-opening angle (Figure 3.8C). Each particle was
embedded as a node vector, and all conformations were represented as graphs. The
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Figure 3.8: Illustration of the patchy-particle system and the two slowest CVs
obtained from GraphVAMPnets. (A) Structure of a single patchy particle, where
the directions of three patches are n1

𝑖
= (0,0,1), n2

𝑖
= (0,−0.9531,−0.3090), and n3

𝑖
=

(0.5257,0.6935,−0.5038). The opening angle 𝜃𝑘𝑚 of each patch equals 55◦. (B) Self-assembled
dodecahedral cage formed by patchy particles. (C) Two particles are considered as connected
if 𝑟𝑖 𝑗 < 0.75 and 𝜃𝑘

𝑖
,𝜃𝜆

𝑗
< 55◦. (D) Free-energy landscape of all MD conformations projected

onto CV1 and CV2 identified by GraphVAMPnets. (E) Implied timescales of the two CVs.
(F) Histogram of conformations in the (CV1, average size) space (𝑟 = 0.94). (G) Histogram
in the (CV2, average 𝐴𝑝) space (𝑟 = 0.58). (H) Time evolution of CV1 and average size
along an MD trajectory. (I) Time evolution of CV2 and average 𝐴𝑝 along an MD trajectory.

lag time for training was set to 100 frames (corresponding to 105 MD steps), and two
output nodes were used at the final layer to obtain the two slowest dynamic modes
(or CVs). The model was trained for 50 epochs and repeated 10 times.

After training, two dominant CVs were obtained and all MD conformations were
projected onto the (CV1, CV2) plane (Figure 3.8D). The ITS analysis (Figure 3.8E)
revealed clear timescale separation, confirming the Markovian nature of the reduced
dynamics. We further examined the physical interpretation of the CVs. The first CV
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exhibited a strong correlation with the average aggregate size (𝑟 = 0.94), whereas the
second CV correlated with the average asphericity parameter (𝐴𝑝) of aggregates (𝑟 =
0.58). Here, 𝐴𝑝 characterizes aggregate morphology, with 𝐴𝑝 = 0 corresponding to a
perfect sphere and𝐴𝑝 = 1 to an ideal rod. To visualize these relationships, we projected
conformations onto (CV1, average size) and (CV2, average 𝐴𝑝) planes (Figure 3.8F–
G). The diagonal distributions in both maps highlight the strong correspondence
between the learned CVs and these physically interpretable quantities. Moreover,
the time evolution of CV1 and CV2 along representative trajectories (Figure 3.8H–I)
confirmed that CV1 tracks the overall growth of aggregates, while CV2 captures their
shape evolution.

Using these twoCVs, we further constructed a kinetic networkmodel to investigate
the detailed mechanism of self-assembly dynamics. Following the standard KNM
workflow outlined in Chapter 2, we first discretized the continuous (CV1, CV2)
space into 100 microstates using k-means clustering (Figure 3.9A), and subsequently
lumped them into five macrostates via the PCCA+ algorithm (Figure 3.9B).

We then analyzed the physical properties associated with each macrostate. As
shown in Figure 3.9C, the average aggregate size systematically increases from State 4
to State 0, indicating progressive aggregation. In the early stage (State 4 → 3),
monomer concentration decreases sharply (Figure 3.9D). In the intermediate stages
(State 3→ 2→ 1), aggregates containing 12 pentagonal rings begin to emerge; these
intermediates closely resemble the final dodecahedral cages (Figures 3.9E–F). At the
final stage (State 1→ 0), the overall number of aggregates and 12-pentacyclic struc-
tures stabilizes, but we observed structural rearrangements within the aggregates.
Specifically, State 0 is characterized by the appearance of additional hexagonal rings
within previously dodecahedral cages (i.e., 12-pentacyclic aggregates containing zero
hexagonal rings) (Figure 3.9G). This suggests that the transition from State 1 to State 0
corresponds to a rearrangement process in which dodecahedral cages reorganize into
larger aggregates containing hexagonal motifs.

To further quantify the kinetics, we computed mean first-passage times (MFPTs)
between macrostates using maximum-likelihood estimation (Figure 3.9H). The re-
sulting MFPT network reveals a predominantly downhill assembly process from
the monomeric State 4 to the dodecahedral-cage State 1, as forward aggregation
transitions are significantly faster than their reverse processes. The dodecahedral
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Figure 3.9: Analysis of patchy-particle self-assembly dynamics. (A) Projection
of all MD conformations onto (CV1, CV2) with 100 microstates (red dots) obtained by
k-means clustering. (B) Projection colored by macrostate labels (0–4). (C) Average aggregate
size in each macrostate. (D) Concentration of monomers. (E) Number of aggregates. (F)
Number of 12-pentacyclic aggregates. (G) Distribution of the number of hexagonal rings
in 12-pentacyclic aggregates. (H) Mean first-passage times (MFPTs) between states along
the assembly pathway (State 3→ 0). Bars in panels (C–F) represent means ± ½ standard
deviation.

cage is thus identified as the most thermodynamically stable structure. In contrast,
State 0 acts as an off-pathway intermediate—accessible kinetically but less stable
thermodynamically—where additional hexagonal rings are formed, raising the free
energy as indicated by the forward–backward MFPT ratio between States 1 and 0.

Overall, the constructed KNM reveals a clear downhill self-assembly process from
dispersed monomers (State 4) to the thermodynamically stable dodecahedral cages
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(State 1), with a metastable, off-pathway State 0 corresponding to the formation of
larger aggregates containing hexagonal rings. These findings are consistent with
previous studies [163], which showed that the 108◦ patch angles favor the formation
of pentagonal motifs leading to dodecahedral cages, while the additional 120◦ angle
permits occasional hexagonal ring formation. Our results thus demonstrate that
GraphVAMPnets can accurately capture both the thermodynamic landscape and
kinetic pathways of patchy-particle self-assembly, providing mechanistic insights that
opens up awindow of opportunities for the rational design of self-assembly structures
with varying yields of dodecahedral cages (containing only pentagonal rings) versus
those containing hexagonal rings, achieved by tuning the angles between patches in
patchy particles.

3.4 Discussions

In this chapter, we addressed the intrinsic challenges in modeling the dynamics of
multi-body systems by developing an enhanced implementation of GraphVAMPnets.
Traditional KNM (or MSM) construction often relies on manually defined features,
which limits their applicability to multi-body systems such as molecular assembly
and biological aggregation. In contrast, our approach integrates the expressive power
of graph neural networks with the VAMP to automatically extract slow CVs that
govern the long-timescale dynamics of complex multi-body systems.

The effectiveness of our approach was demonstrated using two representative
examples. For the aggregation of two 9d9f molecules in water, GraphVAMPnets
successfully disentangled permutation- and rotation-invariant modes of motion, out-
performing conventional methods such as tICA and VAMPnets. The learned CVs
not only reproduced the hydrophobic collapse process but also revealed distinct
aggregation orientations and their relative stabilities. For the patchy-particle system,
GraphVAMPnets identified slow CVs that correlated strongly with the average ag-
gregate size and asphericity parameter, enabling a detailed kinetic network model
of self-assembly. This model unveiled a downhill aggregation pathway toward the
thermodynamically stable dodecahedral cage, along with a metastable, off-pathway
state characterized by hexagonal ring formation. Together, these case studies demon-
strate that GraphVAMPnets can faithfully capture both the thermodynamic landscape
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and kinetic hierarchy of molecular self-assembly without imposing detailed balance
constaint.

Beyond the two representative systems studied here, the framework developed
in this chapter provides a versatile foundation for exploring the kinetics of complex
biological and soft-matter systems composed of many interacting components. The
variable-edge graph representation and symmetry-aware node embeddings together
enable GraphVAMPnets to capture the dynamic coupling and reorganization among
multiple molecular subunits, such as those found in protein complexes, nucleic acid
condensates, and phase-separated biomolecular assemblies. By learning slow collec-
tive modes directly from simulation data without enforcing equilibrium constraints,
this approach opens new opportunities for uncovering the emergent mechanisms
of multi-body organization and collective transitions in living systems. Looking
forward, hierarchical extensions of GraphVAMPnets could be integrated with coarse-
grained or hybrid multiscale models to bridge molecular and mesoscale dynamics.

This chapter is adapted from a peer-reviewed publication "Liu, B., Xue, M., Qiu,
Y., Konovalov, K., O’Connor, M., Huang, X. (2023). GraphVAMPnets for uncovering slow
collective variables of self-assembly dynamics. The Journal of Chemical Physics, 159, 094901.
https://doi.org/10.1063/5.0158903"
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Chapter 4

Revealing Transition from Uncertainty
– Exploring Transition States of Protein
Conformational Changes via
Out-of-Distribution Detection in a
Hyperspherical Latent Space

4.1 Introduction

Understanding the transition states of protein conformational changes is of central
importance in molecular biophysics, as these fleeting configurations define the ener-
getic and kinetic bottlenecks that separate distinct functional states of a biomolecule.
Characterizing transition states is essential for elucidating a broad spectrum of bio-
logical processes, including protein folding and misfolding, enzymatic catalysis, and
gene expression. Moreover, gaining structural and energetic insights into transition
states can guide rational strategies for drug discovery and enzyme engineering. For
example, a recent study demonstrated that a single point mutation can rescue RNA
polymerase II from pausing at an epigenetically modified DNA base by destabilizing
the transition state of its translocation conformational change [74]. Such examples
underscore how detailed knowledge of transition states can clarify how molecular
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modifications regulate function and offer opportunities to design compounds that
preferentially bind and modulate these short-lived configurations. However, direct
experimental identification of transition states remains challenging because these
conformations are transient, sparsely populated, and difficult to capture at atomic
resolution.

As discussed in previous chapters, molecular dynamics (MD) simulations, in
combination with Markov state models (MSMs) [73, 89, 116, 153], provide a rigorous
statistical framework for investigating the protein conformational changes at atomic
level. MD simulations generate time-resolved trajectories by integrating Newton’s
equations of motion, while MSMs coarse-grain these trajectories into a discrete net-
work of transitions among metastable states. This hierarchical modeling strategy
enables the reconstruction of long-timescale dynamics from multiple short trajecto-
ries, thus overcoming the intrinsic timescale limitations of all-atom MD simulations
that typically operate at femtosecond timesteps. Over the past decade, MSMs have
yielded profound insights into mechanisms of protein folding, allostery, and ligand
binding [5, 14, 16, 26–28, 32, 45, 59, 66, 71, 72, 76, 96, 114, 133, 134, 136, 147, 148],
uncovering how proteins move between well-defined free energy basins.

However, while MSMs can model transitions, they do not reveal them. The MSM
formalism captures the statistics of state-to-state transitions including transition prob-
abilities and fluxes, but not the structural or energetic essence of the transition itself.
Each conformation is discretely assigned to a metastable basin, reducing the continu-
ous passage across the free energy barrier to a jump between coarse states. In this
sense, the true “transition”—the transient, rare-populated ensemble of conformations
residing at the free energy barriers—remains hidden within the statistical abstrac-
tion. Consequently, while MSMs provide a coarse-grained kinetic description of
how conformations move between free energy basins, they cannot directly reveal the
microscopic transition-state ensemble that governs how those transitions occur. This
limitation motivates the development of new methodologies capable of capturing
transition states with higher spatial and kinetic resolution, bridging the gap between
coarse-grained state models and detailed atomistic pathways.

To address this limitation, one conventional strategy is to compute committor
probabilities for finely discretized microstates within an microstate-based MSM. Mi-
crostates exhibiting equal probabilities (committor ≈ 0.5) of reaching both source
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and sink states can be interpreted as the transition states. While this approach is
theoretically sound, it critically depends on the quality of the underlying microstate
MSM and is sensitive to the resolution of discretization. Moreover, it can only reveal
transition states between two selected states at a time, rather than identifying all
transition states simultaneously across multiple free energy barriers. Recently, a deep
learning–based method, MaxEnt-VAMPNets [69], was introduced to identify tran-
sition state structures to enhance adaptive sampling. Building upon the VAMPnets
framework [98], this approach estimates the Shannon entropy of the state-assignment
probabilities produced for each MD conformation, and the conformations exhibiting
higher entropy values are considered as residing in low-probability regions within
the free energy landscape. Although this entropy-based criterion provides a useful
heuristic for detecting potential transition states, the underlying assumption is not
strictly physical. The state probabilities generated by VAMPnets correspond to basis
functions optimized to reconstruct the system’s slowest dynamic modes (Chapter 3),
rather than to the true committor probabilities that quantify the likelihood of cross-
ing between source and sink states. Consequently, the entropy measure may not
accurately capture the genuine transition-state ensemble within molecular dynamics.

Over the past decades, various simulation-based techniques have also been devel-
oped for explicitly locating transition states. For example, transition path sampling
(TPS) [10, 64] directly explores the transition path ensemble by generating reactive
trajectories via Monte Carlo sampling in trajectory space, allowing for the extraction
of committor functions and transition configurations. Additionally, a deep reinforce-
ment learning approach that integrates an efficient path-sampling strategy, known as
enhanced sampling of reactive trajectories (ESoRT) [165, 166], has been employed
to identify transition states by formulating the problem as a shooting game [164].
Beyond directly locating transition states, more approaches have been proposed
to determine optimal reaction pathways [40, 41, 54, 97, 110, 123] or to compute
committor functions [67, 75, 82, 115], both of which provide valuable insights into
transition state identification. However, despite their robustness and potential, these
approaches often face challenges related to high computational cost and the need for
prior knowledge or precise characterization of the source and sink states.

Recent progress in out-of-distribution (OOD) detection from the field of trust-
worthy artificial intelligence (AI) offers a promising new paradigm for transition
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state identification. OOD detection [162] addresses a fundamental challenge in
machine learning, i.e., how to ensure a model trained on a closed-world dataset
(in-distribution, ID) behaves reliably when exposed to open-world, unseen data
(out-of-distribution, OOD). In critical applications such as autonomous driving or
medical diagnosis [1, 35, 78, 102, 132], identifying OOD samples is essential to pre-
vent overconfident mispredictions. The conceptual analogy to molecular dynamics
is compelling: just as OOD data deviate from the ID data learned by the model,
transition state conformations always exhibit a distributional shift to the dense free
energy basins. Hence, transition states can naturally be viewed as OOD data relative
to the metastable states.

Recently, Ming et al. proposed a Compactness and DispErsion Regularized learn-
ing framework (CIDER) [101], designed for OOD detection for images. In this
approach, latent representations are constrained to lie on a hypersphere (so-called
hyperspherical embeddings) and are regularized through the joint optimization of
compactness and dispersion losses. In detail, the compactness loss encourages sam-
ples from the same class to cluster closely on this hypersphere, whereas the dispersion
loss drives class prototypes far away from each other. Consequently, OOD samples
tend to appear in the middle between class prototypes and can easily be detected
through cosine similarity–based measures. This conceptual foundation of CIDER
provides inspiration for our development of a deep learning framework to identify
transition state structures in protein conformational changes. For biomolecular dy-
namics, metastable free energy basins can be viewed as analogous to class prototypes
that should be separated from each other, while the transition state structures, similar
to OOD samples, are expected to lie between these basins. Nevertheless, the direct
application of CIDER toMDdata is nontrivial, since CIDERwas originally formulated
in a supervised learning context and relies on labeled data to define class prototypes.
In contrast, MD trajectories are inherently unlabeled. VAMPnets [98] provide a
natural bridge between supervised and unsupervised paradigms by generating the
metastable state assignment for each conformation. In addition, its VAMP-2 loss func-
tion, which is specifically designed to capture the system’s slowest dynamic modes
with separation of timescales, can effectively compress metastable conformations
within each basin, thereby playing a similar role to the compactness loss in CIDER.

In this chapter, we introduce a deep learning framework termed Transition State
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identification via Dispersion and vAriational principle Regularized neural networks
(TS-DAR) [87] for simultaneously and automatically detecting all transition state
structures from MD simulations. TS-DAR represents biomolecular conformations
in a hyperspherical latent space, where the learning objective combines two com-
plementary components: the VAMP-2 loss and the dispersion loss. Minimizing the
VAMP-2 loss compacts conformations belonging to the same metastable state (or free
energy basin) into localized regions on the hypersphere, whereas the dispersion loss
promotes separation between these basins. Consequently, conformations correspond-
ing to transition states, located in between free energy basins, can be identified in an
unsupervised manner within the latent space. A key advantage of embedding the
latent representations onto a hyperspherical manifold lies in its compact geometry,
which inherently prevents the dispersion loss from driving data infinitely apart. This
property ensures a uniform distribution of metastable states across the hypersphere
and enables the simultaneous detection of all transition-state structures using a sim-
ple cosine similarity-based criterion. The performance and generality of TS-DAR
are demonstrated across three representative systems: the two-dimensional Müller
potential, alanine dipeptide, and the translocation of a DNA motor protein along
double-stranded DNA (dsDNA).

4.2 Methods

4.2.1 TS-DAR Architecture

The overall architecture of TS-DAR is illustrated in Figure 4.1a. TS-DAR first takes
time-lagged transition pairs of MD conformations, (x𝑡 ,x𝑡+𝜏), as input. These pairs
are processed by two parallel encoders with shared parameters to produce Soft-
max probabilities that represent the fuzzy assignments of each conformation to
different metastable states, analogous to VAMPnets. Then, TS-DAR introduces an
L2-norm/rescale layer (Figure 4.1b) that normalizes the penultimate feature vectors
z̃ and scales them by a constant 𝛾, thereby constraining the embeddings to lie on a
hypersphere of radius 𝛾, referred to as the hyperspherical embeddings z.

z = 𝛾
z̃
∥z̃∥ (4.1)
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Figure 4.1: Schematic of TS-DAR for transition state identification. (a) TS-DAR
architecture. Analogous to VAMPnets [98], TS-DAR ingests time-lagged transition pairs
(x𝑡 ,x𝑡+𝜏), produces Softmax state assignments, and optimizes the VAMP-2 objective. A
dedicated ℓ2-norm/scale layer at the penultimate layer yields hyperspherical embeddings,
which, together with pseudo-assignments from the Softmax outputs, define the dispersion term.
The whole network is optimized by minimizing ℒ =ℒVAMP+ 𝛽ℒdis. (b) Hyperspherical
constraint. Raw features z̃ at the penultimate layer are normalized and scaled to a constant 𝛾,
producing embeddings z constrained to the hypersphere with radius 𝛾. (c) Transition state
identification. The VAMP-2 loss compacts conformations within metastable states, whereas
the dispersion loss promotes metastable state centers far away from each other and uniformly
distributed across the hypersphere. Transition state conformations lie between metastable
states within the latent hypersphere can be simutaneously detected.

To demonstrate the metastable state assignments and hyperspherical representations
of MD trajectories from TS-DAR, we use the two-dimensional Müller potential with
three minima as a representative example (Figure 4.2a). In the latent space learned
by the trained TS-DAR model (Figure 4.2b), all MD conformations are mapped
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Figure 4.2: Demonstration of TS-DAR on the Müller potential for learning hy-
perspherical latent representations. (a) The two-dimensional Müller potential. (b)
Projection of MD conformations onto the latent hyperspherical space. The corresponding free
energy, −𝑘B𝑇 ln𝑃(𝜃), is shown, where 𝑘B𝑇 denotes the thermal energy and 𝑃(𝜃) represents
the probability density of MD conformations at polar angle 𝜃 on the hypersphere. The dashed
lines indicate the mean direction vectors of the three metastable states. (c) Visualization of
the output state assignments (states 1–3) from the TS-DAR model overlaid on the Müller
potential. (d) Same as (b), except that the latent-space state assignments, rather than the
potential of mean force, are displayed. (e) and (f) are analogous to (c) and (d), respectively,
but correspond to a control experiment in which only the VAMP-2 loss was used during
TS-DAR training.

precisely onto the surface of a hypersphere. Three distinct free energy basins are
clearly resolved on this hypersphere, with the dashed lines indicating the mean
vectors of each basin. Moreover, these three basins in the latent space correspond
directly to the three energy minima of the Müller potential (basins 1–3 in Figure 4.2a)
and are accurately classified (Figures 4.2c–d).

4.2.2 Objective Functions for Hyperspherical Embedding
Regularization

TS-DAR jointly optimizes two complementary objectives to regularize its hyperspher-
ical latent space for robust tansition states identification: the VAMP-2 loss, which



50

captures the slow dynamics of the MD trajectories, and the dispersion loss, which
enforces uniform angular separation between metastable state centers on the hyper-
sphere (Figure 4.1).

VAMP-2 loss. The VAMP-2 loss (ℒVAMP) is derived from VAMP theory [156] and
provides a measure of how well the model preserves the slowest dynamic modes
underlying the conformational changes of interest (Section 3.2.3). Given a set of basis
functions χ = [𝜒1,𝜒2, . . . ,𝜒𝑚]⊤, which is parameterized by the Softmax outputs of two
parallel networks with shared parameters from TS-DAR, an MD trajectory of length
𝑇 ({x1, . . . ,x𝑇}), the mean-removed time-instantaneous and time-lagged correlation
matrices are computed as

C̄00 =
1

𝑇 −𝜏 X
⊤X−π0π

⊤
0 ,

C̄11 =
1

𝑇 −𝜏 Y
⊤Y−π1π

⊤
1 ,

C̄01 =
1

𝑇 −𝜏 X
⊤Y−π0π

⊤
1 ,

(4.2)

where X and Y are two (𝑇−𝜏)×𝑚matrices constructed as X= [χ(x1), . . . ,χ(x𝑇−𝜏)]⊤
and Y = [χ(x1+𝜏), . . . ,χ(x𝑇)]⊤. Here, 𝜏 denotes the lag time, and π0 and π1 represent
the mean feature vectors at times 𝑡 and 𝑡 + 𝜏, respectively, defined as π0 =

1
𝑇−𝜏 X

⊤1
and π1 =

1
𝑇−𝜏 Y

⊤1.
The VAMP-2 loss is then defined as

ℒVAMP = −∥C̄−1/200 C̄01C̄
−1/2
11 ∥

2
𝐹 −1 (4.3)

where ∥·∥𝐹 denotes the Frobenius norm.
Since the VAMP-2 loss drives the network to capture the slowest dynamical pro-

cesses, minimizing ℒVAMP enables the Softmax outputs of TS-DAR to yield optimal
probabilistic state assignments that are well aligned with the underlying free energy
basins, thereby allowing the on-the-fly labeling of MD conformations during training
(Figures 4.2c–d). Furthermore, the incorporation of the VAMP-2 loss term ensures
that the hyperspherical latent representations preserve all relevant kinetic geome-
tries while compacting conformations according to their kinetic metastability. This
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behavior is clearly demonstrated in the latent space representation of the Müller
potential (Figure 4.2d), where the three metastable basins and their connectivity
correspond precisely to the three free energyminima observed in the potential surface
(Figure 4.2c). Notably, the largest basin (basin 1 in Figure 4.2a), characterized by
the highest metastability, appears more compact in the latent space, resulting in a
smaller yet deeper minimum in the latent free energy profile (Figure 4.2b). This
behavior arises from the presence of a single fully connected layer connecting the
latent bottleneck to the output layer, which constrains the latent representations to
capture the slowest dynamics through the VAMP-2 loss optimization. Such a design
of the penultimate layer for representation learning has demonstrated substantial
effectiveness across various deep learning domains, including computer vision and
natural language processing [22, 152].

To further elucidate the distinct roles of the VAMP-2 and dispersion losses, a con-
trol experiment was performed by training TS-DAR without the dispersion loss. The
overall kinetic compactness of the basins and their connectivity remained consistent
(Figures 4.2e–f); however, the distribution of state centers became noticeably uneven
on the hypersphere. This observation highlights that while the VAMP-2 term governs
kinetic compactness, the dispersion term is essential for ensuring uniform angular
separation among metastable states—a point discussed in detail in the following
section.

(2) Dispersion loss. To ensure the learned metastable state centers are uniformly
distributed on the hypersphere, a dispersion loss term ℒdis is introduced. This
term maximizes the pairwise angular distances between the mean vectors of each
metastable state across the hypersphere. For example, when the dispersion loss is
included (Figure 4.2d), the centers of the three free energy basins of the Müller
potential (labeled as states 1–3) are well separated and uniformly distributed across
the hyperspherical latent space. In sharp contrast, when the dispersion loss is omitted
(Figure 4.2f), the three state centers become unevenly spaced, leading to a nonuniform
distribution of metastable states in the latent representation. The dispersion loss is
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defined as follows

ℒdis =
1
𝐶

𝐶∑
𝑖=1

log©­« 1
𝐶−1

𝐶∑
𝑗=1

1𝑗≠𝑖 exp

(
𝛍⊤
𝑖
𝛍𝑗
𝜎

)ª®¬ (4.4)

Here, 𝐶 denotes the number of metastable states, 𝛍𝑐 is a unit vector representing
the mean direction of all conformations (i.e., the state center) in state 𝑐, and 𝜎 is
a scaling hyperparameter, set to 0.1 in this study. To compute the dispersion loss,
the state-center vectors {𝛍𝑐}𝐶𝑐=1 must first be estimated. For training stability and
computational efficiency, we employ an exponential moving average (EMA) [81] to
estimate {𝛍𝑐}𝐶𝑐=1 on-the-fly, updating them frequently during optimization.

In detail, we denote the hyperspherical embeddings of the conformations as
{z𝑖}𝑁𝑖=1, where z𝑖 ∈ R𝑑, {𝛍𝑐}𝐶𝑐=1 are updated as follows

𝛍𝑐 B Normalize
(
𝜃𝛍𝑐 +(1−𝜃)z𝑖

)
, 𝑐 = 𝑦̃𝑖 (4.5)

where 𝑦̃𝑖 ∈ {1,2, . . . ,𝐶} denotes the state index (pseudo-label) of conformation 𝑖,
obtained from the Softmax outputs of the TS-DAR neural network. The parameter 𝜃
is the state-center update factor, set to 0.5 in this work.

The total TS-DAR loss function therefore combines the two terms as

ℒTS-DAR =ℒVAMP+𝛽ℒdis (4.6)

where 𝛽 (typically 0.01–0.05) (Figure 4.3) balances kinetic compactness and geometric
uniformity for the regularization of hyperspherical embeddings. The pseudo-code of
training TS-DAR is shown in Algorithm 1. In addition, we have provided a step-by-
step tutorial on how to build TS-DAR in biomolecular dynamics [50].

4.2.3 Transition State Identification via Out-of-Distribution
Detection within the Regularized Hypersphere

.
After obtaining the regularized hyperspherical latent representations through the

joint optimization of the VAMP-2 and dispersion losses, the metastable states become
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Figure 4.3: Analysis of the dispersion loss weight (𝛽). Box plots are generated from
ten repeated TS-DAR training runs using a 90%/10% train/validation split, and losses are
evaluated on the validation sets. Purple boxes represent the losses from pre-trained TS-DAR
models (VAMP-2 loss only), while yellow boxes correspond to fully trained TS-DAR models
(VAMP-2 + dispersion loss). The gray dashed lines indicate the theoretical lower bounds
of the dispersion loss, and the selected 𝛽 values used in this study are outlined by orange
dashed boxes. The selection criteria are: (1) The dispersion loss can converge to the minimum
boundary. (2) There is no significant deviation in VAMP-2 loss before and after integrating
the dispersion loss optimization. Each box plot shows the following statistics (from bottom to
top): (𝑄1−1.5IQR), 𝑄1, median, 𝑄3, and (𝑄3+1.5IQR), where 𝑄1, 𝑄3, and IQR denote
the first quartile, third quartile, and interquartile range, respectively. (a) TS-DAR two-
state model on the Müller potential. (b) TS-DAR three-state model on the Müller potential.
(c) TS-DAR two-state model on alanine dipeptide. (d) TS-DAR three-state model on alanine
dipeptide. (e) TS-DAR four-state model on alanine dipeptide. (f) TS-DAR four-state model
on AlkD–DNA.

compact and uniformly separated in the latent space. Consequently, the transition
states located between these metastable basins exhibit approximately equal angular
distances to their nearest state centers (Figure 4.2d). This observation motivates the
definition of an OOD score based on the cosine similarity (or angular distance) be-
tween a latent embedding and all state centers, which quantifies its angular deviation
in the hyperspherical space to its nearest metastable state center:

OOD score = −max{z⊤U}+1 (4.7)
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Figure 4.4: Identification of transition states based solely on state boundaries fails
to capture the transition state corresponding to the highest energy barrier in the
Müller potential. (a) TheMüller potential energy surface. (b) Visualization of the TS-DAR
output state assignments (states 1 and 2) overlaid on the Müller potential.

where z denotes the hyperspherical latent embedding of a conformation, and U =

[𝛍1,𝛍2, . . . ,𝛍𝐶] represents the matrix of metastable state centers.
By this definition, the OOD score ranges from a minimum from 0, with higher

values indicating greater out-of-distribution characteristics and thus identifying con-
formations that likely reside in transition state regions. As shown in Figure 4.7b,
MD conformations located between basins 1–2 and basins 2–3 of the Müller poten-
tial (Figure 4.2a) exhibit equally large OOD scores, allowing both sets of transition
states to be identified simultaneously. We subsequently selected conformations with
OOD scores above a chosen threshold as transition-state structures. As illustrated
in Figure 4.7c, the conformations identified at various OOD thresholds consistently
exhibit committor probabilities centered around 0.5 for both TS12 and TS23. Because
a committor value of 0.5 theoretically defines the dividing surface between reactant
and product basins, these results confirm that TS-DAR accurately and robustly pre-
dicts transition state structures. Moreover, increasing the OOD threshold from 0.225
to 0.425 decreases the number of detected transition-state conformations from ap-
proximately 1,000 to 300 for TS12 and from 3,500 to 300 for TS23 (Figure 4.7c). This
tunable threshold therefore provides a practical means to control the number of
transition state structures extracted for further analysis.

Previous studies [162] in the field of trustworthy AI have employed various
similarity-based metrics on latent representations for OOD detection. However,
these approaches are not directly applicable to identifying transition states in protein
conformational changes. For instance, one could attempt to detect OOD samples
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Figure 4.5: Identification of transition states based on local density in the hyper-
spherical latent space fails to simultaneously detect both transition states of the
Müller potential. (a) The Müller potential energy surface. (b) Projection of MD con-
formations onto the latent hyperspherical space, with the corresponding free energy profile
(−𝑘B𝑇 ln𝑃(𝜃)) shown, where 𝑘B𝑇 denotes the thermal energy and 𝑃(𝜃) represents the proba-
bility of MD conformations at polar angle 𝜃 on the 2D hypersphere. The dashed lines indicate
the mean vectors of the three metastable states. (c) Transition state conformations identified by
low-density regions with 𝑃 < exp(−7.2𝑘B𝑇) are highlighted in purple. (d) Transition state
conformations identified using a relaxed density threshold of 𝑃 < exp(−6𝑘B𝑇) are shown in
purple.

located near the state boundaries on the hypersphere and treat them as transition-
state structures. Nevertheless, this strategy is not well suited for TS-DAR, because the
VAMP-2 loss is specifically designed to capture the slowest dynamic modes, making
the state boundaries relatively insensitive and therefore less effective in pinpointing
transition state conformations. As shown in Figure 4.4b, the MD conformations
located at the state boundaries of the Müller potential do not accurately correspond
to true transition states.

Recent methods including CIDER [101, 139] detect OOD samples by identify-
ing low-density regions in the latent space, which may, in principle, coincide with
transition state regions. However, these density-based approaches can overlook tran-
sition states separated by relatively low free energy barriers or misclassify sparse
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regions as transition states. For example, in the Müller potential system, selecting an
appropriate density threshold that simultaneously identifies both transition states is
challenging. When the threshold is set to exp(−7.2𝑘B𝑇), only the transition state be-
tween states 1 and 2 is detected (Figure 4.5c). Reducing the threshold to exp(−6𝑘B𝑇)
enables the identification of the transition state between states 2 and 3, but in this
case, the boundary between states 1 and 2 becomes poorly defined (Figure 4.5d).
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Algorithm 1: Pseudo-code for training TS-DAR
Input: MD trajectories; two parallel NNs with shared params (encoder f, classifier χ); state centers
(prototypes) {𝛍𝑗}𝐶𝑗=1 (init = 0); dispersion weight 𝛽; scaling factor 𝛾; scaling hyperparameter 𝜎; center
update factor 𝜃; lag time 𝜏.
for epoch = 1,2, . . . do

for iter = 1,2, . . . do
- Sample a batch of transition pairs with lag 𝜏: {(x𝑖 ,x𝑖+𝜏)}𝑏𝑖=1;
- Build two batches B = [x1, . . . ,x𝑏]⊤ and B̂ = [x1+𝜏, . . . ,x𝑏+𝜏]⊤; feed them to the two shared-
parameter lobes;
- From Softmax outputs [χ(x1), . . . ,χ(x𝑏)]⊤ and [χ(x1+𝜏), . . . ,χ(x𝑏+𝜏)]⊤, computemean-removed
covariance matrices (C̄00, C̄01, C̄11) (Eq. (4.2));
- Compute VAMP-2 loss ℒVAMP = −



C̄−1/200 C̄01 C̄
−1/2
11



2
𝐹
−1;

if pre-training stage then
Update network weights; continue;

end
- Obtain pseudo-labels 𝑦̃𝑖 = argmax(χ(x𝑖)), 𝑦̃𝑖 ∈ {1, . . . ,𝐶}, and assign to x𝑖 ;
for x𝑖 ∈ B do

- Get hyperspherical embedding: z̃𝑖 = f(x𝑖), z𝑖 = 𝛾 z̃𝑖/∥z̃𝑖∥;
- Update center (prototype) for 𝑐 = 𝑦̃𝑖 : 𝛍𝑐←Normalize

(
𝜃𝛍𝑐 +(1−𝜃)z𝑖

)
;

end

- Compute dispersion loss ℒdis =
1
𝐶

𝐶∑
𝑖=1

log©­« 1
𝐶−1

𝐶∑
𝑗=1

1𝑗≠𝑖 exp
(
𝛍⊤𝑖 𝛍𝑗/𝜎

)ª®¬;
Total loss: ℒTS−DAR =ℒVAMP+𝛽ℒdis; update NN weights;

end
end

Note: VAMP-2 compacts conformations within metastable basins; dispersion encourages uniform
angular separation of metastable states on the hypersphere.
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Figure 4.6: Validation curves of TS-DAR. (a) Validation curves of VAMP-2 loss (top)
and dispersion loss (bottom) for TS-DAR trained on the Müller potential. (b) Validation
curves of VAMP-2 loss (top) and dispersion loss (bottom) for TS-DAR trained on the alanine
dipeptide dataset. (c) Validation curves of VAMP-2 loss (top) and dispersion loss (bottom)
for TS-DAR trained on the AlkD–DNA dataset.

4.3 Results

4.3.1 Comparison of TS-DAR, MSM, and MaxEnt-VAMPNets in
Transition State Identification

The Müller potential is a 2D potential that features three potential energy basins
separated by two transition states (Figure 4.2a). The analytical form of the Müller
potential [105] is defined as

𝑉Měuller(𝑥1,𝑥2) =
4∑
𝑖=1

𝐴𝑖 exp
[
𝑎𝑖(𝑥1− 𝑥̄𝑖)2+ 𝑏𝑖(𝑥1− 𝑥̄𝑖)(𝑥2− 𝑦̄𝑖)+ 𝑐𝑖(𝑥2− 𝑦̄𝑖)2

]
(4.8)

where (𝐴1, . . . ,𝐴4) = (−10,−5,−8.5,0.75), (𝑎1, . . . , 𝑎4) = (−1,−1,−6.5,0.7), (𝑏1, . . . ,𝑏4) =
(0,0,11,0.6), (𝑐1, . . . , 𝑐4) = (−10,−10,−6.5,0.7), (𝑥̄1, . . . , 𝑥̄4) = (1,0,−0.5,−1), (𝑦̄1, . . . , 𝑦̄4) =
(0,0.5,1.5,1). Brownian dynamics simulations were performed on this potential with
a time step of 2×10−4 and a damping factor of 1 at a temperature of 0.9. Reflective
boundary conditions were applied to the coordinates 𝑥1 ∈ [−1.5, 1.2] and 𝑥2 ∈ [−0.2, 2].
The simulation trajectory consisted of 3×105 frames, saved at intervals of 0.01.

The TS-DARmodelwas trained using a learning rate of 1×10−3 without employing
any learning-rate scheduler. The batch size was set to 1,000, and the optimization was
performed using the Adam optimizer with a train/validation split of 90%/10%. The
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Figure 4.7: TS-DAR outperforms the MSM and MaxEnt-VAMPNets in identifying
transition states for the Müller potential. (a) Hyperspherical latent representations with
OOD scores obtained from a three-state TS-DAR model. Dashed lines indicate the centers
of the metastable states. (b) MD conformations with OOD scores predicted by TS-DAR,
overlaid on the Müller potential energy surface. (c) Average committor probabilities (error
bars denote standard deviations) of transition-state structures for TS12 and TS23 selected
by TS-DAR using different OOD-score thresholds (top). The corresponding sample sizes
(𝑛) for each threshold are shown in the lower panel: [1154, 1011, 890, 776, 657, 560, 474,
384, 304] for TS12 and [3668, 3181, 2678, 2228, 1817, 1435, 1068, 693, 337] for TS23.
(d–e) MD conformations with committor probabilities obtained from a 1,000-state MSM,
overlaid on the Müller potential. White regions represent the source and sink states, chosen
as the most populated states in basins 1 and 2 (panel d) and in basins 2 and 3 (panel e),
respectively. (f) MD conformations with Shannon entropy values obtained from a three-state
MaxEnt-VAMPNets [69] model, overlaid on the Müller potential. In panels (b), (d), (e),
and (f), black dashed lines denote iso-committor contours corresponding to a committor
probability of 0.5, obtained from analytical solutions.

model was first pre-trained for 50 epochs using only the VAMP-2 loss, followed by an
additional 50 epochs of joint optimizationwith both theVAMP-2 and dispersion losses.
Theweight of the dispersion loss (𝛽)was set to 0.01 (see Figure 4.3 for validation), and
the scaling factor (𝛾) of the hyperspherical embeddings was fixed at 1. The scaling
hyperparameter (𝜎) in the dispersion loss was 0.1, and the state-center update factor
(𝜃) was 0.5. The lag time (𝜏) was defined as one simulation saving interval. The
dimensionality of the hyperspherical latent space (𝑑) was set to 2, corresponding to
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Figure 4.8: Identification of transition states with a two-state TS-DARmodel for the
Müller potential. (a) Hyperspherical latent representations with OOD scores obtained from
the two-state TS-DAR model. Dashed lines indicate the centers of the two metastable states.
(b) MD conformations colored by their OOD scores are overlaid on the Müller potential.
The black dashed line corresponds to the analytical iso-committor contour with a committor
probability of 0.5. (c) Average committor probabilities (error bars denote standard deviations)
of the MD conformations identified as TS12 using different OOD-score thresholds. The
sample sizes (𝑛) used to compute the standard deviations correspond to the number of selected
conformations shown in panel (d): [1,461, 1,273, 1,117, 946, 780, 617, 499, 369, 241]. (d)
Number of MD conformations identified as TS12 under different OOD-score thresholds.

embeddings on a (𝑑−1)-dimensional sphere. The encoder architecture consisted of a
fully connected neural network with layer widths of [2, 20, 20, 20, 10, 2], where the
final hidden layer dimension corresponds to the latent-space dimensionality 𝑑. ReLU
activation functions were used throughout the encoder, followed by an L2-norm/scale
layer to generate the hyperspherical embeddings and a linear transformation layer
that maps the latent features to 𝐶 output nodes representing the metastable states,
followed by a SoftMax function. The validation curves of TS-DAR training is shown
in Figure 4.6a.

We first trained the TS-DARmodel by specifying threemetastable states. Using the
trained model, we first projected all MD conformations onto the latent hyperspherical
space and visualized their OOD scores (Figure 4.7a). As shown in Figure 4.7b, MD
conformations located between the latent state centers correspond closely to those
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Figure 4.9: Identification of transition states using MSM-committor analysis for
the Müller potential. (a) Average committor probabilities (error bars denote standard
deviations) obtained from MSM-committor analysis for MD conformations located in the
transition-state region TS12, shown as a function of the source/sink-state size (i.e., the number
of highly populated microstates in each source or sink set). The MD conformations at the
transition state (𝑛 = 293) are selected based on the analytical solution, with committor
probabilities between 0.4 and 0.6. (b) MD conformations with committor probabilities from
the 1,000-microstate MSM for TS12 overlaid on the Müller potential. The source and sink
states each contain 100 microstates. (c) Same as (a), but for the transition-state region TS23
(𝑛 = 1,393). (d) Same as (b), but for TS23.

situated at the summits of the energy barriers, thereby enabling the straightforward
identification of transition-state structures. In this three-state model, both transition
states separating the three energy basins are simultaneously captured (Figure 4.7b).
Notably, the spatial distribution of the OOD scores obtained from TS-DAR exhibits
remarkable agreement with the analytical iso-committor surface corresponding to
a committor probability of 0.5 (Figures 4.7b,c), confirming that the transition-state
conformations identified by our method coincide with the true dynamical dividing
surface of the Müller potential. Moreover, when focusing only on the transition state
associated with the highest energy barrier (TS12), a two-state TS-DAR model can
also accurately identify this transition state (Figure 4.8).

We next demonstrate that TS-DAR outperforms two previously developed meth-
ods, i.e., MaxEnt-VAMPNets [69] and the committor-probability analysis fromMarkov
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state models (MSM-committor) [106], in identifying transition states for the Müller
potential. For MaxEnt-VAMPNets, it is an adaptive sampling method that identifies
rare or transition state conformations based on the Shannon entropy of the SoftMax
outputs from VAMPnets. The Shannon entropy is defined as

𝐻(x) = −
𝐶∑
𝑖=1

𝑝𝑖(x) log 𝑝𝑖(x) (4.9)

where 𝐶 denotes the total number of states and 𝑝𝑖(x) represents the SoftMax probabil-
ity of assigning a conformation to state 𝑖. Here, we implemented MaxEnt-VAMPNets
using the same training hyperparameters and network architecture as TS-DAR, except
for removing the hidden layer.

ForMSM-committor, the committor probability, 𝑞𝑖 , of a dynamical systemmapped
onto a discrete state space represents the likelihood that the system, when starting
from state 𝑖, will reach the sink state (B) before the source state (A). By definition,
states with a committor probability of 0.5 are considered transition states, as they
possess an equal probability of proceeding toward either the source or the sink.
A standard approach for computing state-based committor probabilities involves
constructing a microstate MSM from which 𝑞𝑖 can be determined by solving the
following set of linear equations according to transition path theory (TPT) [106]:

−𝑞𝑖 +
∑
𝑘∈𝐼
𝑇𝑖𝑘 𝑞𝑘 = −

∑
𝑘∈𝐵

𝑇𝑖𝑘 (4.10)

where 𝑇𝑖𝑘 = 𝑃(𝑥𝑡+𝜏 ∈ 𝑘 |𝑥𝑡 ∈ 𝑖) denotes the transition probability from state 𝑖 to state 𝑘
at lag time 𝜏, provided by the microstate MSM. Here, the configurational space
was first partitioned into 1,000 microstates using 𝑘-centers clustering. A transition
count matrix (TCM) was then constructed using a lag time of one simulation step.
To enforce detailed balance, the TCM was symmetrized by averaging it with its
transpose. The transition probability matrix (TPM), T, was subsequently obtained by
normalizing each row of the symmetrized TCM. Finally, the committor probabilities
𝑞𝑖 were computed according to Eq. (4.10). To define the source and sink states, the
most highly populated microstates corresponding to basins 1, 2, and 3 of the Müller
potential were selected.
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As shown in Figure 4.7f, MaxEnt-VAMPNets erroneously identified energy basin 1,
rather than the true energy barrier, as the transition-state region characterized by high
Shannon entropy. This misidentification likely arises because the Shannon entropy
derived from VAMPnets’ output probabilities does not directly correspond to the
physical uncertainty associated with transitions into or out of metastable basins.
For MSM-committor analysis, the performance strongly depends on the choice of
source and sink states (Figure 4.9a,c). When both states are defined narrowly (each
consisting of a single microstate), MSM-committor can correctly locate the transition-
state region for TS12, although the predicted committor probabilities for the true
transition-state structures are relatively low (approximately 0.3) compared to the
analytical solution (Figure 4.7d). However, for TS23, MSM-committor incorrectly
predicts an overly broad transition-state region encompassing even the entire energy
basin 1 (Figure 4.7e). In this case, since microstates within basin 1 are distant from
both the source and sink states, they exhibit comparable probabilities of reaching
either, thereby erroneously classified as transition states. When larger source and sink
states are selected (e.g., comprising the 100 and 10 most populated microstates for
TS12 and TS23, respectively), MSM-committor can recover the correct transition-state
regions (Figures 4.9b,d).

4.3.2 Transition States for Alanine Dipeptide

Alanine dipeptide, composed of ten heavy atoms, exhibits conformational changes
that are conventionally described by two backbone torsion angles, 𝜙 and 𝜓 (Fig-
ures 4.10a,b). To investigate it, we used a MD simulation dataset obtained from a
previous study [109]. The dataset consists of three independent 250 ns MD trajec-
tories, recorded at 1 ps intervals, resulting in a total of 750,000 conformations. All
conformations were aligned to the first frame by minimizing the root-mean-square
deviation (RMSD) of atomic coordinates.

We then trained three TS-DAR models using the Cartesian coordinates of these
ten heavy atoms as input features, specifying two, three, and four metastable states,
respectively. Specifically, these models were trained using a learning rate of 1×
10−3 without employing a learning rate scheduler. The batch size was set to 1,000,
and the neural network was optimized using the Adam optimizer with a 90%/10%
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Figure 4.10: TS-DAR identifies transition states for alanine dipeptide. (a) Represen-
tative conformation of alanine dipeptide. (b) Free-energy landscape projected onto the two
backbone torsion angles, 𝜙 and 𝜓. (c) Hyperspherical representations in a three-dimensional
latent space (two-dimensional hypersphere) from the four-state TS-DAR model, with dashed
lines indicating the centers of metastable states. (d–f) TS-DAR models with two, three, and
four states successfully identify transition states located at different free-energy barriers. For
visualization, MD conformations with large OOD scores are highlighted in yellow. (g–i) MD
conformations with committor probabilities obtained from the 1,000-state MSM, overlaid on
the free-energy landscape projected onto 𝜙 and𝜓. Conformations with committor probabilities
between 0.4 and 0.6 are highlighted, representing transition-state regions. White regions
denote the source and sink states used as input for TPT calculations of committor probabilities.
(j–l) Shannon entropy values of MD conformations obtained from two-, three-, and four-state
MaxEnt-VAMPNets are shown.

train/validation split. To prevent overfitting, the model was first pre-trained for
10 epochs using only the VAMP-2 loss and subsequently trained for an additional
10 epochs by jointly optimizing the VAMP-2 and dispersion losses. The scaling factor
of the hyperspherical embeddings (𝛾) was fixed at 1, the scaling hyperparameter in
the dispersion loss (𝜎) was set to 0.1, the dispersion loss weight (𝛽) was 0.01 (see
Figure 4.3 for validation), and the state-center update factor (𝜃) was 0.5. The lag time
(𝜏) was chosen as 1 ps, corresponding to the sampling interval of the MD data. The
encoder network consisted of fully connected layers with widths [30, 30, 30, 30, 10,
𝑑], where 𝑑 denotes the latent dimensionality of the hyperspherical embeddings (a
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Figure 4.11: Identification of transition states with a four-state TS-DAR model
for alanine dipeptide. The number of MD conformations assigned to the transition states
TS13, TS12, and TS34 by the four-state TS-DAR model as a function of the OOD threshold is
shown in panels (a), (b), and (c), respectively.

(𝑑−1)-dimensional hypersphere). The activation function was ReLU, and the output
layer consisted of a linear transformation followed by a SoftMax function to produce
the fuzzy state assignments. For the alanine dipeptide system, the latent dimension
was set to 𝑑 = 3 when more than three metastable states were specified and 𝑑 = 2
otherwise. The validation curves of TS-DAR training is shown in Figure 4.6b.

In the two-state TS-DARmodel, we successfully identified the transition state TS13,
located on the highest free-energy barrier separating the 𝛽 (basin 1 in Figure 4.10b)
and 𝛼𝐿 (basin 3 in Figure 4.10b) conformations (Figure 4.10d). The three-state model
additionally captured transition states (TS12) between basins 1 and 2 (𝛼𝑅). Owing
to the 2𝜋-periodicity of torsion angles, two equivalent transition-state regions were
detected (Figure 4.10e). In the four-state model, all three transition states, i.e., TS12,
TS13, and TS34, were simultaneously identified, with TS34 corresponding to a slow
mode separating the two right-hand-side basins (Figure 4.10f). Among these, TS13,
located at the highest free-energy barrier, was least sampled in the MD trajectories,
containing only 6 conformations (Figure 4.11a). By contrast, TS12 was well sampled
and could be flexibly extracted by adjusting the OOD threshold: the number of
predicted transition-state structures decreased from approximately 7,000 to 30 as the
OOD threshold increased from 0.2 to 0.4 (Figure 4.11b).

To evaluate robustness and computational efficiency of TS-DAR in identifying
transition states with respect to MD sampling, we further trained three-state TS-DAR
models on down-sampled trajectories with total lengths of 3, 30, 90, 300, and 750 ns.
As shown in Figure 4.12, the TS-DAR models consistently identified TS12 across all
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Figure 4.12: Identification of TS12 from down-sampled datasets using 3-state TS-
DARmodels for alanine dipeptide. Down-sampled datasets of 3, 30, 90, and 300 ns total
sampling were generated by uniformly dividing the original three 250 ns MD trajectories
into 30 independent segments and truncating each segment to lengths of 0.1, 1, 3, and 10 ns,
respectively. TS-DAR models successfully identified TS12 across all datasets (a–d), and
additionally identified TS13 in the 90 ns and 300 ns sampling datasets (c, d). Each model
was trained using two backbone dihedral angles as input features, an encoder architecture
of [2, 50, 50, 10, 2], exponential linear unit (ELU) activation functions, and three output
nodes corresponding to the metastable states. The batch size was set to 1,000 for all models
except for the 3 ns dataset, for which a smaller batch size of 100 was used due to its limited
sample size (3,000 MD conformations).

subsets, yielding results in agreement with those from the full dataset (Figure 4.10).
Remarkably, TS12 was detectable even from just 3 ns of total sampling, while TS13
required approximately 90 ns for reliable detection. Notably, a prior transition path
sampling (TPS) study [11] required ∼77 ns to capture TS12.

We further benchmarkedTS-DARagainstMSM-committor andMaxEnt-VAMPNets.
For MaxEnt-VAMPNets, we implemented using the same training hyperparameters
and network architecture as TS-DAR, except for removing the hidden layer. For
MSM-committor, we first clustered MD conformations into 1,000 microstates using
the k-centers clustering algorithm according to the Euclidean distances between pairs
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Figure 4.13: Identification of transition states using MSM-committor analysis for
alanine dipeptide. MD conformations with committor probabilities obtained from MSM-
committor analysis based on a 1,000-state MSM are overlaid on the free-energy landscape
projected onto the two backbone torsion angles of alanine dipeptide. Conformations with
committor probabilities between 0.4 and 0.6 are highlighted as red dots, corresponding to the
transition-state regions. White regions denote the source and sink states used as input for
TPT calculations of committor probabilities. Panels (a–c) show results with the source and
sink states each containing a single highest-populated microstate; panels (d–f) use sets of
ten highest-populated microstates for the source and sink states; and panels (g–i) use sets of
twenty highest-populated microstates.

of MD conformations on two backbone torsion angles. We then constructed the TCM
with the lag time of 1 ps and followed the same procedure as in the Müller potential
to obtain 𝑞𝑖 . To determine the source and sink states, we selected the top 5 highest
populated microstates in basin 1, 2, 3 and 4 (Figure 4.10b), respectively. As shown in
Figure 4.10g–i, MSM-committor analysis with different source–sink pairs reproduced
three transition-state regions consistent with those identified by the four-state TS-
DAR model, though the resulting committor probabilities still depend on the state
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Figure 4.14: AlkD-dsDNA complex structure. Atoms from the DNA (highlighted in
cyan) and the protein helix (highlighted in orange) that were used to compute the pairwise
distances as input features of TS-DAR training.

selection (Figure 4.13). In contrast, MaxEnt-VAMPNets exhibited elevated Shannon
entropy not only in the transition-state regions TS12 and TS13 but also within basins 1
and 2, complicating unambiguous identification (Figure 4.10j–l). Notably, in the
four-state TS-DAR model, the hyperspherical latent space was three-dimensional (a
2D hypersphere), and the four metastable-state centers formed an approximately
tetrahedral geometry with inter-state angular separations of ∼109°, demonstrating a
uniform and interpretable embedding structure (Figure 4.10c). For systems involving
four or more states, we recommend employing a three-dimensional latent space (2D
hypersphere) for TS-DAR implementation.

4.3.3 Transition States for the Translocation of a Motor Protein on
DNA.

Bacillus cereus alkylpurine glycosylase D (AlkD) is a DNA motor protein that translo-
cates along double-stranded DNA (dsDNA) and repairs alkylated bases to maintain
genome integrity [61]. Understanding the translocation mechanism of AlkD is cru-
cial for elucidating how the enzyme efficiently and accurately locates sparse lesion
sites along genomic DNA. To study this system, we used a MD simulation dataset
from a previous study [111]. The dataset comprises 200 trajectories of 50 ns and
100 trajectories of 45 ns, recorded at 20 ps intervals, resulting in a total of 725,300
conformations.
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Figure 4.15: TS-DAR identifies the transition states of AlkD translocating along
dsDNA by one base pair. (a) Hyperspherical latent representations of the AlkD–DNA
complex obtained from the TS-DAR model. Dashed lines indicate the state center vectors,
and the rectangular box outlines the selected transition state structures. (b) Representative
conformations of the three free-energy basins and two transition states. The 𝛼-helices in
contact with the dsDNA are shown in individual colors, and the phosphorus atom of the A7
phosphate group is depicted as a blue sphere. (c) The average numbers of hydrogen bonds
broken (black bars) and newly formed (red bars) between AlkD residues and adjacent DNA
nucleotides during the transitions from basin 1→ TS12 (left) and TS12→ basin 2 (right).
(d) Same as (c), but for the transitions from basin 2→ TS23 and TS23→ basin 3. (e)
Interaction energies between AlkD and dsDNA for basin 1, TS12, and basin 2. (f) Same as (e),
but for basin 2, TS23, and basin 3. Interaction energies were computed using AlkD residues
and DNA ribonucleotides within 3 Å of each other in at least one MD frame. The averages and
error bars in panels (c)–(f) were estimated via bootstrapping of the MD trajectories 100 times.
For each bootstrap sample, the mean of the analyzed quantity was computed for each basin
and transition state. The plotted averages and error bars represent the mean and standard
deviation across all 100 bootstrap samples.

We then employed TS-DAR to investigate the transition states governing AlkD dif-
fusion along dsDNA over a single base-pair step. Following our previous study [111],
684 pairwise distances between phosphate atoms of five central DNA base pairs and
heavy atoms of five protein helices within 12 Å of the nucleotides were selected as
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input features (Figure 4.14), and the number of metastable states was set to four for
TS-DAR training. In detail, the TS-DAR model was trained using a learning rate of
1×10−3 without applying any learning rate scheduler. Due to the large system size,
the batch size was set to 20,000 for numerical stability. The model was optimized
using the Adam optimizer with a 90%/10% train/validation split. To prevent overfit-
ting, the model was first pre-trained for 10 epochs using only the VAMP-2 loss and
subsequently trained for 10 additional epochs with the joint VAMP-2 and dispersion
losses. The scaling factor of the hyperspherical embeddings (𝛾) was fixed at 1, the
scaling hyperparameter in the dispersion loss (𝜎) was 0.1, the dispersion loss weight
(𝛽) was 0.05 (see Figure 4.3 for validation), the state-center update factor (𝜃) was 0.5,
and the lag time (𝜏) was set to 8 ns, corresponding to the tICA relaxation time of
the system in previous study [111]. The encoder network comprised fully connected
layers with widths [684, 300, 100, 20, 𝑑], where 𝑑 denotes the latent dimensionality
of the hyperspherical embeddings (a (𝑑−1)-dimensional hypersphere). ReLU acti-
vation functions were used in the encoder, and a final linear layer with a SoftMax
function produced the fuzzy state assignments. For this system, the latent dimension
was chosen as 𝑑 = 3 since the model was trained with four metastable states. The
validation curves of TS-DAR training is shown in Figure 4.6c.

The hyperspherical latent representations of the AlkD–DNA complexes (Fig-
ure 4.15a) reveal four successively connected free energy basins, uniformly distributed
across the hypersphere. These basins correspond closely to those identified by MSM
analysis in a previous study [111] (Figure 4.16). Specifically, basins 1, 2, and 3 repre-
sent the pre-translocation, intermediate (rotational), and post-translocation states,
respectively (Figure 4.15b). Basin 4, corresponding to a hyper-translocation state in
which AlkD advances beyond one base pair, is not shown. Three transition states
with high OOD scores (> 0.21; Figure 4.15a) separate adjacent basins in the latent
hyperspherical space.

Previous MSM analysis [111] revealed a two-step translocation pathway of AlkD
involving an intermediate state but did not clarify why the transition from basin 1
to 2 is an order of magnitude slower than that from basin 2 to 3 (∼17.8 μs vs. ∼1.3 μs).
This limitation arises because MSMs capture only basin connectivity, whereas rate-
limiting steps depend on both free-energy basins and transition states. TS-DAR
resolves this ambiguity by explicitly identifying the transition state conformations
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Figure 4.16: Comparison of kinetic results for the AlkD–DNA system between
tICA–MSM and TS-DAR. For tICA–MSM, the results are reproduced from a previ-
ous study [111]. (a) Root-mean-square deviation (RMSD) to the pre-translocated state
(error bars indicate standard deviations) for the four macrostates (i.e., free-energy basins)
obtained from tICA–MSM and TS-DAR. The numbers of MD conformations (sample sizes,
𝑛) in states 1–4 are [268,011, 114,690, 134,086, 208,513] for tICA–MSM and [267,795,
117,050, 119,821, 220,634] for TS-DAR. (b) Implied timescale plots of the three slowest
dynamical modes derived from the 1,000-state tICA–MSM (dashed lines) and the four-state
TS-DAR model (solid lines).

responsible for the kinetic bottleneck. The transition state TS12 between basins 1
and 2 exhibits partial rotation of AlkD on the dsDNA (Figure 4.15b, top view),
leading to an unfavorable interaction energy between AlkD and the DNA relative
to either basin 1 or 2 (Figure 4.15d). This unfavorable energy arises from a net loss
of ∼5 hydrogen bonds (Figure 4.15c): during the transition from basin 1 to TS12,
approximately ten pre-existing AlkD–DNA hydrogen bonds are broken while only
five new ones are formed. For instance, rotation of AlkD disrupts the hydrogen bond
between residue R43 and base 23T, which is subsequently replaced by a new bond
with base 22G (Figure 4.17). These structural rearrangements create a significant
energy barrier, explaining the slow kinetics of the pre-to-intermediate transition. By
contrast, the transition state TS23 shows a comparable number of hydrogen bonds
and interaction energy to basins 2 and 3 (Figures 4.15e,f), consistent with a faster
translocation step involving translation of AlkD along dsDNA (Figure 4.15b, side
view). Together, the transition states identified by TS-DAR clarify the molecular
origin of the rate-limiting step in AlkD translocation and underscore the central role
of hydrogen-bond dynamics in this conformational process.

The transition state regions identified by TS-DAR (Figure 4.18c) are consistentwith
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Figure 4.17: Examples of hydrogen-bond reconfiguration during AlkD transloca-
tion along dsDNA. (a) Average numbers of hydrogen bonds between residue 43 of AlkD
and (i) DG22 (gray bars) and (ii) DT23 (red bars) for basin 1, TS12, and basin 2. (b)
Average numbers of hydrogen bonds between residue 183 of AlkD and (i) DG6 (gray bars)
and (ii) DA7 (red bars) for basin 2, TS23, and basin 3. Averages and error bars in panels (a)
and (b) were obtained via bootstrapping of the MD trajectories 100 times. For each bootstrap
sample, the mean number of hydrogen bonds was computed for each basin and transition
state. The plotted averages and error bars represent the mean and standard deviation across
all 100 bootstrap samples, respectively.

those revealed by two independent MSM-committor analyses (TS12 in Figure 4.19c
and TS23 in Figure 4.19d). While the committor probabilities obtained from MSM
analysis depend moderately on the chosen source and sink states (Figures 4.19c–h),
the four-state MaxEnt-VAMPNets model erroneously assigned high Shannon entropy
to basins 1 and 2, misclassifying them as transition-state regions (Figure 4.19i). In TS-
DAR, increasing the OOD threshold from 0.2 to 0.4 reduces the number of identified
transition-state structures from ∼150 to 20 for TS12, and from ∼850 to 100 for TS23
(Figures 4.18a,b), allowing flexible control over the number of candidate structures
extracted per transition state.

Lastly, we examined the sensitivity of the TS-DAR model to the selection of input
features (i.e., distances between atom pairs) using this complex system. We followed
our previous work [111] and trained a series of TS-DARmodels using different sets of
pairwise distance features for the AlkD–DNA dataset. In total, five distinct groups of
atom pairs were defined to describe the translocation of AlkD along the dsDNA. The
first group, 𝑎1, corresponds to the original feature selection adopted in the main text—
comprising 684 atom pairs formed between the phosphate atoms of five central DNA
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Figure 4.18: Identification of transition states using the four-state TS-DAR model
for AlkD. (a) and (b) Numbers of MD conformations located in transition states TS12 and
TS23, respectively, as predicted by TS-DAR at different OOD thresholds. (c) OOD scores of
all MD conformations overlaid on the free-energy landscape projected onto the two slowest
time-lagged independent components (tICs).

base pairs and the heavy atoms of five protein helices within 12 Å of the nucleotides.
The remaining four groups of input features are defined as follows (Figure 4.20a):

𝑎2 ) P atoms of 5 DNA base pairs – heavy atoms of 7 protein helices
𝑎3 ) P atoms of 7 DNA base pairs – heavy atoms of 3 protein helices
𝑎4 ) P atoms of 5 DNA base pairs – heavy atoms of 3 protein helices
𝑎5 ) P atoms of 3 DNA base pairs – heavy atoms of 5 protein helices

All TS-DAR models were trained using identical hyperparameters, with only
the input layer size of the encoder adjusted to accommodate the differing numbers
of input features. The VAMP-2 scores and dispersion losses on the validation sets
for the five models are shown in Figure 4.20b. Notably, both metrics exhibit good
convergence beginning with group 𝑎1, that is, when atom pairs encompass phosphate
atoms from five DNA base pairs and heavy atoms from seven protein helices. This
demonstrates that TS-DAR remains robust when handling an expanded feature set
during training. In contrast, models trained with reduced feature sets (groups 𝑎4
and 𝑎5) fail to achieve convergence in the VAMP-2 score, which in turn prevents the
dispersion loss from reaching its minimum. This behavior is expected, as reducing
the number of atom pairs effectively lowers the structural resolution of the underlying
dynamics, hindering the accurate characterization of slow transitions.
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Figure 4.19: Identification of transition states by MSM–committor analysis and
MaxEnt-VAMPNets for AlkD. (a) Free energy landscape projected onto the two slowest
tICs for AlkD translocating along dsDNA. (b) Four metastable states (States 1–4) identified
by the tICA–MSM are highlighted in cyan, purple, yellow, and gray. (c–h) Committor
probabilities from the MSM–committor analysis based on a 1,000-state MSM overlaid on the
free energy landscape projected onto the two slowest tICs. The sizes of the source and sink
states are 1 (c–d), 5 (e–f), and 10 (g–h) microstates, respectively. (i) The Shannon entropy
values obtained from a 4-state MaxEnt-VAMPNets model are overlaid with the free energy
landscape projected on two slowest tICs.

To further validate these results, we selected three representative models from
groups 𝑎1, 𝑎2, and 𝑎3 for transition state identification. As shown inFigure 4.20c,
all three models consistently reveal four sequentially connected free energy basins,
along with the transition states between them, in excellent agreement across models
(Figure 4.20d). Furthermore, mapping the top 100 transition state conformations
identified by each model onto the tICA-reduced space (Figure 4.20e) shows that all
models capture the same transition state regions—TS12, corresponding to the partial
rotation of AlkD on dsDNA, and TS23, corresponding to its partial translation along
dsDNA.

4.4 Discussions

In this chapter, we demonstrate that the hyperspherical latent representations ex-
tracted from the penultimate layer of the TS-DARmodel provide an effective reduced
kinetic space for interpreting the slow dynamics of protein conformational transitions.
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Figure 4.20: Validation of TS-DAR with different sets of input features. (a) Five
groups of atom pairs composed of distinct protein andDNA components used for the calculation
of pairwise distances. Atoms from DNA and protein helices are highlighted in cyan and
orange, respectively. (b) Box plots of VAMP-2 losses (after pre-training) and dispersion
losses (after full training) for TS-DAR models across the five atom-pair groups. Each box
plot is generated from ten independent training runs using a 90%/10% train/validation
split, with the losses evaluated on the validation datasets. Each box represents (from bottom
to top) (𝑄1−1.5IQR),𝑄1,median,𝑄3, (𝑄3+1.5IQR), where 𝑄1, 𝑄3, and IQR denote the
first quartile, third quartile, and interquartile range, respectively. (c) Hyperspherical latent
representations from three TS-DAR models trained on atom-pair groups 𝑎1, 𝑎2, and 𝑎3. (d)
Root-mean-square deviation (RMSD) to the pre-translocated state (error bars denote standard
deviation) for four macrostates obtained from the same three models. The number of MD
conformations (𝑛) within states 1–4 for groups 𝑎1, 𝑎2, and 𝑎3 are [267,795, 117,050, 119,821,
220,634], [267,643, 102,368, 145,503, 209,786], and [268,234, 116,557, 156,268, 184,241],
respectively. (e) Distributions of the top 100 MD conformations corresponding to transition
states TS12 and TS23 from the three TS-DAR models (groups 𝑎1, 𝑎2, 𝑎3), overlaid on the
free-energy landscape projected along the two slowest tICs.

Conventional dimensionality reduction techniques, such as time-lagged independent
component analysis (tICA) [117, 127] and state-free reversible VAMPnets (SRVs) [23],
are grounded in the variational approach and aim to identify decorrelated, orthogo-
nal collective variables (CVs). However, these methods may obscure the cooperative
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nature of correlated dynamic motions that underlie complex conformational changes.
In contrast, more recent approaches such as reaction-coordinate (RC) flow [157]
are designed to learn latent kinetic manifolds that retain complete kinetic informa-
tion of the original system, yet their training procedures are often computationally
demanding and may struggle to reveal clear metastable state boundaries.

Our results highlight the robustness and interpretability of the hyperspherical
latent representations learned by TS-DAR for capturing reduced kinetics. This advan-
tage arises from two complementary aspects. First, utilizing the penultimate layer
of a deep neural network for representation learning is both simple and effective:
the latent embeddings are directly regularized by optimizing the objective function
defined on the output layer (e.g., the VAMP-2 loss in our framework). Second, and
more importantly, constraining the learned representations on a unit hypersphere
enables the model to better encode the intrinsic kinetic structure of the data. Prior
studies in the deep learning community [9, 31, 92, 100, 150, 161] have consistently
shown that hyperspherical latent spaces outperform their Euclidean counterparts
across various applications, including variational autoencoders and convolutional
neural networks. In the context of biomolecular dynamics, this geometry is particu-
larly advantageous because it naturally accommodates complex kinetic symmetries
and periodicities often observed in high-dimensional conformational landscapes.

Looking ahead, the hyperspherical latent representations derived from TS-DAR
offer a promising platform for future developments in biomolecular kinetics. For
example, they may be used to investigate parallel transition pathways of complex
systems projected onto the hypersphere. Moreover, recent work [149, 157] has demon-
strated that latent-space dynamical models, such as Brownian dynamics or normaliz-
ing flow architectures, can be learned by imposing physically motivated constraints
within the loss function. We envision that the hyperspherical latent space in TS-DAR
could similarly be extended to learn continuous dynamical equations through the
integration of physics-informed loss designs.

Beyond the analysis of protein conformational transitions, the TS-DAR frame-
work holds significant potential for adaptive sampling strategies. Analogous to the
MaxEnt-VAMPNets approach, which accelerates phase-space exploration by initi-
ating short, unbiased MD trajectories from high-uncertainty regions identified via
Shannon entropy, TS-DAR can employ its OOD scores as a principled criterion for
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adaptive sampling. Specifically, the OOD scores produced by TS-DAR can identify
configurations located at the boundaries between metastable states—regions that
correspond to transition states and thus serve as ideal starting points for enhanced
sampling. The effectiveness of these OOD-basedmetrics stems from two factors. First,
as shown in this study, OOD scores can automatically and simultaneously identify
transition-state conformations residing atop free-energy barriers. Second, since OOD
scores quantify deviations from well-sampled free-energy minima, they provide a
natural signal for detecting under-sampled or kinetically rare regions of configuration
space.

Despite its robustness, several practical considerations should be noted when
applying TS-DAR. First, because the model is trained on ND trajectories, it is essential
that the underlying simulations adequately capture transitions across free-energy
barriers; otherwise, the model cannot learn representative transition states. Second,
similar to VAMPnets, choosing an excessively large number of latent states (𝐶) may
result in empty state assignments or unstable training. Moreover, an overly large
𝐶 can overcrowd the hyperspherical latent space, blurring the angular separation
between metastable and transition-state conformations.

In conclusion, we introduce TS-DAR, a deep learning framework for identifying
transition states in biomolecular dynamics through hyperspherical latent embeddings.
Inspired by developments in trustworthyAI for out-of-distribution detection, TS-DAR
treats transition-state conformations as OOD data separating metastable basins. The
method combines two complementary objectives: (1) the VAMP-2 loss, which com-
pacts metastable-state embeddings according to their kinetic similarity, and (2) the
dispersion loss, which regularizes the spatial distribution of metastable states across
the hypersphere. Together, these objectives enable an end-to-end pipeline capable
of simultaneously and automatically identifying transition states across multiple
free-energy barriers. The effectiveness of TS-DAR is demonstrated on benchmark
systems, including the 2D Müller potential, alanine dipeptide, and the transloca-
tion of a DNA motor protein along double-stranded DNA. In all cases, TS-DAR
surpasses both MSM-committor and MaxEnt-VAMPNets in efficiency and accuracy
for transition-state identification. We anticipate that the TS-DAR framework will find
broad applicability in the study of complex biomolecular dynamics, as well as serve
as a foundation for future physics-informed, data-driven models of conformational
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transitions.

4.5 Extended work – Autonomous Dynamics Analysis
and Routing Framework

In the preceding sections, we have introduced TS-DAR, a deep learning framework
that can simultaneously and automatically identify transition states across multiple
free-energy barriers in biomolecular dynamics. More importantly, TS-DAR provides
a unified framework that integrates dimensionality reduction, state decomposition,
and transition-state identification, thereby enabling subsequent kinetic modeling to
extract both thermodynamic and kinetic properties of the system and to predict its
long-timescale dynamics.

Despite its robustness, TS-DAR currently faces two practical limitations that hinder
broader adoption. First, effective use of TS-DAR requires substantial domain expertise
in both its methodology and implementation, which can pose a barrier for non-expert
users. Second, TS-DAR is implemented as a static post-processing tool that operates
on pre-generated MD trajectories and cannot directly steer adaptive simulations to
enhance the sampling of rare events in biomolecular dynamics. Although the OOD
scores produced by TS-DAR provide a principled criterion for selecting initial seeds,
i.e., MD conformations with the highest OOD scores, for adaptive sampling, this
capability has not yet been incorporated into the existing workflow.

In parallel with these developments, the rapid progress of large language models
(LLMs) is transforming how researchers approach scientific discovery. Beyond their
success in natural language processing, LLMs have demonstrated strong capabilities
in reasoning and acting when interfacing with external tools and environments to
accomplish complex tasks. Building on these advances, the concept of LLM agents
has emerged, in which LLMs are used not only to process text but also to orchestrate
external tools, retrieve knowledge, and interact with users and environments in a
flexible and adaptive manner. Such agentic frameworks are beginning to play an
increasing role in scientific discovery, with the potential to lower technical barriers,
reduce manual effort, and enable closed-loop reasoning, planning, and execution in
data analysis and experimentation [8, 51, 94, 135, 141]. However, this field is still in its
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Figure 4.21: Schematic and capacities of AutoDAR. (a) The human-in-the-loop for
TS-DAR application mode. (b) The autonomous kinetic modeling and sampling mode.

early stages and, to the best of our knowledge, has not yet been systematically applied
to biomolecular dynamics modeling and sampling, where the complexity of the tasks
presents natural opportunities for LLM-based agents and their orchestration.

Here, we further introduce our extended work, i.e., AutoDAR (Autonomous Dy-
namics Analysis and Routing, Figure 4.21), a multi-agent framework that integrates
LLM-based agents with TS-DAR to provide both a user-friendly natural language
interface and autonomous workflows for kinetic modeling and sampling of biomolec-
ular dynamics. AutoDAR offers two main capabilities. First, a TS-DAR router agent
coordinates multiple tool-calling agents to guide users in building TS-DAR models
for kinetic analysis of MD simulation data, including data preprocessing, model
training, kinetic analysis, and visualization. This design lowers the barrier to apply-
ing TS-DAR to new systems and serves as an intelligent interface that streamlines
workflow execution. Second, we incorporate a leader agent that coordinates the TS-
DAR router agent with an additional MD router agent, which interacts directly with
simulation engines, to establish a closed-loop autonomous modeling and sampling
pipeline. In this workflow, MD conformations assigned high OOD scores by TS-DAR
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Figure 4.22: A schematic figure of model context protocol (MCP) for agent’s tool
callings (a) and agent communication protocol (ACP) for agent orchestrations (b)
employed in AutoDAR.

are automatically selected to initiate new simulations, thereby iteratively improving
the sampling of rare events in biomolecular dynamics.

In detail, AutoDAR is developed using two protocols, i.e., the Model Context
Protocol (MCP) and the Agent Communication Protocol (ACP) (Figure 4.22). MCP,
introduced byAnthropic, provides a standardizedway to connect LLMswith external
tools and data sources. MCP supports context retrieval, tool execution, and structured
interactions with external services through a community-driven and extensible inter-
face. Conceptually, MCP comprises three components: (1) a host that orchestrates the
workflow, (2) a client that manages communication with external services, and (3) a
server that exposes tools or data. Client–server communication uses standardized
transports, including standard input/output and HTTP with Server-Sent Events,
enabling interoperability across platforms. In AutoDAR, MCP is used to implement
tool-calling agents for both analysis and routing tasks (Figure 4.21). Each agent is
paired with a single LLM that executes one-step tool calls through an MCP client
to predefined functions exposed by MCP servers, without long-horizon memory
tracking. This design keeps AutoDAR’s tool layer modular and readily extensible,
allowing new analysis or visualization utilities to be incorporated by wrapping them
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Figure 4.23: Orchestration features of AutoDAR for TS-DAR application.

with MCP interfaces.
While MCP standardizes tool execution within each tool-calling agent, Auto-

DAR relies on the Agent Communication Protocol (ACP) to coordinate multi-agent
interactions (Figure 4.22b). ACP provides a structured messaging framework for
information exchange, task delegation, and coherent orchestration of complex work-
flows. Similar to MCP, ACP follows a client–server architecture in which ACP servers
expose agent capabilities andACP clients manage inter-agent communication. Within
AutoDAR, ACP connects the leader agent with the TS-DAR router agent and the
MD router agent, enabling a closed-loop pipeline that integrates kinetic modeling
with adaptive sampling. ACP is also used to connect the MD and TS-DAR router
agent with the MCP-based tool-calling agents, enabling flexible execution of the MD
simulation and TS-DAR construction workflow while allowing the router agents
to maintain process-level memory. More broadly, this ACP-based orchestration is
designed to accommodate additional specialized agents, facilitating future extensions
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Figure 4.24: Results of AutoDAR for transition states identification of alanine
dipeptide. (a) Representative conformation of alanine dipeptide. (b) Free-energy landscape
projected onto the two backbone torsion angles, 𝜙 and 𝜓. (c–d) AutoDAR successfully identi-
fies transition states located at different free-energy barriers of alanine dipeptide consistent
with previous results. For visualization, MD conformations with large OOD scores are
highlighted in yellow.

of AutoDAR toward larger agentic discovery cycles.
Figure 4.23 presents three representative examples that illustrate AutoDAR’s

core orchestration features for TS-DAR applications. Together, these examples show
how the framework combines explicit planning, inter-agent communication, and
memory to enable efficient kinetic modeling through simple human-in-the-loop
natural-language interactions. (1) Planning: AutoDAR can translate a high-level user
request into a structured workflow. For instance, a request to build a kinetic model
from alanine dipeptide trajectories is decomposed intomodular stages, including data
preprocessing, model training, kinetic analysis, and visualization. Making the plan
explicit improves transparency for the user and ensures that each stage is delegated
to the appropriate specialized agent. (2) Acting via communication: Tasks are exe-
cuted by coordinating tool-calling agents through standardized ACP. In the TS-DAR
training example, the system invokes the ModelTrain agent, forwards the relevant



83

instructions, and requests any essential user-specified parameters. This interaction
balances automation with user control, enabling reliable execution while abstracting
away low-level details of tool invocation. (3) Memory tracking: AutoDAR’s router
agent retains context from earlier steps and reuses it to support subsequent requests.
For example, after implied timescales across multiple lag times are computed by the
ResultsAnalysis agent, the router agent can provide these outputs directly to the
Plotting agent upon request, enabling immediate visualization without redundant
manual input. This memory-enabled orchestration reduces repetition and improves
the coherence of multi-step workflows. Figure 4.24 shows that AutoDAR successfully
identifies the transition states of alanine dipeptide, consistent with previous results.

In conclusion, AutoDAR extends TS-DAR from a powerful yet specialized post-
processing method into a practical agentic framework that supports both accessible
human-in-the-loop analysis and closed-loop autonomous modeling and sampling.
By combining modular tool execution (MCP) with structured multi-agent orchestra-
tion and memory (ACP), AutoDAR lowers the barrier to applying TS-DAR to new
systems, streamlines end-to-end MSM construction, and turns TS-DAR-derived OOD
signals into actionable criteria for adaptive simulation within an iterative feedback
loop. More broadly, this architecture illustrates how modern LLM agents can operate
as a unifying interface layer between kinetic models, heterogeneous analysis tools,
and simulation engines, offering a general blueprint for integrating learning-based
kinetics with automated workflows. Looking forward, AutoDAR can be expanded
with additional specialized agents and integrated into broader agentic discovery
pipelines (e.g., drug discovery).

This chapter is adapted from a peer-reviewed publication "Liu, B., Boysen, J. G.,
Unarta, I. C., Du, X., Li, Y., Huang, X. (2025). Exploring transition states of protein
conformational changes via out-of-distribution detection in the hyperspherical latent space.
Nature Communications, 16, 349. https://doi.org/10.1038/s41467-024-55228-4"
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Chapter 5

Introduction to Non-Markovian
Dynamic Modeling of Protein
Dynamics

5.1 Introduction

Proteins are inherently dynamic molecules that interconvert among distinct confor-
mational states, and these transitions underpin their diverse biological functions.
Characterizing protein dynamics is therefore essential for elucidatingmolecularmech-
anisms and for advancing applications such as drug discovery and enzyme engineer-
ing. Atomistic molecular dynamics (MD) simulations offer a powerful route to probe
protein motions with high spatial and temporal resolution, complementing experi-
mental techniques including NMR spectroscopy, single-molecule fluorescence, and
cryo-electron microscopy. However, the timescales accessible to straightforward MD
remain limited relative to many biologically relevant conformational changes, which
often occur on millisecond timescales or longer. Consequently, rare but functionally
important events, such as folding, allosteric switching, and large-scale domain rear-
rangements, are difficult to observe directly, motivating computational approaches
that can infer long-timescale behavior from ensembles of atomistic trajectories.

A broad range of strategies has been developed to address this timescale gap.
Enhanced sampling methods [4, 138] accelerate exploration of conformational space
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by introducing bias potentials, tempering schemes, or modified dynamics to facil-
itate barrier crossing that is rarely observed in unbiased simulations. While these
approaches can map complex free-energy landscapes efficiently, extracting unbiased
kinetic information from biased trajectories is often nontrivial. Coarse-grained (CG)
modeling [125, 151] provides an alternative by reducing the number of degrees of
freedom to focus on collective motions over extended timescales. CG approaches
have yielded valuable insights for large biomolecular assemblies and macromolec-
ular complexes, but reduced atomic detail and limited transferability of CG force
fields can compromise both atomistic accuracy and realistic kinetics. More recently,
generative-model-based machine learning has emerged as a promising paradigm
for forecasting protein dynamics [70, 126]. By learning high-dimensional transition
statistics at longer effective time lags, such models may reproduce long-timescale be-
havior with fewer explicit propagation steps. Nevertheless, these approaches remain
at an early stage, often requiring large, high-quality training datasets and exhibiting
limited generalizability for complex biomolecular systems.

In recent years, Markov state models (MSMs) [73, 89, 116, 153] have become a
widely used framework for extending molecular simulations to long timescales by
statistically representing dynamics as Markovian transitions among metastable con-
formational states (Chapter 2). In MSMs, the high-dimensional configuration space
is discretized into metastable states, and transition probabilities between states are
estimated from observed transitions at a chosen lag time. This construction enables re-
construction of long-timescale dynamics from an ensemble of shorter MD trajectories.
In practice, however, building reliable MSMs can be challenging: projection generally
induces memory, and the lag time must be sufficiently long for the projected dy-
namics to become approximately memoryless, i.e., for intrastate relaxation to be fast
relative to slow interstate transitions. For complex biomolecular systems, the lag time
required to achieve this separation can be comparable to—or even exceed—available
trajectory lengths, limiting the applicability of strictly Markovian models.

Here, recent advances in non-Markovian kinetic modeling are presented and re-
viewed, which explicitly incorporate memory effects through the generalized master
equation (GME) formalism to bridge the gap between atomistic simulations and
biological timescales. The discussion begins with the projection-operator framework
and the derivation of the GME, which governs reduced dynamics while encoding
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history dependence through a memory-kernel matrix. Next, quasi-Markov state
models (qMSMs) [17] and the integrative generalized master equation (IGME) [18]
are introduced as two complementary approaches for solving the GME and pre-
dicting long-timescale dynamics. In qMSMs, the GME is solved numerically by
discretizing the memory convolution (e.g., via a left Riemann-sum approximation),
whereas IGME provides an analytic form for times beyond the memory-kernel de-
cay by leveraging time-integrated memory-kernel quantities. Finally, we further
developed MEMnets (Memory kErnel Minimization-based neural networks) [88], a
deep-learning framework that identifies the optimal collective variables (CVs) of pro-
tein dynamics by minimizing their time-integrated memory kernels. Unlike qMSMs
and IGME, MEMnets extend the GME formalism from discrete states to continuous
CVs, and offer a new perspective stem from statistic mechanics for representation
learning of kinetic data. The details of MEMnets will be illustrated in Chapter 6.

5.2 Projection Operator and Generalized Master
Equation

5.2.1 Projection Operator Scheme

The dynamics of a molecular system can be described at two complementary levels.
At the microscopic level, the system evolves according to Hamilton’s equations with
Hamiltonian 𝐻(x,p), producing a single trajectory in phase space spanned by posi-
tions x = (x1, . . . ,x𝑁 ) and momenta p = (p1, . . . ,p𝑁 ). At the statistical level, one instead
considers an ensemble of such trajectories described by a phase-space probability
density 𝜌(𝚪, 𝑡), where 𝚪 = (x,p) denotes a point in the 6𝑁-dimensional phase space.
The time evolution of this density is governed by the Liouville equation

𝜕𝜌(𝚪, 𝑡)
𝜕𝑡

= ℒ𝜌(𝚪, 𝑡), 𝜌(𝚪, 𝑡+𝜏) = 𝑒𝜏ℒ 𝜌(𝚪, 𝑡) (5.1)

where ℒ is the Liouville operator (and 𝑒𝜏ℒ is the corresponding propagator), which
together provide an exact representation of the system’s kinetics in full phase space.

While Eq. (5.1) is exact, its high dimensionality makes direct analysis intractable
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for complex biomolecules. In protein dynamics, the kinetically relevant slow confor-
mational changes often evolve on a lower-dimensional manifold that is well separated
from fast fluctuations. This separation motivates coarse-grained descriptions in terms
of a reduced set of coordinates or states. Following this idea, the Zwanzig–Mori
projection-operator formalism introduces a projection onto a discrete set of coarse-
grained states via

P ≡
𝑚∑
𝑗=1

��𝜒𝑗(x)𝜌eq(x,p)〉𝜋−1𝑗 〈
𝜒𝑗(x)

�� (5.2)

where 𝜌eq(x,p) is the equilibrium phase-space distribution and 𝜋 𝑗 is the equilibrium
population of state 𝑗 (typically 𝜋 𝑗 = ⟨𝜒𝑗⟩eq). The functions 𝜒𝑗(x) are indicator (char-
acteristic) functions defining a partition of configuration space, i.e., 𝜒𝑗(x) = 1 if x
belongs to state 𝑗 and 𝜒𝑗(x) = 0 otherwise. Here ⟨ 𝑓 ⟩eq denotes an ensemble aver-
age (integration over phase space with the appropriate measure), and the bra–ket
notation indicates left/right action with an inner product weighted by equilibrium.

With the projection operator in Eq. (5.2), the dynamics can be projected onto the
discrete state basis defined by {𝜒𝑗}. The operator P satisfies several key properties:
(i) All configurations within a given coarse-grained state contribute identically to
the projected state population. (ii) The operator is a projection in the algebraic
sense, P2 = P. (iii) The left and right basis elements are preserved under projection,〈
𝜒𝑗

��P =
〈
𝜒𝑗

��,P��𝜒𝑗 𝜌eq〉 = ��𝜒𝑗 𝜌eq〉. (iv) The equilibrium distribution is unchanged by
the projection, P𝜌eq = 𝜌eq. (v) The left/right basis elements satisfy the equilibrium-
weighted orthogonality relation

〈
𝜒𝑖 𝜌eq

��𝜒𝑗〉 = 𝜋 𝑗 𝛿𝑖 𝑗 .
Different forms of projection operators have also been proposed depending on the

coarse-graining objective. For example, Hummer and Szabo introduced a projection
that maps dynamics from 𝑛 microstates to 𝑁 macrostates [57],

P ≡ D𝑛AD−1𝑁 A⊤ (5.3)

whereD𝑛 ∈ R𝑛×𝑛 andD𝑁 ∈ R𝑁×𝑁 are diagonal matrices containing the equilibrium
populations of microstates and macrostates, respectively, and A ∈ R𝑛×𝑁 is a mapping
matrix assigning microstates to macrostates. Building on this formulation, a neural-
network-based lumping approach (RPnet) [52] was developed, which learns the
mapping A by enforcing kinetic consistency through reverse projection of macrostate
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dynamics onto the underlying microstate model. In our recent development of MEM-
nets [88], the projection concept is further generalized from discrete-state models to
continuous CVs, yielding projection operators that map dynamics from full configu-
ration space onto a continuous latent representation (Chapter 6).

5.2.2 Generalized Master Equation Formalism

Starting from the projection operator P in Eq. (5.2), the projected dynamics can
be derived systematically within the Zwanzig–Mori formalism. Introducing the
complementary projection Q ≡ 1−P, the full dynamics is decomposed into a relevant
subspace (spanned by P) and an orthogonal subspace (spanned by Q). Applying P

and Q to the Liouville equation (5.1) and eliminating the Q-subspace contribution
yields the Nakajima–Zwanzig equation,

𝜕

𝜕𝑡
P𝜌(Γ, 𝑡) = PℒP𝜌(Γ, 𝑡) + Pℒ𝑒 𝑡QℒQ𝜌(Γ,0) +

∫ 𝑡

0
𝑑𝑡 ′ Pℒ𝑒(𝑡−𝑡 ′)QℒQℒP𝜌(Γ, 𝑡 ′) (5.4)

The second term on the right-hand side is an inhomogeneous contribution that de-
pends on the initial condition in the orthogonal subspace; it vanisheswhenQ𝜌(Γ, 0)= 0
(in particular, for equilibrium initial distributions). The third term is the memory
term: it accounts for the influence of fast degrees of freedom in theQ subspace on the
effective evolution in the P subspace, and is the origin of non-Markovian behavior.

Equation (5.4) still describes the time evolution of a projected density in the original
high-dimensional phase space. To obtain an explicit coarse-grained kinetic equation in
the discrete-state representation defined by {𝜒𝑗}, one applies the left/right projection
brackets to Eq. (5.4) and expresses the result in terms of a state-to-state transition
probability matrix (TPM) T(𝑡). Specifically, the row-normalized TPM is defined by

[T(𝑡)]𝑖 𝑗 ≡
〈
𝜒𝑖

�� 𝑒 𝑡ℒ ��𝜒𝑗 𝜌eq〉 𝜋−1𝑗 (5.5)

which represents the probability of transitioning from state 𝑖 to state 𝑗 over lag time 𝑡.
Its initial time derivative is

[ ¤T(0)]𝑖 𝑗 ≡
〈
𝜒𝑖

��ℒ ��𝜒𝑗 𝜌eq〉 𝜋−1𝑗 (5.6)
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and the corresponding memory kernel K(𝑡) is given by

[K(𝑡)]𝑖 𝑗 ≡
〈
𝜒𝑖

��−ℒ 𝑒 𝑡QℒQℒ ��𝜒𝑗 𝜌eq〉 𝜋−1𝑗 (5.7)

The coarse-grained dynamics is obtained that obeys the GME,

¤T(𝑡) = T(𝑡) ¤T(0) −
∫ 𝑡

0
𝑑𝑡 ′ T(𝑡− 𝑡 ′)K(𝑡 ′) (5.8)

The memory kernel K(𝑡) encodes the residual influence of past dynamics on the
current evolution and thus quantifies deviations from Markovianity induced by
coarse graining. In many biomolecular systems, a separation of timescales implies
thatK(𝑡) decays to (approximately) zero beyond a finite memory time 𝜏𝑘 . In the ideal
limit of perfect timescale separation, K(𝑡) ≡ 0, and Eq. (5.8) reduces to a Markovian
master-equation description.

5.3 Non-Markovian Dynamic Modeling

5.3.1 quasi-Markov State Models

In qMSMs, a practical route is provided to numerically evaluate the memory kernel
K(𝑡) in the GME (Eq. (5.8)) directly from TPMs T(𝑡) estimated fromMD simulations.
Specifically, by approximating the convolution integral with a left Riemann sum on a
uniform time grid with step size Δ𝑡, the GME can be discretized as

¤T(𝑛Δ𝑡) = T(𝑛Δ𝑡) ¤T(0) − Δ𝑡

𝑛∑
𝑚=1

T
(
(𝑛−𝑚)Δ𝑡

)
K(𝑚Δ𝑡) (5.9)

where 𝑛 ∈N indexes the discrete time points. Rearranging Eq. (5.9) yields a recursive
expression for the memory kernel at discrete times:

K(𝑛Δ𝑡) = T(𝑛Δ𝑡) ¤T(0)− ¤T(𝑛Δ𝑡)
Δ𝑡

−
𝑛−1∑
𝑚=1

T
(
(𝑛−𝑚)Δ𝑡

)
K(𝑚Δ𝑡) (5.10)
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Figure 5.1: Workflow and applications of the qMSM framework. (a) Schematic
overview of the qMSM procedure, consisting of two main steps: (i) estimating the time-
dependent memory kernelK(𝑡) from shortMD trajectories and (ii) propagating the discretized
GME to predict long-timescale dynamics. (b) Elements of the memory-kernel matrix K(𝑡)
for a three-state toy model, illustrating rapid decay to (approximately) zero within ∼1000
time steps (the memory time 𝜏𝑘). (c) Comparison of TPMs predicted by qMSM with those
estimated directly from MD and by a conventional MSM. qMSM closely reproduces the
MD reference and improves upon MSM predictions, indicating more accurate recovery of
long-timescale dynamics. (d) Transition pathways and times between four metastable states
from a qMSM of Taq-RNAP clamp opening/closing, shown together with the stationary
population of each state. Transitions between S1 and S2 and between S3 and S4 are fast,
whereas transitions from S1/S2 to S3/S4 are substantially slower, consistent with higher free-
energy barriers separating the two groups of states. (e) Mean first-passage times (MFPTs)
between S1 and S4 computed at different lag times using the four-state qMSM and MSM.
The dashed line denotes the MFPT from the four-state qMSM at a lag time of 5 μs. Panels
(a-c) are adapted from Ref. [17], and panels (d-e) are adapted from Ref. [144].

where T(0) = I has been used. In practice, ¤T(𝑛Δ𝑡) can be approximated by a finite
difference, e.g.,

¤T(𝑛Δ𝑡) ≈
T
(
(𝑛+1)Δ𝑡

)
−T(𝑛Δ𝑡)

Δ𝑡
(5.11)
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Equations (5.10)–(5.11) allow K(𝑛Δ𝑡) to be determined sequentially from previously
computed kernels and TPMs at earlier time steps, yielding a self-consistent reconstruc-
tion of memory effects. Notably, the transfer-tensor method (TTM) [19] provides a
closely related representation of non-Markovian propagation, and can be used within
the same theoretical framework.

For many biomolecular systems, a separation between fast local motions and slow
conformational changes implies that the memory kernel decays to (approximately)
zero beyond a finite memory kernel decay time, denoted 𝜏𝑘 . In practice, 𝜏𝑘 can be
estimated by monitoring convergence of the mean integral kernel (MIK) to a plateau
value,

MIK(𝑡) = 1
𝑁

√√√ 𝑁∑
𝑖,𝑗=1

(∫ 𝑡

0
𝐾𝑖 𝑗(𝑡 ′)𝑑𝑡 ′

)2
(5.12)

where 𝑁 is the number of discrete states. Once K(𝑡) has decayed (up to numerical
tolerance), the GME only needs to be solved explicitly up to 𝑡 = 𝜏𝑘 ; beyond this point
the dynamics can be propagated without additional memory contributions. After
obtaining the time-dependent kernels, the discretized GME (5.9) can be integrated to
predict TPMs at longer timescales. Because the convolution term is delicate near 𝑡 = 0,
the same discretization convention should be applied consistently in both kernel
evaluation and subsequent propagation to ensure numerical stability and internal
self-consistency.

qMSMs have been successfully applied to a variety of biomolecular processes
that evolve fast and slow motions across multiple timescales. For example, qMSMs
constructed for the bacterial RNA polymerase (RNAP) from tens of microseconds of
all-atom MD revealed coordinated gating motions during DNA loading [144]. By
explicitly accounting for memory through time-dependent kernels, the qMSM recon-
structed millisecond-scale conformational transitions that were difficult to resolve
with conventionalMSMs at feasible lag times. The resulting kinetic analysis suggested
a mechanistic coupling between a slow, rate-limiting structural rearrangement and
substantially faster auxiliary motions that transiently facilitate gate expansion, offer-
ing a physically grounded explanation for how RNAP maintains flexibility during
promoter-DNA loading. Similarly, qMSMs have been used to dissect target mRNA
recognition by human Argonaute 2 (hAgo2) [171], where the relevant kinetics span
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microseconds to longer timescales. In this setting, incorporating memory via time-
dependent kernels enabled robust reconstruction of recognition kinetics without
requiring unrealistically long Markovian lag times, and provided mechanistic in-
sight into how protein–RNA interactions and specific structural elements modulate
recognition pathways and trap formation.

5.3.2 Integrative Generalized Master Equation

While qMSMs provide a direct numerical route to solving the GME, their practical
implementation requires finite-difference differentiation of estimated TPMs and a
recursive reconstruction of the time-dependent memory kernel K(𝑡). As a result,
qMSMs can be sensitive to statistical noise and may exhibit numerical instability,
especially for large biomolecular systems where reliable estimation of T(𝑡) over
many lag times is difficult. To mitigate these issues, the IGME provides a analytical
solution to the GME, substantially improving numerical stability by leveraging the
time-integrated memory kernels.

The key observation motivating IGME is that many biomolecular systems exhibit
a separation of timescales: fast intrastate relaxation occurs on timescales much shorter
than slow conformational transitions. Under this condition, the memory kernel K(𝑡)
typically decays to (approximately) zero beyond a finite memory time 𝜏𝑘 . Rather
than estimating K(𝑡) directly, IGME introduces the time-integrated memory kernels

M𝑛(𝑡) =
∫ 𝑡

0
K(𝑡 ′) (𝑡 ′)𝑛 𝑑𝑡 ′ (5.13)

which converge to constant matricesM𝑛 for 𝑡 ≥ 𝜏𝑘 . Expanding T(𝑡− 𝑡 ′) in the GME
convolution term as a Taylor series about 𝑡 and substituting the integralM𝑛 leads, for
𝑡 ≥ 𝜏𝑘 , to the following reformulation:

T(𝑡)−1 𝑑T(𝑡)
𝑑𝑡

����
𝑡≥𝜏𝑘

= ¤T(0)−M0−
∑
𝑛=1

[
T(𝑡)−1 (−1)

𝑛

𝑛!
𝑑𝑛T(𝑡)
𝑑𝑡𝑛

]
M𝑛 (5.14)

The solution of Eq. (5.14) can be obtained in a self-consistent manner. As a starting
point, one considers the zeroth-order truncation of Eq. (5.14), which neglects all terms
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Figure 5.2: Demonstration and applications of the IGME framework. (a) Ramachan-
dran plot illustrating the four-state model of alanine dipeptide. (b) Representative elements
of lnT(𝑡) from IGME, showing an approximately linear dependence on 𝑡 once memory has
decayed (𝑡 ≥ 1 ps). (c) RMSE heatmaps for IGME, qMSM, and MSM. For MSM, 𝜏 denotes
the Markovian lag time; for qMSM and IGME, 𝜏 = 𝜏𝑘 . The triangular panel shows IGME
results across different choices of 𝜏𝑘 and fitting window length 𝐿. (d) MIK for the FIP35 WW
domain and for Taq RNAP gate-opening dynamics. Blue and red curves correspond to qMSM
and IGME, respectively. (e) Representative conformations of the KRAS–VHL encounter
complex identified by the IGME workflow. (f) For the six-state model, MIK as a function of
𝜏𝑘 (left) and RMSE of IGME/MSM-predicted TPMs relative to MD (right). (g) Slowest
implied timescale (left) and MFPT from State III to State IV (right) computed from IGME
models and MSMs across different lag times. Panels (a-d) are adapted from Ref. [18], and
panels (e-g) are adapted from Ref. [118].

with 𝑛 ≥ 1 and yields

T(0)(𝑡)−1 𝑑T
(0)(𝑡)
𝑑𝑡

����
𝑡≥𝜏𝑘

= ¤T(0)−M0. (5.15)
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The solution of Eq. (5.15) can be written in exponential form. Taking the matrix
logarithm, one obtains

ln
[ (
A(0)

)−1T(0)(𝑡 ≥ 𝜏𝑘)
]
= 𝑡

[ ¤T(0)−M0
]
≡ 𝑡 ln T̂(0) (5.16)

where A(0) and ln T̂(0) are constant matrices.
Higher-order corrections can then be obtained iteratively. In each iteration 𝑘, the

current approximation T(𝑘)(𝑡) is substituted into the right-hand side of Eq. (5.14)
to evaluate the derivative, and the resulting equation is integrated to produce an
updated solution T(𝑘+1)(𝑡) on the left-hand side. Repeating this procedure leads to a
converged, self-consistent solution for 𝑡 ≥ 𝜏𝑘 , which can be expressed in the IGME
form

T(𝑡 ≥ 𝜏𝑘) =AT̂ 𝑡 (5.17)

where A and T̂ are constant matrices. In this representation, A encodes the non-
Markovian contribution arising from short-time memory effects, while T̂ corresponds
to the effective Markovian propagator in the long-time limit.

In practice,A and T̂ can be fit directly fromMD-estimated TPMs for 𝑡 ≥ 𝜏𝑘 . Taking
the matrix logarithm of Eq. (5.17) gives a linear relation,

lnT(𝑡 ≥ 𝜏𝑘) = lnA+ 𝑡 ln T̂ (5.18)

which enables element-wise linear regression, where lnA serves as the intercept
and ln T̂ as the slope (Figure 5.2b). Because T̂ is intended to represent an effective
Markovian transition matrix, it should satisfy basic stochastic constraints (e.g., row
normalization) and, when appropriate, detailed balance; these conditions can be
enforced via constrained fitting. In addition to 𝜏𝑘 , IGME introduces a fitting window
length 𝐿 (fitting over 𝑡 ∈ [𝜏𝑘 ,𝜏𝑘 +𝐿]). A common strategy is to scan candidate pairs
(𝜏𝑘 ,𝐿) and select models that best reproduce MD-derived TPMs, for example by
minimizing an RMSE defined over a lag-time range:

RMSE =
©­­«
∫ 𝐿max
0

∑𝑁
𝑖,𝑗=1

[
𝜋𝑖𝑇MD

𝑖 𝑗
(𝑡)−𝜋𝑖𝑇IGME

𝑖 𝑗
(𝑡)

]2
𝑑𝑡

𝑁2
∫ 𝐿max
0 𝑑𝑡

ª®®¬
1/2

(5.19)
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where 𝑁 is the number of states and π is the stationary distribution. In this form,
TIGME(𝑡) is constructed using fit parameters obtained from TPMs within [𝜏𝑘 ,𝜏𝑘 +
𝐿], while the error is evaluated over [0,𝐿max]. As shown in Figure 5.2c for alanine
dipeptide (Figure 5.2a), a systematic scan over the hyperparameters 𝜏𝑘 and 𝐿 identifies
IGME models with consistently low RMSE values. The purple region highlights the
top 5% of IGME models with the smallest errors (RMSE < 8.1×10−5), corresponding
to the most accurate and numerically stable descriptions of the dynamics.

The advantage of IGME’s integrated treatment is improved robustness to sam-
pling noise. Relative to qMSMs, IGME yields smoother integrated measures and
suppresses oscillatory artifacts that can arise from differentiating noisy TPM esti-
mates. This improvement is especially pronounced for large systems with complex
conformational changes, where conventional qMSM kernel estimates can become
unstable (Figure 5.2d).

A related approach, referred to as the unbiased generalized master equation
(UGME) [39], shares the same projection-operator foundation but adopts a com-
plementary strategy for mitigating noise and numerical instability. Whereas IGME
leverages time integration to obtain a compact analytic parametrization of GME,
UGME employs a time-local (time-convolutionless) reformulation and reduces vari-
ance through direct averaging over short-time propagators. Conceptually, IGME
may be viewed as a time-integrated formulation of the GME, while UGME provides
a time-local counterpart; under appropriate conditions, both approaches recover
consistent long-time kinetic behavior.

IGME has been successfully applied to the KRAS–VHL ternary system [118],
where it resolves six metastable macrostates and their representative encounter-
complex conformations (Figure 5.2e). These state-resolved ensembles, together with
stationary populations and kinetic connectivity, provide a quantitative framework
for analyzing non-native protein–protein interaction interfaces relevant to degrader
design. Benchmark results in Figures 5.2 f–g further highlight IGME’s key advan-
tages, i.e., numerical stability and accurate reproduction of MD-derived TPMs across
timescales, thereby outperforming conventional MSMs and enabling reliable kinetic
inference from finite-length trajectories in large biomolecular systems. Beyond pro-
tein–protein interactions, IGME has also been used to interrogate a range of biomolec-
ular processes. For example, it has been applied to quantify molecular transport
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within biomolecular condensates formed by peptide–RNA mixtures [143]. In that
study, sub-millisecond atomistic simulations of condensates containing Arg-, ADMA-,
and Lys-rich peptides were analyzed to extract peptide–RNA binding/unbinding
kinetics and to model association–dissociation events that govern peptide diffusion.
The resulting analysis indicated that Arg-rich peptides diffuse more slowly and re-
main bound longer due to persistent hydrogen-bond networks with RNA phosphates,
whereas methylated or Lys-substituted variants form weaker and more transient
contacts. By reconstructing kinetic rate constants and equilibrium populations from
simulation data, IGME further suggested that hydrogen bonding rather than cation–𝜋
interactions is the primary determinant of peptide mobility within these condensates,
providing a mechanistic link between atomistic interactions and mesoscale transport
behavior.

5.4 Discussions

The emergence of non-Markovian frameworks has reshaped the study of protein
dynamics by clarifying how memory effects influence the evolution of slow confor-
mational changes. Classical MSMs remain valuable for constructing coarse-grained
kinetic networks, but their Markovian assumption can break down in large biomolec-
ular systems, where discretization-induced memory and limited sampling hinder the
attainment of truly memoryless dynamics at practical lag times. In contrast, GME-
based approaches such as qMSM, IGME, explicitly account for history dependence,
providing a principled bridge frommicroscopic trajectories to effective long-timescale
dynamics.

Beyond these developments, several complementary non-Markovian formalisms
offer additional perspectives. The generalized Langevin equation (GLE) [29] pro-
vides an alternative reduced description in which memory enters through a time-
dependent friction kernel together with a corresponding fluctuating noise term, en-
abling systematic reconstruction ofmemory kernels consistentwith equilibrium statis-
ticalmechanics and transport observables. History-augmentedMSMs (haMSMs) [140]
extend theMSM framework by conditioning transitions on recent state history, thereby
improving kinetic accuracy without requiring excessively long lag times. Hidden
Markov state models (HMSMs) [107] further generalize MSMs by introducing latent
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metastable states whose Markovian transitions generate the observed dynamics; this
hidden-state representation can reduce apparent non-Markovianity in the observed
discrete trajectories by allowing probabilistic (fuzzy) mappings between observed
microstates and latent macrostates.

While qMSM and IGME extend the GME formalism to model non-Markovian
dynamics between discrete states, they still require a predefined decomposition of
configuration space. This requirement can be limiting when the relevant slow pro-
cesses are more naturally described as continuous, high-resolution motions along
CVs, rather than as transitions among a small number of metastable states. Moreover,
although qMSM and IGME use memory kernels to correct the dynamics of a given
representation, a more powerful strategy is to learn the representation itself—seeking
coordinates in which the projected dynamics exhibits intrinsically reduced memory.
To this end, we further developed MEMnets (Chapter 6), a deep-learning frame-
work that unifies the GME formalism with neural-network-based representation
learning for protein conformational dynamics. Building on the IGME perspective,
which enables analytical quantification of memory effects in discrete-state models,
MEMnets generalize the GME to continuous latent CVs that retain the essential slow
dynamics of biomolecular systems while explicitly driving the reduced dynamics
toward minimal memory.

This chapter is a review of related work.
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Chapter 6

Deriving Simplicity fromMemory –
Memory Kernel Minimization-based
Neural Networks for Uncovering Slow
Collective Variables of Biomolecular
Dynamics

6.1 Introduction

Investigating biomolecular conformational changes is essential for understanding the
molecular mechanisms underlying many key biological processes, such as protein
folding [85, 131, 145], protein–ligand binding [13, 146], and conformational transi-
tions [15, 144, 167]. Molecular dynamics (MD) simulations have become a powerful
tool to elucidate the dynamics of these conformational changes and often serve as a
complementary approach to experiments for gaining mechanistic insight. However,
explicit-solvent MD simulations of large biomolecular complexes may involve thou-
sands to millions of atoms, making the resulting trajectory data intrinsically high
dimensional. Because the conformational space is represented by the coordinates of
all atoms, extracting physically interpretable mechanisms directly from raw MD data
remains a major challenge.
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These complex conformational changes usually involve multiple, well-separated
timescales. The separation between slow collective motions and fast fluctuations
provides an opportunity to describe functional conformational changes in terms
of a few collective variables (CVs). Identifying such CVs is crucial, as they serve
as low-dimensional coordinates that retain the essential kinetic information of the
underlying molecular processes. For simple systems, CVs such as the root-mean-
square deviation (RMSD) [25], torsion angles [137], or pairwise distances [144]
can be manually selected based on physical intuition. However, for more complex
biomolecular systems, these intuitive CVs often fail to capture the relevant slow
dynamics or lack physical and chemical interpretability.

Numerous methods have been proposed to extract CVs that best capture the
slowest dynamical processes. Geometry-based approaches such as principal com-
ponent analysis (PCA) [60], diffusion maps [24, 46, 122], and isometric feature
mapping (ISOMAP) [30] have proven valuable in characterizing large-amplitude
motions, but they do not necessarily correlate with kinetic slowness. Alternatively,
committor-based approaches [7, 77, 95, 103, 113, 120] identify reaction coordinates
corresponding to committor probabilities between predefined states, which lim-
its their applicability to systems involving multiple metastable transitions. Varia-
tional principle-based methods such as time-lagged independent component analysis
(tICA) [117, 127], kernel-tICA [128], and the variational approach for Markov pro-
cesses (VAMP) [156, 158] have provided powerful tools to learn CVs directly from
MD trajectories by approximating the leading eigen/singular functions of the trans-
fer/koopman operator governing the system’s time evolution. Extensions such as
VAMPnets [98], SRVs [23], deep-tICA [12], and ISOKANN [119] integrate deep
neural networks to capture nonlinear features, enabling more flexible and accurate
kinetic representations.

Despite their success, these variational principle-based approaches face two key
challenges. First, they are built upon the Markovian assumption, which holds only
in the full phase space but breaks down after dimensionality reduction. Projecting
the dynamics onto a reduced CV space introduces memory effects, leading to non-
Markovian behavior unless perfect timescale separation exists [17, 18, 39]. To restore
Markovianity, one must employ sufficiently long lag times for the memory kernel
to relax and being ignored. However, this is often impractical in complex systems
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where accessibleMD trajectories are not long enough to reach the requiredMarkovian
limit. Second, neural-network-based extensions such as VAMPnets and SRVs do not
explicitly regulate the implied timescales, and in cases of insufficient sampling, may
produce disconnected models with artificially infinite relaxation times.

In this chapter, we introduce MEMnets (Memory kErnel Minimization-based
neural networks) [88], a deep learning framework designed to uncover slow CVs
by directly minimizing time-integrated memory kernels. MEMnets employ encoder
neural networks to project MD conformations onto a low-dimensional manifold of
CVs and optimize these CVs by quantifying and minimizing the temporal memory
contained within the reduced representation. To achieve this, we extend our previ-
ously developed Integrated Generalized Master Equation (IGME) theory [18] from
discrete-states to continuous CV spaces, thereby providing a rigorous theoretical basis
for learning memory-minimized embeddings. By applying MEMnets to the alanine
dipeptide, FIP35 WW-domain folding, and the clamp-opening motion of bacterial
RNA polymerase, we demonstrate that MEMnets yield physically meaningful CVs
that faithfully capture the biologically relevant slow dynamic modes in each system.

From a broader machine learning perspective, MEMnets establish a new connec-
tion between statistical mechanics and the general theory of representation learning
in time-series data. Traditional deep representation learningmethods, such as autoen-
coders [55], variational autoencoders [68], and contrastive learning [152], focus on
reconstructing or separating spatial features, thereby compressing the spatial degrees
of freedom of the input data. However, such spatial compression inherently discards
temporal information when dealing with time-series data. To our best knowledge,
MEMnets are the first framework to formalize this phenomenon by introducing the
concept that information loss in spatial degrees of freedom inevitably requires compensatory
information in the temporal domain. To quantify this relationship, MEMnets develop
an analytical theory to measure the residual memory resulting from dimensionality
reduction and incorporate it as an explicit objective for optimization. In doing so,
MEMnets generalize the goal of deep representation learning from reconstructing
spatial features to learning embeddings that minimize the amount of memory needed
to describe the system’s future evolution. This principle, deriving simplicity from mem-
ory, defines a new paradigm for deep learning in time-series data and opens a path
toward physically interpretable, temporally coherent representations of complex
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Figure 6.1: Schematic architecture of MEMnets. (a) Time series of molecular conforma-
tions obtained from MD simulations are provided as input to parallel encoder networks with
shared parameters. (b) The output continuous coordinates are used to estimate the MEMnets
objective function. (c) By optimizing this objective, MEMnets learns a set of CVs that define
a coordinate space with a minimum time-integrated memory kernel.

dynamical systems.

6.2 Methods

In this section, we present the theoretical and algorithmic foundations of MEMnets
(Figure 6.1), which unifies the principles of memory kernels with deep representation
learning for time-series data. We begin by revisiting the origin of memory effects in
molecular dynamics through projection-operator theory, illustrating how dimension-
ality reduction from full phase space to a subset of continuous observables inherently
introduces non-Markovian behavior. Building on this foundation, We derive and
extend the IGME formalism from discrete state models to continuous coordinates,
enabling a direct characterization of non-Markovian effects in low-dimensional coor-
dinate spaces. Next, we introduce a formal definition of the time-integrated memory
kernel for continuous CVs and derive how this quantity can be analytically expressed
and numerically evaluated fromMD trajectories. Finally, we describe the architecture,
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training objective, and optimization scheme of MEMnets, which leverages neural
encoders to learn CVs by explicitly minimizing the time-integrated memory ker-
nels, thereby ensuring that the resulting latent representations capture the slow,
quasi-Markovian dynamics of biomolecular systems.

6.2.1 Integrative Generalized Master Equation for Continuous
Dynamics

Projecting Markovian dynamics from the high-dimensional phase space onto a re-
duced set of coordinates x = [𝑥1,𝑥2, . . . ,𝑥𝑁]⊤ introduces memory effects (Note that
here, x represents the reaction coordinates, while in previous chapters it typically
denotes a molecular configuration). We begin our derivations from the original
high-dimensional dynamics, which satisfy the Liouville equation and represent a
Markovian process:

𝑑

𝑑𝑡
x𝑡 =ℒx𝑡 , x𝑡 = 𝑒

ℒ𝑡x0 (6.1)

where ℒ =ℒ(x, ¤x) denotes the Liouville operator. The time-lagged correlation
functions of x can be derived from the Liouville equation and expressed as

C(𝑡) = x0x𝑡 =
1
𝑁 𝑓

x̂ 𝑒ℒ̂𝑡 x̂⊤, C(0)−1C(𝑡) = (x̂x̂⊤)−1x̂ 𝑒ℒ̂𝑡 x̂⊤ (6.2)

where x̂ = [x1,x2, . . . ,x𝑙 , . . .] represents all MD frames, and 𝑙 indexes the 𝑙th snap-
shot along the trajectory. Here, 𝑁 𝑓 is the total number of frames, 𝐶𝑖 𝑗(𝑡) = 1

𝑁 𝑓
x̂𝑖𝑒
ℒ̂𝑡x̂⊤

𝑗
,

and x̂𝑖 is the 𝑖th row vector of x̂. In this formulation, 𝑁 𝑓 refers to the number of
MD snapshots (not discrete states). Each MD snapshot is projected onto continuous
coordinates, rendering their values continuous. In the ergodic limit, 𝑁 𝑓 approaching
infinity is required for complete sampling; in practice, however, MD simulations
typically yield hundreds of thousands to millions of snapshots.

We can further compute the averaged operator 𝑒ℒ̂𝑡 projected onto the continuous
coordinates x and define the projection operator P as

⟨𝑒ℒ̂𝑡⟩x ≡ x̂ 𝑒ℒ̂𝑡 x̂⊤(x̂x̂⊤)−1, P = x̂⊤(x̂x̂⊤)−1x̂ (6.3)
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Applying the Dyson operator identity derived from the Nakajima–Zwanzig equa-
tion, we obtain

𝑑

𝑑𝑡
P𝑒ℒ̂𝑡 = Pℒ̂P𝑒ℒ̂𝑡 +

∫ 𝑡

0
Pℒ̂𝑒Qℒ̂𝑠Qℒ̂P𝑒ℒ̂(𝑡−𝑠) 𝑑𝑠 (6.4)

where Q = 1−P is the complementary projection operator.
Following analogous derivations for discrete-state models (Section 5.2.2), we can

express the resulting dynamics in the form of a Generalized Master Equation (GME)
for continuous coordinates:

𝑑

𝑑𝑡
T(𝑡) = T(𝑡)R0−

∫ 𝑡

0
T(𝑡− 𝑠)K(𝑠)𝑑𝑠 (6.5)

where T(𝑡) = C(0)−1C(𝑡), R0 = ¤T(0), and the memory kernel is defined as

K(𝑠)⊤ = −x̂ℒ̂𝑒Qℒ̂𝑠Qℒ̂x̂⊤(x̂x̂⊤)−1 (6.6)

Equation 6.5 presents the GME for biomolecular dynamics projected onto contin-
uous coordinates x. Unlike the GME for discrete state models (Chapter 5), which
relies on the transition probability matrix T(𝑡) among discrete states, the continuous-
coordinate formulation defines T(𝑡) = C(0)−1C(𝑡), which is also called the Koopman
matrix, where C(0) and C(𝑡) denote the matrices of time-instantaneous and time-
lagged correlation functions of x (Eq. (6.2)).

Next, we define the 𝑛th-order time-integrated memory kernelM𝑛(𝑡) as

M𝑛(𝑡) =
∫ 𝑡

0
K(𝑠) 𝑠𝑛 𝑑𝑠 (6.7)

where K(𝑡) is the memory kernel introduced in Eq. (6.5). When the memory kernel
fully decays at 𝑡 ≥ 𝜏𝐾, these integrals converge to constant matrices: M𝑛(𝑡 ≥ 𝜏𝐾) =
M𝑛(𝜏𝐾) ≡M𝑛

In this regime, the GME can be expressed as an ordinary differential equation



104

(ODE) through the Taylor expansion of T(𝑡− 𝑠):

𝑑

𝑑𝑡
T(𝑡 ≥ 𝜏𝐾) = T(𝑡)

(
R0−M0

)
−

∑
𝑛=1

(−1)𝑛
𝑛!

𝑑𝑛T(𝑡)
𝑑𝑡𝑛

M𝑛 (6.8)

The analytical solution to Eq. (6.8) retains the same mathematical form as that
derived previously for state models (Section 5.3.2):

T(𝑡 ≥ 𝜏𝐾) =AT̂ 𝑡 , ln T̂ = R0−M0−
∑
𝑛=1

(−1)𝑛
𝑛!

(
ln T̂

)𝑛M𝑛 (6.9)

whereA and T̂ are constant matrices of size 𝑁 ×𝑁 , and 𝑁 corresponds to the number
of reaction coordinates. Starting from the second relation in Eq. (6.9), we obtain

R0− ln T̂ =M0+
∑
𝑛=1

(−1)𝑛
𝑛!

(
T̂−𝑡

𝑑𝑛

𝑑𝑡𝑛
𝑒 𝑡 ln T̂

)
M𝑛 (6.10)

Using the Taylor expansion of T̂(𝑡−𝑠) at 𝑠 = 0 and the definition M𝑛(𝑡) =
∫ 𝑡

0 K(𝑠)𝑠𝑛 𝑑𝑠,
we further derive:∫ 𝜏𝐾

0
T̂−𝑠K(𝑠)𝑑𝑠 = T̂−𝑡

∫ 𝜏𝐾

0
T̂(𝑡−𝑠)K(𝑠)𝑑𝑠 =M0+

∑
𝑛=1

(−1)𝑛
𝑛!

(
T̂−𝑡

𝑑𝑛

𝑑𝑡𝑛
T̂𝑡

)
M𝑛 (6.11)

The right-hand sides of Eqs. (6.10) and (6.11) are identical, yielding

R0− ln T̂ =

∫ 𝜏𝐾

0
T̂−𝑠K(𝑠)𝑑𝑠 (6.12)

As discussed in previous IGME work [18], for biomolecular dynamics, T̂ repre-
sents the slowest dynamic modes and thus its eigenvalues are close to unity, corre-
sponding to long implied timescales. Consequently, T̂ is approximately an identity
matrix with eigenvalues 0 < 𝜆̂𝑖 ≤ 1, implying T̂−𝑠 ≥ I. The upper bound of the time-
integrated memory kernelM0 can therefore be derived as���∫ 𝜏𝐾

0
T̂−𝑠K(𝑠)𝑑𝑠

��� ≥ ���∫ 𝜏𝐾

0
K(𝑠)𝑑𝑠

��� = |M0|, |M0| ≤ |R0− ln T̂| ≡ |M(sup)0 | (6.13)
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Here, M(sup)0 = R0 − ln T̂ denotes the supremum of M0. This upper bound can be
employed as the objective function for minimizing M0 for any given set of continous
coordinates x.

However, it is important to note that when x corresponds to the direct outputs
of encoder neural networks (Figure 6.1), they represent nonlinear combinations of
input features and are not guaranteed to be orthonormal. Consequently, x does not
necessarily satisfy the orthonormality requirements of CVs or eigenmodes of the
dynamics. To address this, we introduce a linear transformation 𝛟⊤x that converts x
into an orthonormal set of CVs ξ = [𝜉1,𝜉2, . . . ,𝜉𝑁]⊤:

ξ = 𝛟⊤xx (6.14)

The transformation 𝛟⊤x is not unique and can be chosen in various ways. For instance,
𝛟⊤(x,𝜏) may be selected as the right-eigenvector matrix of the Koopman matrix T(x)(𝜏),
constructed from continuous coordinates x at a lag time 𝜏 ≥ 𝜏𝐾 .

6.2.2 Time-integrated Memory Kernels of Collective Variables

The goal of MEMnets is to identify an optimal set of continuous CVs, or equivalently
the slowest dynamic modes, by minimizing their time-integrated memory kernel
matrix M0. To achieve this, the objective function is defined as the summation of
the absolute values of all elements in the upper-bound matrix of M0 (Eq. (6.13)).
As discussed in the previous section, the encoder neural network outputs x are not
inherently orthonormal. To address this, we apply a linear transformation using the
right-eigenvector matrix 𝛟⊤(x,𝜏) at a selected lag time 𝜏, which orthonormalizes the
encoder outputs x to yield ξ (Eq. (6.14)). With the orthonormalized ξ, one can then
compute T(ξ)(𝑡) at different lag times 𝑡. From T(ξ)(𝑡), the matrix elements of ln T̂, A,
and R0 in Eq. (6.9) can be obtained via least-squares fitting.

While conceptually straightforward, this procedure presents practical challenges
in a deep-learning context. First, it is computationally inefficient, as it requires
repeated linear transformations of x and least-squares fitting to estimate the full
matrix forms of R0 and ln T̂ at each training step. Since training a MEMnets model
typically involves thousands of iterations, such repeated fitting leads to prohibitive



106

computational costs. Second, the transformation 𝛟⊤(x,𝜏) varies with training, and
recalculating the matrix elements of ln T̂ (including its off-diagonal components) at
each step may introduce numerical instability.

To overcome these challenges, we introduce an efficient and numerically stable
approach to estimate the upper bound of M0 directly in the x space. Specifically,
we demonstrate thatM(sup)0 can be approximated by M̃0, which is derived from the
diagonal eigenvalue matrix of T(x)(𝑡) computed directly from the encoder outputs:

M̃0 =
lnλ(x)(𝛿𝑡)

𝛿𝑡
− ln λ̂(x) (6.15)

where λ(x)(𝑡) is the diagonal eigenvalue matrix of T(x)(𝑡), and ln λ̂(x) denotes the
diagonal eigenvalue matrix of ln T̂(x). From this relation, the following inequality can
be derived:

1
𝛼0

∑
𝑖,𝑗

��[M0]𝑖 𝑗
�� ≤ ∑

𝑖

��[M̃0]𝑖𝑖
��+𝛾0∑

𝑖

�� ln 𝜆̂(x)
𝑖

�� (6.16)

where 𝛼0 and 𝛾0 are constants that depend on 𝑁 , the number of CVs (i.e., the dimen-
sionality ofM0). Specifically,

𝛼0 = 1+2(𝑁 −1)+2𝑁(𝑁 −1), 𝛾0 =
2(𝑁 −1)+2𝑁(𝑁 −1)

1+2(𝑁 −1)+2𝑁(𝑁 −1)

𝛾0 is typically close to unity (e.g., 𝛾0 = 0.94 for 𝑁 = 3).
We then use the upper bound of

∑
𝑖 𝑗 |[M0]𝑖 𝑗 | in Eq. (6.16) to define the MEMnets

loss function:

ℒ𝑚 =

∑
𝑖

��[M̃0]𝑖𝑖
��+𝛾∑

𝑖

�� ln 𝜆̂(x)
𝑖

�� =∑
𝑖

��� ln𝜆(x)𝑖 (𝛿𝑡)
𝛿𝑡

− ln 𝜆̂(x)
𝑖

���+𝛾∑
𝑖

�� ln 𝜆̂(x)
𝑖

�� (6.17)

Equation (6.16) is derived under the condition |𝛿y𝛿𝑡,𝜏| = |y𝛿𝑡,𝜏 − I| ≤ 1, where
y𝛿𝑡,𝜏 = 𝛟−1(x,𝛿𝑡)𝛟(x,𝜏). This condition reaches its theoretical maximum only when the
left and right eigenvectors of the Koopman matrices at 𝛿𝑡 and 𝜏 are orthogonal (or
vice versa). In biomolecular systems, however, we observe that |𝛿y𝛿𝑡,𝜏| (or |𝛿y𝜏,𝛿𝑡 |)
is substantially smaller than 1, leading to a reduced effective 𝛾0. The refined upper
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bound is
𝛾0 =

2(𝑁 −1)𝜀+2𝑁(𝑁 −1)𝜀2
1+2(𝑁 −1)𝜀+2𝑁(𝑁 −1)𝜀2 (6.18)

where 𝜀 = max
[∑

𝑖
|𝛿𝑦𝑖 𝑗 |
𝑁 ,

∑
𝑗
|𝛿𝑦𝑖 𝑗 |
𝑁

]
. For example, in the FIP35 WW domain system

(Figure 6.4), 𝜀 ≈ 0.07, yielding 𝛾0 ≈ 0.4, while for Taq RNAP (Figure 6.5), 𝜀 ≈ 0.3,
giving 𝛾0 ≈ 0.7.

Accordingly, when implementing the loss function in Eq. (6.17), we adopt the
following practical strategy for 𝛾: we initialize with a relatively large value (𝛾 = 2) to
overemphasize the

∑
𝑖 | ln 𝜆̂(x)𝑖 | term, which helps anchor the dominant slow dynamic

mode, and gradually decrease 𝛾 from 2 to 0.5 as training progresses.

Detailed derivations. Next, we provide the detailed derivation of Eq. (6.16). The
matrix M0 in the orthonormal CV (ξ) space is computed from R(ξ)0 and ln T̂(ξ), as
shown in Eq. (6.13), where T̂(ξ) is obtained from T(ξ)(𝑡 ≥ 𝜏𝐾). We begin by deriving
the equation of T(ξ)(𝑡), followed by the derivation of T̂(ξ) and R(ξ)0 . Finally, we arrive
at Eq. (6.16).

We define
x⊤0 = [x1,x2,x3, . . . ]⊤, 𝚵⊤0 = [ξ1,ξ2,ξ3, . . . ]⊤,

x⊤𝜏 ≡ 𝑒ℒ𝜏x⊤0 = [x1+𝜏,x2+𝜏,x3+𝜏, . . . ]⊤, 𝚵⊤𝜏 ≡ 𝑒ℒ𝜏𝚵⊤0 = [ξ1+𝜏,ξ2+𝜏,ξ3+𝜏, . . . ]⊤.

where the subscript represents the time frame index in the trajectory. Following
Eq. (6.2) and Eq. (6.14), we have

𝚵0 =𝛟⊤(x,𝜏)x0,

𝚵𝜏 =𝛟⊤(x,𝜏)x𝜏,

T(x)(𝜏) = (x0x⊤0 )−1x0x⊤𝜏 ,
T(ξ)(𝜏) = (𝚵0𝚵⊤0 )−1𝚵0𝚵⊤𝜏

(6.19)

Based on the above definitions, we next prove that T(ξ)(𝜏) in the CV space is a
diagonal matrix. Here, T(x)(𝑡) refers to the Koopman matrix in the x space, which is
the direct output of the encoder neural network.
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Combining the above equations, T(ξ)(𝜏) can be written as:

T(ξ)(𝜏) = (𝛟⊤(x,𝜏)x0x
⊤
0 𝛟(x,𝜏))−1𝛟⊤(x,𝜏)x0x

⊤
𝜏𝛟(x,𝜏)

=𝛟−1(x,𝜏)T
(x)(𝜏)𝛟(x,𝜏) =𝛟−1(x,𝜏)𝛟(x,𝜏)λ

(x)(𝜏)𝛟−1(x,𝜏)𝛟(x,𝜏) = λ(x)(𝜏)

Thus, T(ξ)(𝜏) is diagonal, and its diagonal elements are the eigenvalues of T(x)(𝜏).
This is expected, since 𝛟⊤(x,𝜏) was chosen as the right eigenvector matrix of T(x)(𝜏)
at 𝜏. However, for other lag times 𝑡 ≠ 𝜏, e.g., 𝑡 = 𝛿𝑡, T(ξ)(𝛿𝑡) is not diagonal because
𝛟⊤(x,𝛿𝑡) ≠𝛟⊤(x,𝜏).

Following a similar procedure, we define

x⊤𝛿𝑡 ≡ 𝑒ℒ𝛿𝑡x⊤0 , 𝚵⊤𝛿𝑡 ≡ 𝑒ℒ𝛿𝑡𝚵⊤0 ,

and obtain
𝚵0 =𝛟⊤(x,𝜏)x0,

𝚵𝛿𝑡 =𝛟⊤(x,𝜏)x𝛿𝑡 ,

T(x)(𝛿𝑡) = (x0x⊤0 )−1x0x⊤𝛿𝑡 ,
T(ξ)(𝛿𝑡) = (𝚵0𝚵⊤0 )−1𝚵0𝚵⊤𝛿𝑡 .

(6.20)

As discussed in Eq. (6.13), the memory kernel is bounded by

M(ξ,sup)0 ≡ R(ξ)0 − ln T̂
(ξ),

which is computed from R(ξ)0 and ln T̂(ξ). Therefore, we first derive R(ξ)0 and ln T̂(ξ).
From its definition,

R(ξ)0 =
𝑑T(ξ)(𝑡→ 0)

𝑑𝑡
= lim
𝑑𝑡→0

T(ξ)(𝑑𝑡)− I
𝑑𝑡

= lim
𝑑𝑡→0

lnT(ξ)(𝑑𝑡)
𝑑𝑡

≈ lnT(ξ)(𝛿𝑡)
𝛿𝑡

(6.21)

Combining Eq. (6.20), we obtain:

T(ξ)(𝛿𝑡) =𝛟−1(x,𝜏)T
(x)(𝛿𝑡)𝛟(x,𝜏)

=𝛟−1(x,𝜏)𝛟(x,𝛿𝑡)λ
(x)(𝛿𝑡)𝛟−1(x,𝛿𝑡)𝛟(x,𝜏)

= y(x)𝜏𝛿𝑡λ
(x)(𝛿𝑡)y(x)𝛿𝑡𝜏

(6.22)
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whereλ(x)(𝛿𝑡) represents the diagonal eigenvaluematrix ofT(x)(𝛿𝑡), y(x)𝜏𝛿𝑡 ≡𝛟
−1
(x,𝜏)𝛟(x,𝛿𝑡),

and y(x)𝛿𝑡𝜏 is its inverse. This indicates that for very small 𝛿𝑡, T(ξ)(𝛿𝑡) is not diagonal.
Substituting Eq. (6.22) into Eq. (6.21), we obtain

R(ξ)0 =
lnT(ξ)(𝛿𝑡)

𝛿𝑡
= y𝜏𝛿𝑡

lnλ(x)(𝛿𝑡)
𝛿𝑡

y𝛿𝑡𝜏 ≡ y𝜏𝛿𝑡R̃y𝛿𝑡𝜏 (6.23)

where R̃ ≡ lnλ(x)(𝛿𝑡)/𝛿𝑡. Defining I ≡ y𝜏𝛿𝑡y𝛿𝑡𝜏, 𝛿y𝜏𝛿𝑡 = y𝜏𝛿𝑡 − I, and 𝛿y𝛿𝑡𝜏 = y𝛿𝑡𝜏− I,
we have

I+ 𝛿y𝜏𝛿𝑡 + 𝛿y𝛿𝑡𝜏+ 𝛿y𝜏𝛿𝑡𝛿y𝛿𝑡𝜏 = I ⇒ 𝛿y𝜏𝛿𝑡 + 𝛿y𝛿𝑡𝜏 = −𝛿y𝜏𝛿𝑡𝛿y𝛿𝑡𝜏 (6.24)

From Eq. (6.23), we obtain:

[R(ξ)0 ]𝑖𝑖 = 𝑅̃𝑖 −
∑
𝑘

[𝛿y𝜏𝛿𝑡]𝑖𝑘[𝛿y𝛿𝑡𝜏]𝑘𝑖(𝑅̃𝑖 − 𝑅̃𝑘),

[R(ξ)0 ]𝑖≠𝑗 = (𝑅̃𝑖 − 𝑅̃ 𝑗)[𝛿y𝛿𝑡𝜏]𝑖 𝑗 −
∑
𝑘

[𝛿y𝜏𝛿𝑡]𝑖𝑘[𝛿y𝛿𝑡𝜏]𝑘 𝑗(𝑅̃ 𝑗 − 𝑅̃𝑘)
(6.25)

where 𝑅̃𝑖 = [R̃]𝑖𝑖 , since R̃ is diagonal.
The IGME solution T(𝑡 ≥ 𝜏𝐾) =AT̂ 𝑡 (Eq. (6.9)) applies when the memory kernel

has fully decayed (𝑡 ≥ 𝜏𝐾). For a small range around 𝜏, 𝑡 ∈ [𝜏− 𝑑𝜏,𝜏+ 𝑑𝜏], we assume
T(ξ) in this interval shares the same eigenvectors as T(ξ)(𝜏). Since lnT(ξ)(𝜏) is diagonal
(Eq. (6.20)), lnT(ξ)(𝑡) in this range is also diagonal, leading to

T̂(ξ) = λ̂(x), ln T̂(ξ) = ln λ̂(x) (6.26)

where λ̂(x) is the diagonal eigenvalue matrix of T̂(x). Combining the above equations
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and plug them into the definition ofM(ξ,sup)0 :

[M(ξ,sup)0 ]𝑖𝑖 = 𝑀̃0,𝑖

+
∑
𝑘

[𝛿y𝜏𝛿𝑡]𝑖𝑘[𝛿y𝛿𝑡𝜏]𝑘𝑖(𝑀̃0,𝑖 − 𝑀̃0,𝑘)

+
∑
𝑘

[𝛿y𝜏𝛿𝑡]𝑖𝑘[𝛿y𝛿𝑡𝜏]𝑘𝑖
(
ln 𝜆̂(x)

𝑖
− ln 𝜆̂(x)

𝑘

)
,

[M(ξ,sup)0 ]𝑖≠𝑗 = (𝑀̃0,𝑖 − 𝑀̃0,𝑗)[𝛿y𝛿𝑡𝜏]𝑖 𝑗

+
(
ln 𝜆̂(x)

𝑖
− ln 𝜆̂(x)

𝑗

)
[𝛿y𝛿𝑡𝜏]𝑖 𝑗

−
∑
𝑘

[𝛿y𝜏𝛿𝑡]𝑖𝑘[𝛿y𝛿𝑡𝜏]𝑘 𝑗(𝑀̃0,𝑗 − 𝑀̃0,𝑘)

−
∑
𝑘

[𝛿y𝜏𝛿𝑡]𝑖𝑘[𝛿y𝛿𝑡𝜏]𝑘 𝑗
(
ln 𝜆̂(x)

𝑗
− ln 𝜆̂(x)

𝑘

)

(6.27)

where 𝑀̃0,𝑖 = [M̃0]𝑖𝑖 (Eq. (6.15)), ln 𝜆̂(x)𝑖 = [ln λ̂(x)]𝑖𝑖 , since M̃0 and ln λ̂(x) are diagonal
matrices.

In Eq. (6.27), the matrix elements in both |𝛿y𝜏𝛿𝑡 | and |𝛿y𝛿𝑡𝜏| are bounded by 1, as
y𝜏𝛿𝑡 and y𝛿𝑡𝜏 represent dot products between two sets of orthonormal eigenvector
matrices. We can thus obtain the upper bound ofM(ξ)0 :∑

𝑖 𝑗

��[M(ξ)0 ]𝑖 𝑗
�� ≤∑

𝑖 𝑗

��[M(ξ,sup)0 ]𝑖 𝑗
��

≤ (1+2(𝑁 −1)𝜀(1+𝑁𝜀))
(∑

𝑖

(
|𝑀̃0,𝑖 | + | ln 𝜆̂𝑖 |

2(𝑁 −1)𝜀(1+𝑁𝜀)
1+2(𝑁 −1)𝜀(1+𝑁𝜀)

))
≤ (1+2(𝑁 −1)(𝑁 +1))

(∑
𝑖

(
|𝑀̃0,𝑖 | + | ln 𝜆̂𝑖 |

2(𝑁 −1)(𝑁 +1))
1+2(𝑁 −1)(𝑁 +1)

))
(6.28)

where 𝜀 is defined as

𝜀 =max

∑
𝑖

|𝛿𝑦𝑖 𝑗 |
𝑁

,
∑
𝑗

|𝛿𝑦𝑖 𝑗 |
𝑁

 .
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6.2.3 MEMnets – Training Algorithm and Design

Unlike approaches based on Markovian dynamics (e.g., VAMPnets [98]), which use
one-step transitions as inputs, MEMnets process time sequences ofMD conformations
by employing a series of parallel encoder neural networks at various time points
(Figure 6.1). These networks describe transitions between pairs of time points, (𝑡−
𝑛𝑘𝛿𝑡, 𝑡), . . . , (𝑡−𝑛1𝛿𝑡, 𝑡), and (𝑡, 𝑡+ 𝛿𝑡). Consequently, the corresponding time lags are
[𝑛1𝛿𝑡, . . . ,𝑛𝑘𝛿𝑡] and 𝛿𝑡.

In MEMnets, each MD conformation is represented using pre-selected geometric
features χ (e.g., pairwise distances). The parallel encoders then act as nonlinear
projection functions that map the high-dimensional input feature space χ to a low-
dimensional coordinate space x. From the resulting time sequences in the coordinate
space, MEMnets compute the objective functionℒ𝑚 (Eq. (6.17)). By minimizingℒ𝑚 ,
the parameters of the projection function (i.e., the neural network weights) are opti-
mized, and the optimal CVs can then be obtained (Eq. (6.14)). In our implementation,
we set 𝜏 = 𝑛𝑘𝛿𝑡.

The evaluation of ℒ𝑚 requires estimating ln𝜆(x)
𝑖
(𝛿𝑡) and ln 𝜆̂(x)

𝑖
from the en-

coder outputs x. Given the projected MD trajectory {x𝑙}𝐿𝑙=1, where x = [𝑥1, . . . ,𝑥𝑁]⊤,
batches of time sequences B can be constructed by concatenating temporal win-
dows {s𝑡}𝐿−𝛿𝑡𝑡=1+𝑛𝑘𝛿𝑡 , where s𝑡 = [x𝑡−𝑛𝑘𝛿𝑡 , x𝑡−𝑛𝑘−1𝛿𝑡 , . . . , x𝑡−𝑛1𝛿𝑡 , x𝑡 , x𝑡+𝛿𝑡]⊤. As a result,
ℬ forms a three-dimensional tensor, whose first, second, and third dimensions
correspond to the batch size (𝑏 = 𝐿− 1− (𝑛𝑘 + 1)𝛿𝑡), the length of each sequence
(𝑙𝑠 = 𝑘+2), and the number of coordinates (𝑁), respectively. The tensor ℬ can then
be split along its second dimension to yield a sequence (𝑙𝑠) of matrices, denoted as
{B𝑡−𝑛𝑘𝛿𝑡 , B𝑡−𝑛𝑘−1𝛿𝑡 , . . . , B𝑡 , B𝑡+𝛿𝑡}, where each B𝑡 is a two-dimensional matrix of size
(𝑏,𝑁).

From these matrices, the Koopman matrices T(𝑡) = C−1(0)C(𝑡) can be estimated
from the instantaneous and time-lagged covariance matrices as follows:

C(0) = 1
𝑏−1 B̄

⊤
𝑡 B̄𝑡 ,

C(𝛿𝑡) = 1
𝑏−1 B̄

⊤
𝑡 B̄𝑡+𝛿𝑡 ,

C(𝑛𝑖𝛿𝑡) =
1

𝑏−1 B̄
⊤
𝑡 B̄𝑡−𝑛𝑖𝛿𝑡 , 𝑖 = 1, . . . , 𝑘.

(6.29)
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Here, the overbar denotes mean-removed data matrices, where the column-wise
means have been subtracted from each B𝑡 . To satisfy the detailed balance condition of
the dynamics, all time-lagged correlation matricesC(𝑡) are symmetrized by averaging
each matrix with its transpose, i.e., C(𝑡) ← 1

2
(
C(𝑡) +C⊤(𝑡)

)
. For implementation

convenience, we offset the time index by a constant 𝑛𝑘𝛿𝑡, such that the first time point
in s𝑡 corresponds to 𝑡.

From the estimated Koopman matrices [T(x)(𝛿𝑡),T(x)(𝑛1𝛿𝑡), . . . ,T(x)(𝑛𝑘𝛿𝑡)], we
obtain their eigenvalue matrices [λ(x)(𝛿𝑡),λ(x)(𝑛1𝛿𝑡), . . . ,λ(x)(𝑛𝑘𝛿𝑡)]. These eigenval-
ues, [λ(x)(𝑛1𝛿𝑡), . . . ,λ(x)(𝑛𝑘𝛿𝑡)], are subsequently used to estimate ln λ̂(x). ln λ̂(x) =
diag[ln 𝜆̂(x)1 , . . . , ln 𝜆̂(x)

𝑁
] represents the diagonal eigenvalue matrix of ln T̂(x), which

appears in the IGME solution (Eq. (6.9)). In detail, we demonstrate that ln λ̂(x) has
a clear physical interpretation as the inverse of the characteristic timescales of ξ in
Markovian dynamics.

This interpretation follows directly from the IGME solution T(𝑡) =AT̂ 𝑡 , where
both A and T̂ are constant matrices. In the MEMnets framework, the encoder neural
network outputs x are transformed into a set of orthonormal coordinates ξ through
a linear transformation at a specific lag time 𝜏 ≥ 𝜏𝐾. At this lag time, lnT(ξ)(𝜏) =
lnλ(x)(𝜏) is diagonal, and lnT(ξ)(𝑡) = lnλ(x)(𝑡) remains diagonal within this range.
Consequently, both constant matrices A(ξ) and T̂(ξ) are also diagonal, where T̂(ξ) =
λ̂(ξ) = λ̂(x) (Eq. (6.26)).

This leads to the following relationship:

ln𝜆(x)
𝑖
(𝑡) = 𝑡 ln 𝜆̂(x)

𝑖
+ ln𝜆(x)

𝑖
(A) (6.30)

where 𝜆(x)
𝑖
(𝑡), 𝜆̂(x)

𝑖
, and 𝜆(x)

𝑖
(A) denote the 𝑖th eigenvalues of T(x)(𝑡), T̂(x), and

A(x), respectively.
Dividing both sides of Eq. (6.30) by 𝑡 gives:

ln𝜆(x)
𝑖
(𝑡)

𝑡
= ln 𝜆̂(x)

𝑖
+
ln𝜆(x)

𝑖
(A)

𝑡
(6.31)
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Taking the limit as 𝑡 approaches infinity, yielding:

ln 𝜆̂(x)
𝑖

= lim
𝑡→inf

ln𝜆(x)
𝑖
(𝑡)

𝑡
, 𝑆̂𝑖 = 𝑆𝑖(𝑡→ inf) (6.32)

where 𝑆𝑖(𝑡) = −𝑡/ln𝜆𝑖(𝑡) is the implied timescale at lag time 𝑡, and 𝑆̂𝑖 = |1/ln 𝜆̂(ξ)𝑖 |
is defined as the MEMnets timescale of CV 𝑖. Thus, ln λ̂ represents the long-time
(Markovian) limit of the logarithmic eigenvalue spectra, directly corresponding to
the asymptotic relaxation timescales of the underlying dynamics.

The values of ln 𝜆̂(x)
𝑖

are obtained via a least-squares fitting procedure based on
Eq. (6.30) during MEMnets training.

Define a = [𝑛1𝛿𝑡, . . . ,𝑛𝑘𝛿𝑡]⊤ and b𝑖 = [ln𝜆(x)𝑖 (𝑛1𝛿𝑡), . . . , ln𝜆
(x)
𝑖
(𝑛𝑘𝛿𝑡)]⊤, we have

ln 𝜆̂(x)
𝑖
≈ (a⊤a)−1 (a⊤b𝑖) (6.33)

In practical MEMnets implementations, the fitting is performed using a range of lag
times centered around 𝜏, for example [0.7𝜏, 0.8𝜏, 0.9𝜏,𝜏] for the alanine dipeptide and
WW-domain systems.

At this stage, we have established all quantities required to compute the MEMnets
objective function (Eq. (6.17)). In the MEMnets objective, 𝛾 varies across different
systems but remains smaller than 1 (see Section 6.2.2). To ensure stable and consistent
optimization, we adopt a dynamic scheme in which 𝛾 undergoes exponential decay
from 2 to 0.5 during the first ten training epochs (pre-training) and is then kept
constant thereafter. We initialize 𝛾 with a relatively large value of 2—exceeding its
theoretical upper bound of 1— because placing greater emphasis on the

�� ln 𝜆̂𝑖 �� term
in Eq. (6.31) during early training facilitates the identification of the slowest dynamic
modes.

In detail, we employ a general dynamic scheme to select 𝛾 as follows:

𝛾 =


0.5+1.5 𝑒−decay_rate×train_step, if 𝛾−0.5 > cut_off

0.5, otherwise
(6.34)
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where the cutoff value is set to cut_off = 0.015, and the decay rate is defined as

decay_rate = 0.5
𝑁iter

(6.35)

with 𝑁iter denoting the number of training steps per epoch. This dynamic scheme
ensures that 𝛾 decays exponentially with the training step during the first ten epochs
of training and subsequently stabilizes at a constant value of 0.5. Although this sched-
ule is not a strict requirement of the MEMnets framework, it provides a consistent
and robust implementation in this work and can be readily adjusted for other systems
or training protocols.

6.3 Results

6.3.1 Minimizing Memory Kernel for Alanine Dipeptide

Using alanine dipeptide as an illustrative example (see Section 4.3.2 for dataset
details), we demonstrate the optimization of the time-integrated memory kernel in
MEMnets (Figure 6.2a). For MEMnets training, 30 Cartesian coordinates derived
from the ten heavy atoms of alanine dipeptide were used as input features, and the
optimization was performed over three CVs. The lag interval was set to 𝛿𝑡 = 1 ps,
and 𝑛1,𝑛2,𝑛3, and 𝑛4 (𝑘 = 4) were chosen as 7, 8, 9, and 10, respectively. A previous
study reported a memory-kernel decay time of 𝜏𝐾 = 1.5 ps for alanine dipeptide using
a four-state GME model [18]; thus, the lag times used here are likely longer than
𝜏𝐾. The model was trained for 250 epochs, using a learning rate of 1×10−3 without
employing a learning rate scheduler, and the batch size was set to 10,000. The encoder
network consisted of fully connected layers with widths [30, 30, 30, 30, 10, 3], where
three CVs are identified. To quantitatively evaluate the MEMnets results, the entire
dataset was used for both training and validation.

As shown in the left panel of Figure 6.2b, after 200 training epochs, the loss ℒ𝑚
for all three identified CVs converges to constant values, indicating that MEMnets
successfully finds an optimal projection onto three CVs with minimized memory
effects. We then examined the MEMnets timescales 𝑆̂𝑖 = | ln 𝜆̂𝑖 |−1 obtained from
the converged model. In the right panel of Figure 6.2b, the validation curves of
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Figure 6.2: Demonstration of MEMnets on the alanine dipeptide dataset. (a)
Representative structure of alanine dipeptide, where 𝜙 and 𝜓 denote the two backbone torsion
angles. (b) Validation curves of the MEMnets objective function (left) and the inverse
MEMnets timescales (right). (c) Comparison between the MEMnets-derived timescales
and the reference values computed from a 1000-state MSM with a lag time of 10 ps based
on the two-dimensional dihedral space. (d) Projection of MD conformations onto the three
CVs identified by MEMnets. In each panel, MD conformations are overlaid on the 2D (𝜙,𝜓)
dihedral map, with colors indicating the corresponding CV values.

𝑆̂−1
𝑖

decrease rapidly and stabilize within the first ten epochs (pre-training phase),
suggesting that MEMnets efficiently anchors the three slowest dynamic modes of the
alanine dipeptide system. To further validate the model, we compared the resulting
MEMnets timescales with reference values from a 1000-state MSM, showing excellent
agreement (Figure 6.2c).

We then visualized the three identified CVs in the two-dimensional dihedral space
defined by the torsion angles 𝜓 and 𝜙 (Figure 6.2d). The results demonstrate that the
MEMnets-derived CVs accurately describe the conformational transitions between
metastable states (i.e., free-energy basins) of alanine dipeptide. The color transition
from blue (negative values) to red (positive values) highlights the conformational
changes associated with the given CV.
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Figure 6.3: Validation curves of MEMnets and VAMPnets on the WW-domain
dataset. From left to right, each column corresponds to models trained with encoder (or
training) lag times of [14, 16, 18, 20], [28, 32, 36, 40], [42, 48, 54, 60], [56, 64, 72, 80], and
[70, 80, 90, 100] ns for MEMnets, and 20, 40, 60, 80, and 100 ns for VAMPnets, respectively.
ForMEMnets (top two rows), each panel shows the validation curves (mean± 95% confidence
interval) of the objective function (top row) and the inverse MEMnets timescales (bottom
row). For VAMPnets (bottom row), each panel displays the corresponding training and
validation curves (mean ± 95% confidence interval). In all cases, the sample size is 45,
representing the top 90% of models selected from 50 independent training runs, each using a
90%/10% random train/validation split. Model selection was based on the largest MEMnets
timescale and the highest VAMP-2 score for MEMnets and VAMPnets, respectively. The
models at 10 epochs of training were selected to report the VAMPnets results.

6.3.2 The Folding Dynamics of FIP35 WWDomain

The FIP35 WW domain is a three-stranded 𝛽-sheet protein (Figure 6.4), consisting
of 35 residues, which serves as a widely used benchmark system for studying pro-
tein folding dynamics. To investigate it, we obtained the simulation dataset from
D. E. Shaw Research [85]. The original dataset comprises two trajectories with lengths
of 486 μs and 651 μs, respectively, recorded at 200 ps intervals between adjacent MD
frames. Both trajectories were truncated to 480 μs and subsampled at a 1 ns interval
in our analysis. The input features consisted of 595 pairwise distances computed
from the 𝑥, 𝑦, and 𝑧 coordinates of 35 C𝛼 atoms.
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Figure 6.4: Kinetic analysis of MEMnets on the FIP35 WW-domain dataset. (a)
Representative structure of the FIP35 WW-domain. (b) Free energy landscape projected
onto the RMSD of Hairpin 1 and Hairpin 2. (c) Representative structures corresponding
to the five energy basins shown in panel b. (d) Projection of MD conformations onto the
four CVs identified by MEMnets. In each panel, MD conformations are overlaid on the
2D space defined by the RMSD of Hairpin 1 and Hairpin 2, with colors indicating the
values projected onto a specific CV. (e) Comparison of the slowest timescales among tICA,
VAMPnets, and MEMnets. Each box in the box plot represents the values of (from bottom
to top): (𝑄1 − 1.5IQR), 𝑄1, median, 𝑄3, and (𝑄3 + 1.5IQR), where 𝑄1, 𝑄3, and IQR
denote the first quartile, third quartile, and interquartile range, respectively. For tICA and
VAMPnets, the 𝑥-axis corresponds to the lag time, whereas for MEMnets it indicates the
longest lag time (𝜏 = 𝑛𝑘𝛿𝑡) among all encoder networks. The dashed line marks the reference
value obtained from a 1500-state MSM with a lag time of 100 ns constructed using three tICs.
For VAMPnets and MEMnets, the sample size is 45, representing the top 90% of models
selected from 50 independent training runs, each using a 90%/10% random train/validation
split. Model selection was based on the largest MEMnets timescale and VAMP-2 score in the
validation curves for MEMnets and VAMPnets, respectively. For tICA, the sample size is 50,
corresponding to 50 bootstrap replicates generated by resampling the MD trajectories.

Five independent groups of MEMnets models were trained with 𝑛𝑘𝛿𝑡 set to 20,
40, 60, 80, and 100 ns, respectively, where 𝑘 = 4. For each group, 𝛿𝑡 = 1 ns was used,
and 𝑛1, 𝑛2, and 𝑛3 were assigned as 0.7𝑛4, 0.8𝑛4, and 0.9𝑛4, respectively. To provide a
direct comparison, we also trained five groups of VAMPnets using lag times of 20, 40,
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60, 80, and 100 ns. Each training group employed a 90%/10% random train/validation
split and was repeated 50 times. For both MEMnets and VAMPnets, the top 90% of
models—ranked according to the largest MEMnets timescale and the highest VAMP-2
score, respectively—were used to report the results. The models were trained for 50
epochs, using a learning rate of 1×10−3 without employing a learning rate scheduler,
and the batch size was set to 10,000. The encoder network consisted of fully connected
layers with widths [595, 300, 100, 30, 10, 4], where four CVs are identified. As shown
in Figure 6.3, the MEMnets models converged after 50 epochs, yielding four CVs that
minimize the time-integrated memory kernel, while for VAMPnets, we select models
at 10 epochs to prevent overfitting.

The CVs identified by MEMnets accurately capture the folding mechanism of the
WW domain, revealing two distinct folding pathways. To visualize the relationship
between MEMnets CVs and folding dynamics, the four CVs were projected onto
a two-dimensional space defined by the root-mean-square deviations (RMSDs) of
hairpins 1 and 2 relative to the crystal structure (Figure 6.4d). In these projections,
color transitions from blue (negative values) to red (positive values) illustrate confor-
mational changes associated with each CV. The corresponding free-energy landscape
is shown in Figure 6.4b, with representative structures for each free-energy basin pro-
vided in Figure 6.4c. The slowest CV captures the global folding transition between
the unfolded and folded states (blue→ red regions in the left panel of Figure 6.4d),
representing the dominant slow dynamics of the system. The second slowest CV
characterizes transitions into and out of an off-pathwaymisfolded state (second panel
of Figure 6.4d), previously identified in state-based MSM studies [17]. The third
and fourth CVs reveal two parallel folding pathways from the random coil to the
native structure: one proceeds via intermediate 1, in which hairpin 2 folds first, and
the other through intermediate 2, where hairpin 1 folds first. The identification of
these parallel pathways is consistent with earlier MSM studies [106], providing a
continuous and high-resolution view of the folding process.

Beyond qualitative agreement,MEMnets also quantitatively reproduces the overall
folding kinetics. From the first MEMnets CV (CV1), the folding time estimated via
the mean first-passage time (MFPT) from the unfolded to folded states is 14.0±5.8 μs.
Here, the unfolded state is defined as CV1≥ 0.888 (median value), and the folded state
as CV1 < 0.888; the uncertainty of 5.8 𝜇s was determined through bootstrapping. This
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folding time agrees closely with the previous estimation from D. E. Shaw Research
based on the same trajectories (10±3 μs) [131] and with experimental measurements
(∼14 μs) [91].

According to IGME theory, the encoder lag times [𝑛1𝛿𝑡, . . . ,𝑛𝑘𝛿𝑡] must exceed
the memory-kernel decay time 𝜏𝐾. To determine the appropriate lag time for the
WW domain, we systematically varied the longest encoder lag time 𝜏 = 𝑛𝑘𝛿𝑡 from
20 ns to 100 ns. As shown by the black bars in Figure 6.4e, MEMnets converge for
𝜏 ≥ 40 ns in predicting the slowest implied timescale, consistent with the reference
value from a validated 1,500-state MSM (dashed line in Figure 6.4e). These results
indicate that the memory kernel decays around 𝜏 = 40 ns (with encoder lag times [28,
32, 36, 40 ns]), in agreement with a previous estimate of 𝜏𝐾 = 25 ns from a four-state
GME model [18]. Therefore, 𝜏 = 40 ns was selected for the final MEMnets model.

Finally, we compared the performance of MEMnets with Markovian-based meth-
ods, including tICA and VAMPnets (Figure 6.4e). Across all 𝜏 values, MEMnets
consistently outperforms both methods in reproducing the slowest timescale, show-
ing closer agreement with the MSM reference. These results highlight that MEMnets,
grounded in the non-Markovian Generalized Master Equation framework and explic-
itly incorporating memory effects, provides a more accurate and physically consistent
identification of slow CVs and their corresponding timescales than Markovian ap-
proaches such as tICA and VAMPnets.

6.3.3 The Clamp Motion of a Bacterial RNA Polymerase

We further demonstrate the efficacy of MEMnets by applying it to investigate the
gate-opening dynamics of Thermus aquaticus (Taq) RNA polymerase (RNAP) [144].
The loading gate of Taq RNAP comprises two major structural elements—the clamp
and the 𝛽-lobe domains. The coordinated movements of these domains are essential
for initiating gene transcription, during which the loading gate must open to ac-
commodate the promoter double-stranded DNA. This process involves complex and
large-scale conformational rearrangements of RNAP, including extensive opening
and rotational motions of both the clamp and the 𝛽-lobe (Figure 6.5a). To study this
system, we utilized the MD simulation dataset from our previous study [144]. This
dataset consists of 306 trajectories, each 200 ns in length, with frames saved every
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Figure 6.5: Kinetic analysis ofMEMnets and SRVs on theRNApolymerase (RNAP)
clampmotion dataset. (a) Representative structure of RNAP. (b) Validation curves (mean
± 95% confidence interval) of the inverse timescales of the identified CVs trained byMEMnets
(left) and SRVs (right). (c) Timescales of the identified CVs from MEMnets and SRV
models across different training epochs. Each box plot represents the distribution of values
across models, with boxes indicating (from bottom to top): (𝑄1−1.5IQR), 𝑄1, median, 𝑄3,
and (𝑄3 + 1.5IQR), where 𝑄1, 𝑄3, and IQR denote the first quartile, third quartile, and
interquartile range, respectively. (d) Projection of MD conformations onto the three CVs
identified by MEMnets. In each panel, MD conformations are overlaid on the 2D space
defined by the RMSD of Switch 2 (relative to the closed crystal structure) and the clamp
opening angle, with colors indicating the CV values. In panels (b) and (c), the sample size
is 45, representing the top 90% of models selected from 50 independent training runs, each
using a 90%/10% random train/validation split. Model selection was based on the smallest
MEMnets timescale and VAMP-2 score in the validation curves for MEMnets and SRVs,
respectively.

100 ps. A total of 1,770 pairwise distances were computed as input features, involving
the C𝛼 atoms of the clamp, 𝛽-lobe, 𝛽-protrusion, Switch regions, and active site.

For MEMnets training, the lag interval was set to 𝛿𝑡 = 1 ns, and the encoder lag
times 𝑛1𝛿𝑡,𝑛2𝛿𝑡,𝑛3𝛿𝑡,𝑛4𝛿𝑡,𝑛5𝛿𝑡, and 𝑛6𝛿𝑡 (𝑘 = 6) were chosen as 25, 30, 35, 40, 45,
and 50 ns, respectively, as the IGME model previously reported a memory-kernel
decay time of approximately 25–30 ns for this system [18]. To enable comparison, we
also trained State-free Reversible VAMPnets (SRVs) using a training lag time of 50 ns.
Both MEMnets and SRVs were trained with a 90%/10% random train/validation split
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Figure 6.6: State-kinetic analysis of MEMnets on the RNAP system. (a) Projection
of MD conformations onto the three CVs identified by MEMnets. (b) Potential of mean force
(PMF) projected along CV2 and CV3, revealing four distinct energy basins corresponding to
four metastable states. (c) Representative conformations of the four metastable states identified
in panel b.

and repeated 50 times. For analysis, the top 90% of models, ranked by the smallest
MEMnets timescale and the VAMP-2 score for MEMnets and SRVs, respectively, were
used to generate the results. The models were trained for 50 epochs, using a learning
rate of 1×10−3 without employing a learning rate scheduler, and the batch size was
set to 20,000. The encoder network consisted of fully connected layers with widths
[1770, 900, 300, 100, 30, 10, 3], where three CVs are identified.

To interpret these CVs, we projected their values onto two physically meaningful
coordinates (Figure 6.5d): the RMSD of the Switch 2 motif, i.e., a short element
beneath the clamp domain (shown in orange in Figure 6.5a), and the clamp opening
angle. Color transitions from blue (negative values) to red (positive values) illustrate
the conformational changes captured by each CV. Notably, the slowest CV (CV1)
shows a strong correlation with the RMSD of Switch 2 (top panel of Figure 6.5d),
suggesting that the dominant slow mode governing gate opening is associated with
conformational rearrangements of this motif. This finding agrees with our earlier
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Figure 6.7: MSM analysis of RNAP clamp motion kinetics based on the CVs
identified by MEMnets. (a) Clamp-open and clamp-closed conformations identified
from the MSM, with mean first passage times (MFPTs) computed between the two states.
(b) Residence probability test of the MSM constructed using the MEMnets-derived CVs.
Probabilities obtained fromMD simulations were estimated via bootstrapping of the trajectories
(20 replicates). Each box plot shows the distribution across the 20 bootstrap samples, with
boxes indicating (from bottom to top): (𝑄1−1.5IQR), 𝑄1, median, 𝑄3, and (𝑄3+1.5IQR),
where 𝑄1, 𝑄3, and IQR represent the first quartile, third quartile, and interquartile range,
respectively. (c) MFPTs between the open and closed states at different lag times. The gray
line represents the reference value calculated from a GME model reported in our previous
study [144]. Overlaid data points correspond to the top five MEMnets models, selected based
on the highest Pearson correlation of CVs across independent training runs. The dashed black
line indicates the mean MFPTs obtained from these top models.

four-state GME analysis [144], which identified the refolding of Switch 2 from an
𝛼-helix (closed state) to a 𝜋-helix (open state) as the rate-limiting step for gate
opening. In contrast, CV2 and CV3 capture additional slow components involving
both Switch 2 refolding and clamp domain motion (middle and bottom panels of
Figure 6.5d). These results indicate a synergistic coupling between the two principal
motions underlying RNAP gate opening, i.e., Switch 2 refolding and clamp opening.
Together, the three MEMnets-derived CVs elucidate the molecular mechanism of
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RNAP loading-gate dynamics, revealing that the Switch 2 region functions as a hinge
beneath the clamp, mediating and regulating the gate-opening motion.

We further evaluated the performance of MEMnets as a dimensionality-reduction
framework for Markov state modeling. Specifically, all MD conformations were
projected onto the three MEMnets-identified CVs and subsequently clustered into
four metastable states using 𝑘-means (Figure 6.6). These states correspond to the
clamp-open and clamp-closed conformations, along with two intermediate states. To
assess the validity of this four-state model, we performed a Chapman–Kolmogorov
(CK) test. As shown in Figure 6.7b, the MEMnets-based MSM with a lag time of
50 ns predicts transition probabilities that closely match those obtained directly from
MD simulations, demonstrating that MEMnets provides a reduced kinetic space
with minimal memory, suitable for constructing effective Markovian state models.
We also computed MFPTs between the open and closed states across different lag
times and compared them with those obtained from a tICA-based four-state MSM
(tICA–MSM). As shown in Figure 6.7c, MFPTs derived from the MEMnets–MSM are
approximately twice as long as those from the tICA–MSM, in close agreement with
the GME-based reference value [144]. This finding further highlights that MEMnets
optimizes the projection by explicitly minimizing memory effects, yielding a more
accurate low-dimensional kinetic space that approaches Markovianity.

6.3.4 MEMnets Outperform SRVs with Robust Convergence in
Training

When applied to complex biological systems with limited sampling, one common
challenge for SRVs and VAMPnets is achieving stable convergence during training. As
a result, additional stopping criteria or regularization techniques are often required to
prevent overfitting [62, 93]. Using RNAP as an example, the validation curve of SRVs,
represented by the inverse timescales of the three identified CVs, fails to converge
(right panel of Figure 6.5b), making it difficult to establish a reliable early-stopping
criterion. In sharp contrast, the validation curve of MEMnets exhibits smooth and
robust convergence (left panel of Figure 6.5b), demonstrating the stability of its
training process.

To further evaluate model performance, we compared the timescales of the three



124

Figure 6.8: State-kinetic analysis of SRVs on the RNAP system. (a) Validation curves
(mean ± 95% confidence interval) of the inverse timescales during SRV training, manually
computed from the eigenvalues of each dynamical mode contributing to the VAMP-2 score. The
sample size is 45, representing the top 90% of models selected from 50 independent training
runs, each using a 90%/10% random train/validation split. Model selection was based on
the smallest VAMP-2 score in the validation curves. All SRV models trained between 10 and
50 epochs (indicated by the blue shaded region) failed to converge, with the implied timescales
diverging to unphysical values, and no meaningful state-kinetic results could be obtained.
(b) Projection of MD conformations onto the three CVs identified by SRVs at 50 epochs of
training. Four distinct, disconnected clusters are observed, indicating a lack of transitions
between states and confirming the instability of SRV-derived models under these training
conditions.

CVs across training epochs for both MEMnets and SRVs (Figure 6.5c). MEMnets
produced consistent and physically meaningful timescales across all epochs, whereas
SRVs exhibited a sharp linear increase in the estimated timescales, leading to unphys-
ically large, infinite, or even negative values after approximately 35 epochs. These
results indicate that SRVs are prone to overfitting, often capturing disconnected or
nonphysical dynamics rather than the genuine slow modes of the system. Indeed,
when the MD trajectories were projected onto the SRV-derived CVs trained between
10 and 50 epochs, the resulting reduced kinetic models were clearly disconnected
(Figure 6.8).

Notably, the RNAP dataset analyzed in this study was obtained from our pre-
vious work [144] and consists of 306 MD trajectories, each 200 ns in length. These
trajectories were initiated from conformations distributed along the initial pathways
connecting the open- and closed-gate states of RNAP. In that previous study, we
successfully constructed a four-state quasi-Markov state model (qMSM) to character-
ize the gate-opening process. Here, we analyzed transition events within the same
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Figure 6.9: Kinetic analysis of SRVs on the RNAP clamp motion dataset. (a) Five
representative trajectories (out of 18 identified from the 306 200-ns trajectories) whose RMSD
values of the Switch 2 region cross from 1.0 nm to 2.0 nm. These trajectories are projected
onto a two-dimensional space defined by the RMSD of Switch 2 relative to the closed crystal
structure and the clamp opening angle. (b–c) Timescales of the CVs identified by SRV
models trained at lag times of 10 ns (b) and 100 ns (c), respectively, shown across different
training epochs. Each box plot represents the distribution of timescales across models, with
boxes denoting (from bottom to top): (𝑄1−1.5IQR), 𝑄1, median, 𝑄3, and (𝑄3+1.5IQR),
where 𝑄1, 𝑄3, and IQR represent the first quartile, third quartile, and interquartile range,
respectively. The sample size is 45, corresponding to the top 90% of models selected from 50
independent training runs, each using a 90%/10% random train/validation split. Model
selection was based on the smallest VAMP-2 score in the validation curves.

dataset. Consistent with our earlier qMSM findings, MEMnets clearly identified the
rate-limiting step (CV1) of RNAP gate opening as the conformational rearrangement
of the Switch 2 region, corresponding to the transition from the red to blue regions in
the top panel of Figure 6.5d or Figure 6.9a. Based on this observation, we used the
RMSD of the Switch 2 region as a criterion to identify individual MD trajectories that
directly sample gate-opening transitions. In total, 18 trajectories were found to exhibit
transitions in which the Switch 2 RMSD crossed from 1 nm to 2 nm. Figure 6.9a
illustrates five representative examples, each capturing the transition from the blue
to red region on the CV1 map, consistent with the folding event of the Switch 2 motif.
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Although the RNAP system remains less extensively sampled compared with alanine
dipeptide and the WW domain, these trajectories provide sufficient coverage of the
slowest transition events underlying the gate-opening process.

We also examined whether modifying the training lag times could mitigate the
overfitting observed in SRVs. In addition to the 50 ns lag time used in the main
analysis, we trained SRV models with lag times of 10 ns (Figure 6.9b) and 100 ns
Figure 6.9c), each repeated 50 times. As shown in Figures 6.9b–c, the SRV mod-
els continued to exhibit overfitting when early stopping was not applied, yielding
unphysically large timescales relative to those obtained from tICA and MEMnets.
While SRVs is an elegant method grounded in the variational principle of conforma-
tional dynamics, it can be particularly susceptible to overfitting in complex systems
with limited sampling. We attribute this behavior to the nature of its optimization
objective: the deep learning–based nonlinear projection seeks to maximize the eigen-
values of the projected dynamics, which can inadvertently drive them toward unity
(𝜆𝑖→ 1), resulting in disconnected or nonphysical dynamics. This occurs because the
nonlinear mapping can distort the data representation to satisfy the variational objec-
tive, especially when the available trajectory sampling is insufficient. Consequently,
prior successful SRV applications to complex biomolecular systems have typically
employed early stopping or other regularization strategies to prevent overfitting.

Overall, MEMnets demonstrate substantially greater robustness and convergence
reliability than SRVs or VAMPnets, primarily because they leverage the full time-series
information from MD trajectories rather than single-step transitions. In addition,
our MEMnets implementation incorporates the IGME theoretical constraint, using
ln 𝜆̂ as an upper bound for ln𝜆(𝛿𝑡)/𝛿𝑡 in the first term within the objective function.
This design enhances numerical stability during training and effectively prevents the
emergence of disconnected or overfitted models.

6.3.5 Additional Validations and Results

Selection of the number of CVs. In MEMnets, the number of CVs, which corre-
sponds to the number of nodes in the final layer of the neural network, must be
specified prior to training. A common strategy is to select this number based on
the separation of timescales, that is, to retain the slowest dynamic modes that are
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Figure 6.10: Separation of timescales tests to determine number of CVs. MEMnets
timescales (

(ln 𝜆̂𝑖)−1
) obtained from the IGME solutions of the continuous input features for

(a) alanine dipeptide, (b) WW domain, and (c) RNA polymerase (RNAP).

clearly separated from the faster ones. In this work, we determined the number of
CVs according to the spectral gaps in the MEMnets timescales, (ln 𝜆̂𝑖)−1, estimated
directly using the input coordinates.

Specifically, we fitted the time-lagged correlation matrices of the input features at
multiple lag times to Eq. (6.30) to estimate (ln 𝜆̂𝑖)−1. The lag times used for this fitting
were [7, 8, 9, 10] ps for alanine dipeptide, [28, 32, 36, 40] ns for the WW domain, and
[50, 60, 70, 80, 90, 100] ns for RNAP. Physically, these timescales correspond to the
asymptotic limit where the lag time approaches infinity. As shown in Figure 6.10, our
selected numbers of CVs align with distinct gaps in the MEMnets timescales spectra.

To further evaluate the effect of the number of CVs on MEMnets performance, we
used the WW domain as a representative system and trained additional MEMnets
models with three and five CVs (50 models each), in parallel with our original four-
CV models. All models were trained using identical hyperparameters and training
protocols. Among the three-CV MEMnets models, approximately half identified
the third CV as capturing the folding of Hairpin 1, while the other half assigned
it to the folding of Hairpin 2 (last two panels of Figure 6.11a). This observation
indicates that with only three CVs, the model cannot effectively distinguish between
the two alternative folding pathways (Hairpin 1–first versus Hairpin 2–first), as
the third and fourth slowest timescales are nearly degenerate. When increasing the
dimensionality to five CVs, all trained MEMnets models consistently recovered the
top four CVs (Figure 6.11b), while the fifth CV corresponded to an additional fast
dynamic mode (last panel of Figure 6.11b). These results confirm that selecting the
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Figure 6.11: MEMnets models with three and five CVs for the FIP35 WW domain.
(a) Projection of MD conformations onto the three CVs identified by the 3-CV MEMnets
models. In each panel, MD conformations are overlaid on a two-dimensional space defined
by the RMSD of Hairpin 1 versus Hairpin 2, with the color bar indicating the value of each
conformation projected onto the corresponding CV. For CV3, the MEMnets models capture
a dynamic mode corresponding to the folding of either Hairpin 1 (bottom right panel) or
Hairpin 2 (bottom left panel). (b) Same as in (a), but showing projections onto the five CVs
identified by the 5-CV MEMnets models.

number of CVs based on clear spectral gaps in the MEMnets timescales yields a
physically interpretable and minimal representation of the system’s slow dynamics.
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Figure 6.12: MEMnets results for alanine dipeptide using pairwise distances be-
tween heavy atoms as input features. (a) Projection of MD conformations onto three
CVs identified by a MEMnets model trained on Cartesian (𝑥, 𝑦, 𝑧) coordinates after RMSD
alignment. In each panel, MD conformations are overlaid on the two-dimensional (𝜙,𝜓)
dihedral space, with a color bar indicating the values projected onto each CV. (b) Projection
of MD conformations onto three CVs identified by a MEMnets model trained on pairwise
distances between heavy atoms. As in panel (a), MD conformations are displayed on the
(𝜙,𝜓) space, colored by their corresponding CV values. The pretraining phase consisted of 15
epochs with 𝛾 = 2, followed by 10 epochs under an exponential decay schedule.

Impact of input features on CV interpretation. Regarding the influence of input
features on the interpretation of CVs, our focus on biomolecular conformational
changes naturallymotivates the use of internal coordinates, such as pairwise distances
between heavy atoms or C𝛼 atoms, which effectively capture structural transitions. In
this work, heavy-atom Cartesian coordinates were used as input features for alanine
dipeptide, while pairwise distances were employed for the WW domain and RNAP
systems. The use of Cartesian coordinates for alanine dipeptide is justified by the
fact that all conformations in the dataset were pre-aligned to the first frame, thereby
removing overall translational and rotational motions. Consequently, these Cartesian
coordinates convey equivalent information to internal coordinates (e.g., pairwise
distances) for describing conformational changes. To further confirm this equivalence,
we trained an additional MEMnets model for alanine dipeptide using 45 pairwise
distances among the 10 selected heavy atoms as input features and obtained identical
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Figure 6.13: MEMnets results from truncated alanine dipeptide datasets. (a) Rep-
resentative structure of alanine dipeptide, where 𝜙 and 𝜓 denote the two backbone torsion
angles. (b) Free energy landscape of alanine dipeptide projected onto the two torsion angles
(𝜙,𝜓). (c) Projection of MD conformations from three 250-ns trajectories onto three CVs
identified by a MEMnets model. In each panel, MD conformations are overlaid on the two-
dimensional (𝜙,𝜓) space, with a color bar indicating their values projected onto each CV.(d–e)
Same as panel (c), but trained on truncated datasets: (d) a divided dataset comprising 750
1-ns MD trajectories, and (e) a divided dataset comprising 37,500 20-ps MD trajectories.
The pretraining phase consisted of 15 epochs with 𝛾 = 2, followed by 10 epochs under an
exponential-decay schedule.

CVs (Figure 6.12).
Looking ahead, MEMnets could be extended through integration with advanced

neural network architectures such as E(3)-equivariant neural networks to represent
protein conformations as graphs and exploit Euclidean symmetries for more effective
CV extraction. Moreover, for complex biological systems, incorporating physical
intuition about specific conformational changes of interest remains essential for
selecting appropriate input features.

MD trajectory length required for MEMnets training. MEMnets are trained using
transitions between pairs of time points (𝑡 − 𝑛𝑘𝛿𝑡, 𝑡), . . . , (𝑡 − 𝑛1𝛿𝑡, 𝑡), and (𝑡, 𝑡 + 𝛿𝑡),
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which correspond to lag times of 𝛿𝑡 and [𝑛1𝛿𝑡, . . . ,𝑛𝑘𝛿𝑡]. Consequently, in theory, the
MD trajectories required for MEMnets training only need to be as long as the longest
lag time (𝑛𝑘𝛿𝑡). In practice, however, longer trajectories are often necessary to ensure
statistical convergence.

Using alanine dipeptide as an example, we investigated the effect of trajectory
length on MEMnets’ ability to identify the slowest dynamic mode (see Figure 6.13).
The full alanine dipeptide dataset, consisting of three 250-ns MD trajectories, was
divided into shorter trajectories to construct two additional datasets: one containing
750 trajectories of 1 ns each, and another containing 37,500 trajectories of 20 ps each
(approximately twice the longest lag time used in MEMnets, 𝑛𝑘𝛿𝑡 = 10 ps). MEMnets
models were then trained separately on these two datasets. As shown in Figure 6.13,
the CVs identified from both subdivided datasets (Figures 6.13d–e) closely match
those obtained from the original full-length trajectories (Figure 6.13c), demonstrating
the robustness of MEMnets to variations in trajectory length.

6.4 Discussions

The key innovation of MEMnets lies in their ability to combine input features non-
linearly through encoder neural networks while explicitly accounting for memory
effects. This design enablesMEMnets to move beyond theMarkovian assumption and
identify continuous CVs that retain minimal memory. As a result, MEMnets-derived
CVs can be employed to constructMSMs that accurately capture biomolecular kinetics
using only a few states and substantially short MD trajectories.

In contrast, methods such as tICA and VAMPnets rely on the variational principle,
which estimates the eigen/singular values of the Transfer/Koopman operator. The
resulting timescales can approach but never exceed the true variational bound, leading
to a systematic underestimation of the slowest dynamic processes. Furthermore, the
variational principle assumes that the underlying dynamics are Markovian, which
holds only in the full configurational space. In practice, however, thesemodels operate
in a reduced feature space (e.g., pairwise distances between a subset of heavy atoms
or C𝛼 atoms). For complex biomolecules such as RNAP which comprises roughly
540,000 atoms, only a limited number of features (e.g., 1,770 pairwise distances) are
typically used [144]. Consequently, the Markovian assumption may not hold unless
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the lag time is sufficiently long. Moreover, when kinetic quantities are computed
in the reduced CV space, the assumption of Markovianity introduces additional
errors, since projecting the dynamics inevitably induces memory unless timescales
are perfectly separated. Selecting a sufficiently long lag time canmitigate these effects,
but in practice, lag times are constrained by the available MD trajectory length.

Hidden Markov Models (HMMs) [107] provide an alternative framework that
achieves improved performance through fuzzy state boundaries rather than explicit
treatment of non-Markovian dynamics. Using the WW domain as an example, we
compared MEMnets and HMMs and found that MEMnets performed slightly better.
Specifically, we constructed HMMs with five hidden states based on discrete state
assignments from VAMPnets (at a lag time of 40 ns) using Deeptime [56]. The HMM
predicted the slowest timescale of the WW domain to be 1.28×104 ns, slightly shorter
than the 1.53×104 ns predicted by MEMnets using the same lag time. These findings
suggest that incorporating fuzzy state boundaries and accounting for memory effects
when identifying CVs both enhance MSM performance.

We also observed that MEMnets exhibit superior convergence and stability during
training compared to SRVs and VAMPnets. However, this improved robustness
comes at a computational cost: because MEMnets process multiple time sequences
simultaneously, their runtime scales approximately 𝑘 times slower than VAMPnets
or SRVs, where 𝑘 is the number of encoder networks.

Recent studies have proposed alternative deep learning approaches that identify
CVs by enforcing Markovian latent-space dynamics, such as Langevin models [157].
These methods optimize the latent representation by minimizing the discrepancy
between latent-space dynamics and the original one-step MD transitions, using
architectures like normalizing flows. We envision that MEMnets could similarly be
adapted to train a non-Markovian GME model in latent space, which could further
serve as a generative AI framework for sampling biomolecular trajectories.

Moreover, the currentMEMnets implementation employs a Euclidean latent space,
but alternative topologies, such as hyperspherical manifolds [87], could enhance rep-
resentation of the underlying free energy landscape. Since MEMnets are grounded
in the IGME theory, which assumes equilibrium and detailed balance, the method
is best suited for systems with well-separated timescales (e.g., biomolecular confor-
mational transitions). Future extensions of IGME beyond detailed balance could
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substantially expand MEMnets’ applicability to nonequilibrium dynamics. Addition-
ally, incorporating a Softmax layer into MEMnets could enable direct projection of
MD conformations onto discrete metastable states with minimal memory, bridging
continuous CV discovery and state decomposition.

Taken together, these results highlight MEMnets as a powerful and general frame-
work for uncovering memory-minimized representations of complex biomolecular
dynamics, with promising potential for future integration into non-Markovian, gen-
erative, and symmetry-aware machine learning models.

This chapter is adapted from a peer-reviewed publication "Liu, B., Cao, S., Boysen,
J.G., Xue, M., Huang, X. (2025). Memory kernel minimization-based neural networks
for discovering slow collective variables of biomolecular dynamics. Nature Computational
Science, 1-10. https://doi.org/10.1038/s43588-025-00815-8"
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Chapter 7

Conclusion and Future Work

7.1 Summary

Proteins are inherently dynamic molecules, and their function is often determined by
rare conformational changes such as folding/unfolding, allosteric switching, bind-
ing/unbinding, and large-scale rearrangements. Atomistic molecular dynamics (MD)
simulations provide a powerful route to study these processes with high spatial and
temporal resolution; however, two practical challenges limit their broader use for
functional mechanism discovery. First, many biologically relevant events occur on
millisecond timescales or longer, creating a persistent timescale gap relative to what
can be sampled routinely by MD. Second, even when substantial simulation data
are available, extracting interpretable mechanistic insight from high-dimensional
trajectories remains nontrivial. This thesis develops physics-informed deep-learning
frameworks combined with MD simulations for studying protein (as well as other
biomolecules) dynamics.

After establishing the theoretical foundation of Markov state models (MSMs),
the thesis advances several complementary directions. To improve representation
and interpretability in multi-body systems where geometric symmetries are essential,
GraphVAMPnets extend conventional MSMs that rely on fixed molecular descriptors
to graph-based representation learning, enabling the discovery of slow collective vari-
ables and metastable states while respecting intrinsic symmetries. To move beyond
coarse-grained state-to-state kinetics and directly interrogate barrier-crossing events,
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TS-DAR provides a unified deep-learning framework that integrates dimensionality
reduction, state decomposition, and transition-state identification across multiple
free-energy barriers; the AutoDAR extension further improves the practical usability
of TS-DAR by enabling agentic, modular workflows and by establishing a foundation
for closed-loop kinetic modeling and sampling. Finally, to address the limitations
of the Markov assumption in complex biomolecules, the thesis develops and sum-
marizes non-Markovian kinetic modeling based on the generalized master equation
(GME). qMSM and IGME incorporate memory effects to yield stable and accurate
long-timescale dynamics prediction at feasible lag times, and MEMnets further gen-
eralize this perspective from discrete states to continuous collective variables and
formulate memory minimization as a learning objective for representation learning
of kinetic data.

7.2 Future Work

Looking forward, several directions can further extend the impact of the frameworks
developed in this thesis. First, representation learning can be more tightly integrated
with enhanced-sampling strategies (e.g., metadynamics), where learned slow coordi-
nates or uncertainty signals guide bias construction and bias updates in an iterative,
closed-loop manner. Second, memory-aware kinetic modeling naturally motivates dy-
namics forecasting beyond the Markovian setting; in particular, it will be interesting to
develop non-Markovian, memory-augmented dynamics forecasting surrogates (e.g.,
based on diffusin/flow-matching objectives) that preserve long-timescale dynamics
while remaining data-efficient. Third, while this thesis focuses on protein conforma-
tional dynamics, the underlying principles of symmetry, and memory may generalize
to substantially larger and more heterogeneous systems, including chromatin and
genome-scale organization, wheremulti-body interactions and hierarchical timescales
are central. Fourth, incorporating kinetic-modeling knowledge into the current large
foundation models as a physical prior, for example, by embedding operator-/GME-
inspired constraints or learned physical representations, may improve generalization
and stabilize long-horizon predictions. Fifth, deeper integration with experimental
observables (e.g., NMR, smFRET) offers a path to constrain models, calibrate kinetics,
and validate mechanistic hypotheses under realistic conditions. Finally, on the au-
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tomation side, AutoDAR can be extended from an analysis-and-sampling framework
to a broader drug-discovery cycle by incorporating additional specialized agents for
target selection, virtual screening, lead optimization, and experimental validation,
etc., thereby moving toward reproducible, scalable, and increasingly autonomous
discovery workflows.
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