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ABSTRACT

This work concerns the analysis and design of distributed first-order optimization algorithms. The goal of such
algorithms is to optimize a global function that is the average of local functions using only local computations and

communications. Many recent algorithms have been proposed that achieve linear convergence to the global optimum.

We provide a unified analysis that yields the worst-case linear convergence rate as a function of the properties of
the functions and underlying network, as well as the parameters of the algorithm. The framework requires solving
a small semidefinite program whose feasibility is a sufficient condition for certifying linear convergence of a dis-
tributed algorithm. We present results for both known, fixed graphs and unknown, time-varying graphs. The analysis
framework is a computationally efficient method for distributed algorithm analysis that enables the rapid comparison,

selection, and tuning of algorithms.

This work also makes an effort to systematize distributed algorithm design by devising a canonical form for first-
order distributed algorithms. The canonical form characterizes any distributed algorithm that can be implemented
using a single round of communication and gradient computation per iteration, and where each agent stores up to two
state variables. The canonical form features a minimal set of parameters that are both unique and expressive enough to
capture any distributed algorithm in this class. Using this canonical form, we propose a new algorithm, which we call

SVL, that is easily implementable and achieves a faster worst-case convergence rate than all other known algorithms.



Chapter 1

Introduction

In distributed optimization, a network of agents, such as computing nodes, robots, or mobile sensors, work col-
laboratively to optimize a global objective. Specifically, each agent ¢ € {1,...,n} has access to a local function
fi : R* — R and must minimize the average of all agents’ local functions

min f(z), where f(z):= %Zfi(x), (1.1
=1

zERC

by querying its local gradient Vf;, exchanging information with neighboring agents over a graph G, and performing
local computations. The objective is for each agent’s local memory x; to eventually converge to z*, the minimizer of
the average of the local functions.

The abstraction above captures a variety of problems that require distributed computation, such as multi-agent
coordination and distributed estimation and learning [7,11,16,23]. For example, in large-scale machine learning [7,11],
n could represent the number of computing units available for training a large data set. Each f; then denotes the
loss function corresponding to the training examples assigned to unit <. Another example is sensor networks [27],
where each sensor may have a limited power budget, communication bandwidth, or sensing capability. The goal is
to aggregate all local data without having a single point of failure. Other applications include distributed spectrum
sensing [2] and resource allocation across geographic regions [28]. Figure 1.1, which depicts the network capturing

the local communication and computation capability of each agent.

Figure 1.1 Communication graph G with n = 7 nodes. Nodes represent agents with private local functions f;, and
edges represent links across which agents can exchange information with neighbors.



All agents in the network must find the optimal solution =* and agree with one another. Distributed optimization

thus combines both optimization and average consensus, as we now explain.

Consensus. If each agent uses the initial value 20 and local objective f;(x) = ||z — 2?||2, distributed optimization

reduces to average consensus [37,39]. The unique optimizer of (1.1) is then the average of all initial states: z* =
k+1

% Py 29, Using a gossip update of the form z; ' = Dy W”x;€ where W is carefully chosen, such methods
converge exponentially: ||z¥ — z*|| < p* with p € (0, 1) that depends on W [40]. This is called a linear rate in the

optimization community. A smaller value of p indicates a faster rate of convergence.

Optimization. If n = 1 or if all f; are identical, we recover the standard centralized optimization setup. Linear
convergence can be guaranteed in certain cases. For example, the gradient descent method xf“ = 2F — aVf;(aF)
achieves linear convergence if f; is continuously differentiable, smooth, and strongly convex [20].

A simple algorithm is distributed gradient descent [19], in which agent 7 uses the update rule:

n
xf“ = Z Wijxf — aVfi(zh). (1.2)
j=1

Here, z¥ is arbitrary and the weights W;; constitute a gossip matrix W that is symmetric and doubly stochastic.
Moreover, W;; > 0 if and only if there is an edge connecting 7 and j or if 7 = j. The iterations (1.2) combine gradient
descent on each f; with diffusion (consensus) on the x;. In general, this algorithm requires a diminishing stepsize «
in order to converge to x* and convergence happens at a sublinear rate even when the f; are strongly convex. The
intuition behind this fact is that the optimal point z* is not necessarily a minimizer of the individual f;, so the agents
find themselves taking counterproductive steps.

Since pure consensus achieves linear convergence [39] and so does centralized gradient descent for strongly convex
functions [20,22], one would expect that a combination of consensus and gradient descent could achieve a linear rate
as well. Recent efforts have focused on devising such linear-rate algorithms [15,26,32].

A linear convergence rate for the general case was first achieved by the exact first-order algorithm (EXTRA) [32].

This algorithm requires storing the previous state in memory:

T = Z Wij x? —aVfi(2)), Y arbitrary, (1.3a)
j=1
$§+2 = .%‘?+1 + Z Wij $§+1 — Z Wij .135 — (Vfl($f+1) — Vfl(l‘f)) (13b)
j=1 j=1

where W and W are chosen gossip matrices and « is sufficiently small [32]. Several additional linear-rate algorithms
have since been proposed, including: AugDGM [44], DIGing [18, 26], Exact Diffusion [46,47], NIDS [15], and a
unified method [10]. Each of these methods have updates similar to (1.3) in that they require agents to store previous

iterates or gradients.



Although linear convergence rates were obtained for the algorithms above, each algorithm differs in the nature and
strength of its convergence analysis guarantees. For example, some works show (non-constructively) the existence of
a linear rate [42] whereas others provide specific tuning recommendations with associated analytic rate bounds (which
may be conservative) [15,32]. Numerical simulations are also frequently used [41], but can be misleading because
algorithm performance depends on the graph topology, choice of functions, algorithm initialization, and algorithm
tuning. This dissertation studies the systematic analysis and design of distributed optimization algorithms. We outline

the main contributions of this thesis.

Upper Bounds. This work aims to study the reliability of distributed optimization algorithms in two cases: (i) in
the presence of a fixed graph, and (ii) in the presence of an unknown time-varying communication graph. Such a
scenario could occur if communication links fail due to interference, mobile agents move out of range, or an adversary
is jamming communications. In both the fixed and time-varying graph cases, we formulate a semidefinite program
(SDP) whose solution yields an upper bound on the worst-case linear convergence rate p of a wide range of distributed
algorithms. The fixed graph result provides graph-dependent results that scale with the size of the network. In the

time-varying graph scenario, the SDP is not dependent on the graph and does not scale with n.

Canonical Form. We present a canonical form that characterizes any first-order distributed algorithm that can be
implemented using a single round of communication and gradient computation per iteration, and where each agent
stores up to two state variables. The canonical form features a minimal set of parameters that are both unique and
expressive enough to capture any distributed algorithm in this class. The generic nature of our canonical form enables

the systematic analysis and design of distributed optimization algorithms.

Algorithm Design. We present a new distributed algorithm, which we name SVL (the authors’ initials). SVL is
derived by optimizing the SDP from our analysis framework and provides the fastest known convergence rate to date
for the time-varying graph setting. When the graph is well-connected, SVL recovers the performance of gradient

descent, which is optimal in the time-varying graph setting.

Lower Bounds. Although our analysis technique only provides upper bounds on the worst-case convergence rate
for distributed algorithms, we outline a computationally tractable optimization procedure to find numerically matching
lower bounds by constructing worst-case trajectories, suggesting that the bounds found via our analysis are tight.

The dissertation is organized as follows. We present our analysis framework for finding upper bounds on worst-
case convergence rates for the fixed graph and time-varying graph cases in Chapters 2 and 3, respectively. We derive
a canonical form for distributed algorithms in Chapter 4. We present our SVL algorithm and discuss interpretations in

Chapter 5. Finally, we demonstrate the tightness of our bounds by generating worst-case trajectories in Chapter 6.



Chapter 2

Analysis over Fixed Graphs

In this chapter, we demonstrate an analysis methodology for distributed optimization algorithms when the graph
is known and fixed [34]. The core idea of the analysis framework is to consider distributed algorithms as dynamical
systems with feedback. Then, the notion of an algorithm converging corresponds to the feedback control system being
stable. Pictorially, Figure 2.1 demonstrates how we represent a distributed algorithm in two parts: a known linear part,
which depends on the algorithm parameters (top block in Figure 2.1), and an unknown nonlinear part, characterizing
the gradient of the local functions (bottom block in Figure 2.1). We characterize the gradient as the nonlinearity
and analyze stability of the closed-loop. Leveraging robust control theory, for all gradient functions in a class of
nonlinearities, we would like to guarantee that we obtain a certificate of performance out of the closed-loop map. This
worst-case analysis technique is inspired by the seminal work of [13], which analyzes optimization algorithms using
integral quadratic constraints. By imposing quadratic constraints on the input and output signals of the nonlinearity,
we can obtain a performance certificate for a distributed algorithm. As shown in the model of Figure 2.1, this case
involves a single nonlinearity channel corresponding to the gradient of the local functions. We present an analysis
approach to prove the linear convergence of EXTRA [11] that depends explicitly on the gossip matrices W := wij

and V' := vij. We will see that this approach can be analogously applied to analyze a variety of other algorithms.

2.1 Preliminaries

We now state a quadratic inequality to characterize the class of sector bounded gradient functions, F(m, L), so
called because functions in this class lie in a sector between lines of slope m and L. For example, m-strongly convex

and L-Lipschitz smooth functions are members of F(m, L).

£k+1 :Agk 1 BuF

y* = Ce* + Du*

Figure 2.1 Robust analysis over functions.



Proposition 2.1 Suppose f € F(m, L), u* = Vf(y*), and u* = Vf(y*). Then the following inequality holds.
i T
y® —y* —2mL m+ L o1, yk—y* > 0.
uf —u* m+ L -2 uf —u*
Proof. This follows from co-coercivity and Lipschitz property of the gradient. See for example [13,20]. B
The following lemma shows that the state of a discrete-time linear dynamical system converges linearly (is expo-

nentially stable, in the language of control theory) provided a certain linear matrix inequality is feasible.

Lemma 2.2 Suppose there exist sequences {¢¥, u*, y*} such that for all k£ > 0, we have

¢ = A¢k + BuF

yk _ CE/C + DuF 2.1
0=F¢ + Gub.
ulk Yk
where u¥ := | @ |,y*:=| ! |,and (A, B,C, D) is partitioned conformally as
uPF yPk
A | Bt ... pBp
Al B ct | ptt ... Dl
C|D
cr | prt ... ppp
Also define the block-rows: D7 := |pil ... pip|. Forallk > 0andj = 1,...,p, further suppose the inputs u/-*
and outputs 37* satisfy the quadratic inequalities
gk _ dx gk — ik
ey el S ) (2.2)
ulk — 'k — I

where (£*, y*,u*) is a stationary point of (2.1). Let R be a matrix whose columns are a basis for null [ F G] It

there exists p > 0, P = 0, and A\; > 0 such that

[ |ATPA—p*P ATPB P Ci Di ¢ Di
R +Y N M R=0 (2.3)
BTPA B'PB| o 0 ef 0 e

then [|€5+1 — &7 < pl€* — &*|| forall k > 0.



T
Proof. The columns of R span the nullspace of [F G} SO any vector [(gk — T (uF - u*)T is of the form

Rw for some w. Multiplying (2.3) on the left and right by w" and w, respectively, we obtain after simplification:

T

P
(€4 — )TPEM — &) — ek — )P — &) + SN | i |7 <o
j=1
The sum is nonnegative by (2.2), so
(€ —e)TPE —¢h) < p*(F - ) TP(EF - ¢)

Taking square roots, the desired result follows.
Recursing the result of Lemma 2.2 implies the linear rate bound: ||£F — &*||p < pF||€° — || p. We can further

bound this via the condition number of P to obtain

" — €*Il < V/eond(P) p* [|€° — €|

If the semidefinite program (2.3) is feasible for some p < 1, then we have certified a linear convergence rate O(p").
Note that the original bound in Lemma 2.2 is a stronger result because it also provides a Lyapunov function, which is

a monotonically decreasing function of the state.
2.2 Graph-dependent Analysis Result

In this section, we present an analysis approach to prove the linear convergence of EXTRA [32] that depends

explicitly on the gossip matrices W := {w;;} and V' := {v;;}.

Theorem 2.3 (W-SDP) Suppose f; € F(m;, L;) fori € {1,...,n} and consider the EXTRA algorithm (1.3) with
parameter 1 and gossip matrices W and V. Define the matrices A, B, C, D, I, GG as follows.

W+, —3(V+1,) nl, | -nl,
A| B I, 0n O On,
I’IL OTL O’IL O’Vl
F:=1{1T —17 pn17|, G = 01xn.

Further define m, L, and M? as follows.
m = diag(my,...,m,), L:=diag(Li,...,Ly),
—2mL m+L
m+L —2I,

M=



Consider the SDP (2.3) of Lemma 2.2 with p = 1 and the matrices A, B, C, D, F, G, M defined as above. If this
SDP is feasible for some p > 0, P > 0, and A = 1, then EXTRA converges linearly with a rate of p. In other words,
there exists some ¢ > 0 such that
lzF —a*| < cp® for all 7, k.
Proof. Define £¥ := | (zH1)T (25T (Vk)T " with
oyt af Vii(z1)

kt1 . . k. . vk o—
a x, Vin(ar)

and input
1k
V(™)

utt =V (ytt) =
Vin(yn*)
In these new coordinates, EXTRA (1.3) takes the form:

Tl = (A@ I)E" + (B @ I)u"*

y'r = (C @ La)&" + (D @ Ig)u"*

The stationary point of the dynamics is given by yz1 * = g¥ = 2*, and u; * = Vf;(x*), where x* is the global
optimum (1.1). Since f; € F(m;, L;), the quadratic bound of Proposition 2.1 holds for each agent i. Aggregating the

states of all agents we obtain
-

1,k 1,
Yyt =y

Lk _ o,

1,k _ 1%
Mt Yy Y >0

1% ubk g l*

)

u

where M1 is defined in the theorem statement. Finally, the special initialization condition of EXTRA can also be

rewritten as (F ® 15)£° = 0. Moreover,
(F @I = (FA® I)s" + (FB ® Iou® = (F ® Lo)¢*

and it follows that (F' ® I4)¢* 4+ (G ® Iz)u* = 0 for all k. Note that ¥, V¥ u* ¢1% ¢ R* and ¢F € R34, In
constructing the SDP (2.3), we may exploit the block-diagonal structure of the algorithm; there will always exist a
solution of the form P ® I4. See [13, §4.2] for an expanded explanation. Consequently, I factors out entirely and we
are left with the SDP (2.3) with no dependence on d. By Lemma 2.2, feasibility of (2.3) certifies that ||£¥1 — ¢*||p <
p||l€¥ — &*||p. Recursing the bound, we obtain ||€* — &*|| < /cond(P) p* ||€° — £*||. Note that =¥ is one of the
components of ¥ and z* is the corresponding component of £*. So by the triangle inequality, we have ||z¥ — z*| <

Veond P p* ||€0 — £, as required. B



Remark 2.4 When applying Lemma 2.2, the SDP (2.3) is homogeneous in (P, A1, ..., Ap). Therefore, we may set

A1 = 1 without loss of generality. This is why A = 1 in the statement of Theorem 2.3.

For each fixed p > 0, the SDP (2.3) is a linear matrix inequality (LMI), which is convex and is solved efficiently
using interior-point methods or other means. The smallest rate p > 0 for which there exists a feasible P > 0 may be
found using a bisection search. Note that the SDP (2.3) is 4n x 4n with P € R3"*3", Thus, the size of the SDP is

proportional to the number of agents (n), but independent of the size of 2 € RY.

Tightness of Upper Bound. Theorem 2.3 gives an upper bound on the worst case convergence rate. To see whether
the bound is tight, we simulate the EXTRA algorithm with random initialization for a two-agent network where each
local function is defined by f;(z) = $27Q;x — b] . The matrices Q; € R** are symmetric positive semidefinite
matrices randomly generated such that Ayin(Q;) = m, Anax(Q;) = L, and the rest of the eigenvalues are uniformly

distributed in [m, L]. Finally, the b; are random vectors with components independently and uniformly distributed

0.75 0.25
on [0, 1]. The gossip matrices used for simulation are W =V = and both local functions f; and f5

0.25 0.75
have a condition ratio of L/m = 10. The step size parameter used is 7 = 1/L. Figure 2.2 depicts several algorithm

trajectories upper bounded by the linear rate bound obtained from W-SDP (2.3), which appears tight.

109 ‘
Simulated trajectories

& 10-2 |- —— Upper bound from W-SDP
Y,
|
S 1070 2
~
o
5 1076 |- N
g
=
2z 107° - N

10-10 | | |

0 50 100 150 200

iteration count k

Figure 2.2 Numerical simulations of EXTRA for a network of n = 2 agents on 50 randomly generated strongly
convex quadratics with L/m = 10. The upper bound on the iterate error is found via the W-SDP (2.3).



Varying the Topology. We also experiment with changing the graph topology of the network. For a network with
n = 6 agents, we consider graphs where each node has degree 5, 4, 3, and 2, respectively. The gossip matrices W and
V are chosen to be symmetric and shift-invariant with a second-largest eigenvalue of o = 2/3.

In Figure 2.3, we plot the worst-case convergence rate as a function of stepsize 7 again for the case where L/m =
10 for all functions. As the connectivity of the graph grows, EXTRA can tolerate larger stepsizes. The curves overlap

and all start similarly, but peel off at different values of 7, depending on the graph topology.

1.00

0.98 |- a
Q
)
% 0.96 a
—
S
S 0.94 - —
20
)
> 092 .
o
(&)

0.90 a

0.88 \ \ | | | | |

0 02 04 06 08 10 12 14 16 1.8

stepsize 1 - L

Figure 2.3 Linear rates obtained for EXTRA found via the W-SDP (2.3) as a function of stepsize 7 for several
network topologies with n = 6 agents and strongly convex functions with L/m = 10. Results suggest that
worst-case linear rates are graph-dependent.
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Chapter 3

Analysis over Time-Varying Graphs

In this chapter, we consider analysis of distributed algorithms when the graph is changing [36]. W-SDP gives
graph-dependent rate bounds, but we would like to obtain robust guarantees even in the time-varying setting. We
present a universal analysis framework that provides an upper bound on the worst-case linear convergence rate p of a
wide range of distributed algorithms as a function of the parameters x (local function conditioning) and o (network
connectedness). Our main result, Theorem 3.10, is an SDP parameterized by (k, o) whose solution yields an upper
bound on p. The SDP has a small fixed size that does not depend on the number of agents n or the dimension of the
function domains and is efficiently solvable. Our SDP yields robust performance guarantees when the graph is allowed
to vary (even adversarially) at each iteration. Fig. 3.2 compares the worst-case linear rate p certified by the SDP for
several different algorithms.

The key insight in this case is that we replace the exact gossip matrix with an uncertainty. Introducing an additional
channel of robustness, our worst-case performance guarantees are robust over functions and graphs, even when they
are allowed to vary at each iteration. Figure 3.1 represents the dual nonlinearity channels in this analysis: one corre-
sponding to the gradient and another corresponding to the graph Laplacian. We will obtain a certificate of stability for
the closed loop system via semidefinite programming.

We begin by assembling the ingredients to formulate a semidefinite program to analyze a distributed optimization

algorithm: a function class, a graph class, an algorithm, and a fixed point.

2Pt = Ak + Buuk + vak

y* = Cya* + Dyuu® 4+ Dyo* Yy
u 2= szk + Dzuulc + Dzvvk
z
ut = V(y*) |
v

vk = LE(2F) |

Figure 3.1 Robust analysis over functions and graphs.
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a optimized and u=1 a and u optimized
1.000
EXTRA

0.975 A —— NIDS
> 0.950 —— DIGing
% 95 —— AugDGM
< 0.925 - —— ExDIFF
§ UEXTRA
< 0.900 A —— uDIG
G 0.875 1 — SVL
5 --- low bound
£ 0.850
[e]
2

0.825 A

0.800 T T T T T T T T

0 0.2 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0

spectral gap (o) spectral gap (o)

Figure 3.2 Comparison of upper bounds for linear convergence rate p (smaller is better) as a function of graph
connectedness o, derived from Theorem 3.10 using x = 10. (Left) stepsize « is optimized for each algorithm.
(Right) both stepsize o and overelaxation parameter ;. are optimized for each algorithm. The SVL algorithm (derived
in Chapter 5) outperforms all the tested methods. SVL has no tunable parameters so it is the same in both scenarios.
The lower bound (see Chapter 6) corresponds to p > 2—3 ~ (.818 (optimal centralized gradient rate) and p > o
(optimal average consensus rate).

Notation. Unless otherwise indicated, subscripts refer to individual agents while superscripts refer to iteration count.
T
For brevity, we write the symmetric quadratic form 2T Qx as [*] Q.
We denote a symbol on agent i at iteration k by =¥ along with its associated fixed point z*. For all such symbols,

we denote their aggregation over all agents as

L 43
k= and z* =
k *
xn ‘T’n
k._ ok k

We denote the associated local and global error coordinates as 7% := ¥ — 27 and 7% := ¥ — 2*, respectively.

3.1 Function and Graph Assumptions
We assume that the local function gradients satisfy the following sector bound.

Assumption 1 Given scalars 0 < m < L, the local objective functions f; are continuously differentiable and each

satisfy

(Vi (y) = Vi (opt) = m (Y — Yop)) " (Vi (y) = Vi (Yopt) — L (¥ — Yop)) < 0

for all y € RY, where yop satisfies Y i Vi (Yopt) = 0.
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Remark 3.1 One way to satisfy Assumption 1 is if the local functions f; are m-strongly convex with L-Lipschitz

continuous gradients, though in general Assumption 1 is weaker.

We define the condition ratio as x := L/m. This quantity captures the amount of variation in the curvature of the
objective function. If f; is twice differentiable,  is an upper bound on the condition number of the Hessian V2 f;. In
general, as kK — 00, the functions become poorly conditioned and more difficult to optimize using first-order methods.

Define the graph G := (V,£) where V := {1,...,n} is the set of agents and £ is the set of pairs of agents (i, j)
that are connected. £ € R"*" is a Laplacian matrix associated with G if £1,, = 0 and £;; = 0if (¢,5) ¢ E.
The spectral gap of L is defined as the second-smallest eigenvalue magnitude of £. Since we consider time-varying
graphs, we let £* denote a Laplacian matrix associated with G¥. The graph associated with the network of agents
can in general change at each time step & of the algorithm, so we assume the following about the sequence of graph

Laplacian matrices {£*}.

Assumption 2 The following properties hold at each step of the algorithm.

1. The graph is connected: there always exists a path between any two nodes in G*. This implies that the zero

eigenvalue of £* has a multiplicity of one for all k.
2. The graph is balanced: every node has equal in-degree and out-degree. This means that 1] £* = 0 for all k.

3. The spectral gap of the time-varying graph is uniformly bounded. In particular, we assume there exists o € [0, 1)
such that ||[I — IT — £¥|| < o for all k. Since the spectral radius of a matrix is always upper-bounded by its

spectral norm, this implies that o is a uniform bound on the spectral gap of each Laplacian matrix in {£*}.

Remark 3.2 The assumption that G* must be connected for all & is a strong assumption. Works that consider directed
or time varying graphs typically make weaker assumptions, such as a joint spectrum property or B-connectedness [18].
Nevertheless, our setting (which is equivalent to B-connectedness with B = 1) is still weaker than assuming a constant
graph. Indeed, NIDS [15] converges for any o when the graph is constant, but in Chapter 6, we construct a sequence

of graphs that drives NIDS to instability.
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3.2 Algorithm Form

We consider the broad class of distributed optimization algorithms that satisfy the algebraic equations

‘T§+1 A Bu Bv xf
ka = Cy Dyu Dyv 'sz ) (3.1a)
Zf C. D.. Dy UZI'C
uf = Vfi(yf),  oF =Y Lz, (3.1b)
j=1
(Fpa + Fuub) =o0. (3.1¢)

j=1

Equation (3.1a) describes how agent 4’s state x¥ evolves with iteration k. The local gradient Vf; is evaluated at y* and
the quantity z¥ is transmitted to neighboring agents in (3.1b). Finally, we allow for linear state-input invariants to be
enforced in (3.1c). Such invariants typically arise from requiring a particular initialization for the algorithm.

The matrices A, Dy, and D, are square, and the other matrices have compatible dimensions. The dimension of
A is the number of local states on each agent, the dimension of D,,, is one, and the dimension of D, is the number

of variables that each agent transmits with neighbors at each iteration.

Remark 3.3 (Dimension Reduction) To simplify notation, we assume the objective function is one-dimensional (d =
1). We can recover the general d case by replacing each scalar symbol with a 1 x d row vector (e.g., uf € R**?) and

interpreting each local gradient Vf; as a map from R**9 to R1*9,

Remark 3.4 (Implementation) Not all instances of (3.1) are efficiently implementable. For example, if D, # 0,
then y¥ depends on u¥, which then depends on 3¥. Such circular dependencies arise naturally in proximal algorithms,
where an inner optimization problem must be solved at each iteration. For instance, given a convex differentiable f

and parameter A > 0, the proximal algorithm

oS proxkf(xk) = arg min()\f(l“) + %Hx - kaZ)

satisfies the optimality condition AVf (z**1) + 2%+! — 2% = 0 and can therefore be expressed in the form of (3.1) as

follows:
2P = gk k) y* =k — P, uf = Vf(y*).

In the forthcoming analysis, we treat implementability and analysis separately. That is, we derive convergence rate
bounds for general algorithms of the form (3.1), regardless of whether they can be efficiently implemented. However,

we note that a sufficient condition for avoiding circular dependencies is if the feedthrough term satisfies

Dy, Dy, 0 Dy, 0 O
Y Yl = Y or ) (3.2)
-Dzu Dzv 0 0 Dzu 0
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Putting a distributed optimization algorithm into the form of (3.1) is a straightforward algebraic exercise, which
we now demonstrate for two recently proposed algorithms. These algorithms are parameterized by a stepsize « and a
gossip matrix W. To relate the gossip matrix to the Laplacian matrix, we set W = I — L for some scalar 1 # 0. This
provides an additional tuning parameter, and is akin to the method of successive overrelaxation used in the numerical

solutions of linear systems of equations [21].

EXTRA. The EXTRA algorithm (1.3) has a state that depends on two previous timesteps. Using the authors’

recommendation of IV = %(I + W) together with W = I — uLF, the equations become

2t = 2% — aVf(2®) — pLkal,
a2 = ozl gk o (Vf(ackH) — Vf(ock)) — Lk (xk'H - %wk) .

Define the state (z*+1, 2%, Vf(2*)). The outputs are now functions of the state: y* := 2%+1 and 2% := 2F+1 — Lok,

1
2
Finally, summing across agents (left-multiplying by 17) and using 17 £* = 0, we find that 17 (z* ™ — 2* 4 aVf ("))

1

is independent of %, and identically zero due to how " is initialized. The parameters that characterize EXTRA are

shown below and in Table 3.1.

2 -1 ai-a —u
A B, B, 10 0 0 0
Cy Dyu Dy | [0 0O 0 1 0
C. Doy Doy | |1 0 0.0 0
F, F, 1 -1 00 0

1 1 a 0 |

DIGing. The DIGing algorithm [18,26], is an example of a gradient tracking algorithm. It begins with an arbitrary

initialization ° and has two update equations, as follows:

s = Vf(2"),
T = Wak — as”,

s = Wk f (2R ) — v (2h).

Using the authors’ recommendation of W =W, defining W = I — pL* as before, and defining the state as

(x%, 5% Vf(x*)), we find that the output is y* := z*T!, two quantities must be communicated between agents,
2% = (2%, %), and the invariant is 17 (s* — Vf(2*)) = 0. The parameters that characterize DIGing are shown in
Table 3.1.

A similar derivation can be applied to a variety of algorithms. Table 3.1 summarizes the parameterizations for

several recently proposed algorithms.
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3.3 Fixed Points

Before studying the performance of distributed algorithms, we must establish the notion of a fixed point. This is
essential for analysis as the existence of a fixed point is a prerequisite for proving convergence. Unlike the centralized
setting, each agent in the network must have a fixed point. The added subtlety is that the aggregate fixed point for
all agents must solve the necessary conditions for optimality and consensus. That is, at the fixed point, the sum of
the local gradients must be zero and all agents’ local variables must agree. In this section, we derive conditions for a
distributed algorithm to have a fixed point. For an algorithm to be valid, (i) there must exist a fixed point corresponding
to the optimal solution, and (ii) the iterates must converge to the fixed point. We explore the topic of convergence to
the fixed point in the next chapter.

In the case of a time-varying graph, the fixed point must be shown to solve the optimization problem (1.1) even
when the Laplacian matrix changes at each step. Considering the dynamical system that characterizes a distributed

algorithm, we study the associated fixed-point equations and develop conditions for the existence of a solution.

KKT Conditions. First, we consider an equivalent formulation of the distributed optimization problem with the
consensus constraint expressed explicitly.

) 1 n
Yopt = argmin - — z; fi(yi)
i=

yi€RY (3.3)

st yi=y; Vi, j

We state the necessary conditions for optimality and consensus using the KKT conditions for primal and dual feasibil-

ity of (3.3).

n

1 " .
E vai(yopt) =0 and Yi = Yopt Vi.

i=1
The above conditions must hold for an optimal fixed point of any distributed algorithm.
We provide simple conditions for verifying the existence of a fixed point for distributed algorithms over a time-

varying graph. Consider the fixed point equations associated with (3.1)
xf = Ax} + Byu; + Byvy
yr = Cxf + Dyyu} + Dy,vf (3.4a)

* * * *
z; = Crx; + Dyul + Doy

uf = VEil), vi=) L2, (3.45)
j=1
> (Fe} + Fyuj) = 0. (3.4¢)

Jj=1
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Not all instances of algorithm (3.1) solve the distributed optimization problem (1.1). We seek a fixed point of (3.1),
which means there exists a solution (z;, y;, 2;, ;, v;) to (3.4). In addition, the fixed point must fulfill certain properties
to be valid. Considering the aggregate variables for all agents, a distributed algorithm of the form (3.1) has a fixed
point (x*,y*, 2%, u*,v*) corresponding to the optimal solution of (1.1) for all sector-bounded functions satisfying

Assumption 1, and all graphs satisfying Assumption 2, if the following conditions hold.

Fixed Point Conditions

Consensus. All agents must achieve consensus on the point at which the gradient is evaluated. This means that the
fixed point must satisfy y7 = ... = y5.

(I —1I)y* =0. (3.5)

Optimality. The point must be a stationary (first-order optimal) point of f. and u} +- - - +w}, = 0, or in vector form,

1Tu* = 0. (3.6)

Robustness to Graph. The fixed point must not depend on the sequence of graphs {£*}, so 27 = ... = 2% and
v} =+ =wv, = 0, or in vector form,

(I-M)z*=0 and v*=0. 3.7

Robustness Functions. The fixed point must satisfy y} = ... = ¥ = yop: and u} = Vf;(Yopt), Where yop is the

optimizer of (1.1). For these to hold for any objective function f, we need
1Ty* and (I — IT) u* unconstrained. (3.8)

The following proposition characterizes algorithms with such a fixed point.

Proposition 3.5 (Existence of Fixed Point) An algorithm of the form (3.1) has a fixed point (2*, y*, z*, u*, v*) that

satisfies the conditions in (3.5)—(3.8) if and only if

null(A — I) Nrow(Cy) Nnull(F,) # {0} (3.92)
B, A-1T
and D,, | € col Cy . (3.9b)
DZ'IL CZ

Here, “null”, “col”, and “row” denote the nullspace, column space, and row space, respectively. Both EXTRA and
DIGing as derived above satisfy the conditions in (3.9) and therefore have a fixed point corresponding to the optimal

solution of (1.1).
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Proof. Suppose (3.9) holds, and denote the optimizer of (1.1) by #o. Then there exist vectors p and g such that

0=(A-I)p B,=(A-1I)q
Yopr = Cyp and Dyu = Cyq
0= Fup Do = Czg.
Foralli € {1,...,n}, use these vectors to define the points
7 =P = qVfi(Yopt); Yi = Yopos z = Cup,
u; = Vfi(Yopt), vF = 0.

This is a fixed point of algorithm (3.1), and the fixed point satisfies the conditions in (3.5)—(3.8) since yop is the
optimizer of (1.1).

Now suppose (z*,y*, 2*,u*, v*) is a fixed point of (3.1) satisfying (3.5)~(3.8). Letp = (1/n) Y., z}. Since
1Tu* = 0, v* = 0, and 17 y* is unconstrained, we have from (3.1a) and (3.1c) that p # 0 is in the set (3.9a). Now let

r be any nonzero vector such that rT1 = 0. Then from (3.1a), we have that

A—1T B,
0=| ¢, | (r"a*)+ | Dy, | (rTu).
CZ Dzu

Since this must hold for arbitrary " «*, this implies (3.9b). B

Remark 3.6 Proposition 3.5 guarantees that any instance of algorithm (3.1) satisfying (3.5)—(3.8) has a desirable
fixed point in the presence of a time-varying graph; all agents agree on a common stationary point of (1.1). However,
Proposition 3.5 does not ensure that the algorithm necessarily converges to this fixed point, nor does it characterize the

rate of convergence. These questions will be explored in Section 3.5.

Remark 3.7 DIGing has a fixed point in the case of a time varying graph. Equation (3.4) depends on the Laplacian
at each step, so a fixed point in general does not exist because it would depend on the graph at each step. This is why
we require the additional condition of robustness to graphs for the existence of a fixed point in the case of DIGing and

other algorithms that communicate two variables.

3.4 Lower Bounds on Worst-Case Convergence Rates

We now construct simple lower bounds on the worst-case asymptotic convergence rate of the iterates for any valid

algorithm of the form (3.1). We do so by separately considering the two specific instances discussed in Chapter 1.

Consensus. Consider the scalar local quadratic functions f;(y) = £ (y — r;)%. Then Assumption 1 holds with

1 n
m = Land yopt = = > ;1 Ti-
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Optimization. Consider the case n = 1. For the graph to satisfy Assumption 2, the Laplacian matrix must be
LF = 0, which has spectral gap o = 0.

In both cases above, the algorithm reduces to a linear system in feedback with sector-bounded nonlinearity: in the
sector (1 — o, 1+ o) for consensus and (m, L) for optimization. Further, the linear part of the system is strictly proper
(since the algorithm is implementable) and must contain an integrator (due to the fixed-point conditions). Then, using

the lower bound for such systems in [14], we obtain the following.

Proposition 3.8 For any p < max{';—j, a}, there does not exist an algorithm of the form (3.1) that satisfies the
implementability conditions (3.2) and fixed-point conditions (3.9) such that, for all objective functions and Laplacian
matrices satisfying Assumptions 1 and 2, there exists a constant ¢ > 0 such that the bound ||z¥ — yox|| < ¢ p* holds

for all agents ¢ € {1,...,n} and all iterations k > 0.

Remark 3.9 (Accelerated Rates) Distributed algorithms that achieve accelerated [25,41,43] or optimal [30] linear
rates have also been proposed. It turns out such methods are not guaranteed to achieve acceleration when the graph is
time-varying. These lower bounds, which are achieved by ordinary gradient descent, imply that accelerated algorithms
such as the recently proposed SSDA [30], or distributed versions of heavy-ball [43] or Nesterov acceleration [25,41],
do not in fact achieve accelerated rates in the worst case when the local function gradients are sector bounded and the

graph is time-varying, as in Assumptions 1 and 2, respectively.
3.5 Graph-independent Analysis Result

The main result of this chapter follows. The semidefinite program (3.10) in Theorem 3.10 poses a sufficient
condition for convergence. That is, a feasible solution yields a stability certificate that the algorithm converges at rate
p in the worst case. The SDP enjoys scale-invariance: it neither grows with function dimension d nor with size of the
network n (the number of agents). We use solvers to solve the SDP (3.10) numerically. To find the smallest rate p, we

perform bisection search.

Theorem 3.10 (Analysis Result) Consider the distributed optimization problem (1.1) solved using algorithm (3.1).
Suppose Assumptions 1 and 2 hold and further assume the algorithm satisfies the fixed point conditions (3.9). Define

the matrices
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Let ¥ be a matrix whose columns form a basis for the nullspace of [ F, Fu] . If there exist P > 0, Q > 0, and

R = 0 of appropriate sizes such that

B,
P 0 0
OT[] [0 —p2P 0 | [ ¥ <0 (3.100)
V”””””""’””é 777777777 Cy Dyu
= 0 I
(4 B, B, |
Q 0 0 0 I 0 0

MT 0 —ngé 0: 0 Cy Dyu Dy <0 (3.10b)
0 0 My © 0o I 0
0 0 0M®R||C.D., D.,
| 0 0 T |
then there exists a constant' ¢ > 0 independent of i and k such that for all agents i € {1,...,n} and all iterations
k>0,
ek — af]| < cp" (3.11)

for some fixed point (z}, y7, 27, u}f, v¥) that satisfies (3.5)—(3.8).

For fixed algorithm parameters A, By, By, Cy, C, Dy, Dyy, D2y, D2y, Fy, F,, function parameters m and L,
graph parameter o, and candidate rate p, the SDP (3.10) is a linear matrix inequality (LMI) in the variables (P, @, R),
and therefore convex. Indeed, (3.10a) and (3.10b) are decoupled and their feasibility may be checked separately.
To find the best (smallest) upper bound, we observe that feasibility of (3.10) for some pg implies feasibility for all
p > po- A bisection search on p is then guaranteed to find the minimal p, even though (3.10) is not jointly convex
in (P,Q, R, p). While our result is only a sufficient condition for convergence, we provide empirical evidence in

Chapter 6 that suggests that it is in fact tight.

Remark 3.11 Our main theorem provides conditions under which the state converges to a fixed point linearly with
rate p. However, when the algorithm also satisfies the conditions in (3.2) for being efficiently implementable, then
under the conditions of Theorem 3.10, there exist constants c,,, ¢,, ¢y, and ¢, such that for all agents  and all iterations

k’

luf =il < eup®, lyf = il < ey 0",

Hvzk -7l < e pk7 ”zzk -2 [[<e. Pk7

0

IThe constant ¢ does not depend on the particular local functions f; and sequence {£*}, but does depend on x P

formula for c in the proof in Section 3.5.

. . .
x7. We provide an explicit
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for some fixed point (7, y¥, zZ, uf, v¥) that satisfies (3.5)~(3.8). In particular, the output sequence y* of each agent

177

converges to the optimizer o of (1.1) linearly with rate p.

The core idea behind Theorem 3.10 is to posit a quadratic Lyapunov candidate of the form
VEi=(@"—2") (e P+ (I -1)®Q)(z" — %) (3.12)

for some appropriate choice of P > 0 and Q > 0. Feasibility of (3.10) can be shown to imply V**! < p2V* which
ensures linear convergence of the distributed optimization algorithm when p < 1. A preliminary (and less concise)

version of Theorem 3.10 appeared in [34].

Algorithm Comparison. Theorem 3.10 provides an upper bound on the worst-case convergence rate. We used this
result to compare all algorithms in Table 3.1, including SVL. The results are shown in Fig. 3.2.

For each algorithm, we used a bisection search to find the smallest rate p that yielded a feasible solution to the
SDP (3.10). We implemented the SDP in Julia [3] with the JuMP [6] modeling package and the Mosek interior
point solver [1]. In an outer loop, we performed a parameter search for each algorithm to find the step size o and
overrelaxation parameter ;. that yielded the smallest possible p. Specifically, we used Brent’s method and the Nelder—
Mead method, respectively, as implemented in the Optim package [17] as ¢ ranged from O to 1.

As shown in Fig. 3.2, optimizing over y further improves worst-case performance. Our proposed SVL algorithm
outperforms all methods we tested. Also shown in Fig. 3.2 is the lower bound described in Section 3.4, namely

K1

p > max{ 77,0}, which holds for any distributed algorithm.

Proof of Main Analysis Result

The key idea of the main result is to find a Lyapunov function that decreases exponentially along all trajectories of
the algorithm. Two LMIs emerge: one from the consensus direction, corresponding to the all-ones eigenvector of the
Laplacian, and another from the disagreement direction, the direction orthogonal to the all-ones vector. Assumptions 1
and 2 lead to quadratic inequalities that will be useful in proving our main result. These are stated in the following

propositions.

Proposition 3.12 Suppose Assumption 1 holds for the local objective functions f;. Let (y¥, u¥) satisfy (3.1b), and let

(yr,ul) be a fixed point that satisfies (3.5)—(3.8). Then

.
~k ~
I oen|? | o (3.13)

ak ak

Proof. Using the definition of M, the quadratic form is

T
~k ~

k n
0] _ T~ _

(Mo 1) |~ | =-2) (af —mgf)T(af — Lg}).
u i=1
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Since the fixed point satisfies (3.5)—(3.8), Assumption 1 implies that this is nonnegative with yope = y7 = ... = y;. B

Proposition 3.13 Suppose Assumption 2 holds for the graph G* at each iteration. Let (2%, v¥) satisfy (3.1b), and let
(27, v¥) be a fixed point that satisfies (3.5)—(3.8). Then for all R = 0,

zk ! zk
(M; ® (I —1I) ® R) > 0. (3.14)
v v
A proof of Proposition 3.13 is provided in Appendix A.1.
Let (2%, 4%, 2 u* v*) denote a trajectory of algorithm (3.1). Since the algorithm satisfies the fixed point con-
ditions (3.9) (by assumption), we have from Proposition 3.5 that there exists a fixed point (z*, y*, z*, u*, v*) satis-

fying (3.5)—(3.8). The global optimizer is unique from Assumption 1, so the fixed point conditions (3.5) imply that

*

Y = ... = Yp = Yopt With yop the optimizer of (1.1).
Since the trajectory satisfies the invariant (3.1c) and the columns of ¥ form a basis for the nullspace of [ F, Fu} ,

there exists a vector §* such that
1 < |2k
U= — ‘
NG Z ~k
=1 ui

Multiplying the matrix in (3.10a) on the right and left by 5* and its transpose, respectively, we obtain the consensus

inequality
T
g* g
(FHT (M@ P) 5 — p? (@M T (M o P)i* + | (Mo |” <0 (3.152)
U 0]
Now choose the vectors wa, ..., w, € R"™ such that the matrix {1n //n ws ... wn} is orthonormal. Then we
can multiply the matrix in (3.10b) on the right and left by the weighted sum
¥
> (we)i |t
i=1
oy
and its transpose, respectively, and sum over £ € {2,...,n} to obtain the disagreement inequality
(i,kJrl)T(([ _ H) ® Q)[Z‘k+1 _ p2(i,k‘)T((I _ H) ® Q)fik
T T
~k ~k sk sk
] ] z z
+ (Mo ® (I —1I)) + (My® (I —1I) ® R) <0, (3.15b)
a* a* ok ok

where we used that {w; }?_, form an orthonormal basis for R”. Summing the inequalities in (3.15), we obtain

T T
k+1 217k gk gk 'gk gk
VER =t VE (Mo ®1I) |, (My @ (I -1I) ® R) <0,

a ak ] ]
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where V¥ is defined in (3.12). The quadratic forms in the last two terms are nonnegative from Propositions 3.12
and 3.13, which implies V*+1 < p? V¥, We then apply this inequality iteratively to obtain V* < p?* V; for all k > 0.
Now define

T=INeP+(I-1I)®AQ,

and note that 7' >~ 0 since P and () are positive definite. Then letting cond(T") = Amax(T")/Amin(T") denote the

condition number of 7', we have the bound
lzF =27 < |lz* —2*]|? < cond(T) V* < p** cond(T) V°.

Therefore, the bound (3.11) holds with ¢ = /cond(T") V°. B
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Table 3.1 Algorithm parameters in the form of (3.1) for a variety of different distributed optimization algorithms.
Algorithms can be tuned by choosing stepsize and overrelaxation parameters o and p, respectively. Algorithms are
organized based on how many internal states they have (columns) and how many variables must be communicated in
each iteration (block rows).

Algorithms with 2 states

Algorithms with 3 states

SVL template (1 B —ai—v] e
(present work) 0 1i 0 | =1 Lo 0o 0
0 0 0 01 0
5 | See Chapter 5 1 0: 0 -6 EXTRA [32]
.S 1 0 0i0 0
£ | for derivation 1 0,00 :
1 —5 010 0
s of (e, 8,7, 0) 0 110 :
5 120 - - |1 -1 ai 0 ]
= -
= _ - 2 -1 ai—-ai—
é 2 -1 —« —l g
g ) 1 0i 0 0
e 1 04 —ai—5pu
— | Exact Diffusion 0 0 0 1 0
1 0 7%,1 NIDS [15]
(ExDIFF) [46,47] - 10 0i 0 0
1 =1 ai_ai
1 22 2
- - |1 -1 ai O i
1 —a 0 i0i— 0
1 —ai—ai—p 0 g
0 —1:i1: 0 —p
0 1 0 0 —pu
. . 0 O 1 0
« | Unified DIGing 1 0 0 0 0
_L; DIGing [18,26] 1 —« 0i—p O
= | (uDIG) [10] 1 0 0 0 o 5T 0
g Lim 7 i1 ¢ 0
2 0 0 0
< 0 1 0
) 0 1 -—-1:0
!
g i i - 1 —a 0 {0 — «
g 1 —ai—-ai—p 0 oo
o i i 0 -1:1: 0 —p
o RO B 0 0 1 0
Unified EXTRA 1 0 0 0 0
AugDGM [44] 1 -« 0i—p ap
(UEXTRA) [10] 1 0 0 0 0 T P 0
—L 1 1 | Lu
; 0 0: 0 0
0 1 0 !
- 0 1 -1:0
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Chapter 4

Canonical Form

In this chapter we take a first step towards systematic design of distributed algorithms, featuring the work of [35].
Distributed algorithms have much structural variety in how they perform gossip, evaluate the gradient, and update
their local state variables. Furthermore, changing the order of these communication and computation steps results in

different algorithms. As an example, consider the NIDS [15] algorithm update:

29 € R? arbitrary, 2} = 29 — aVf;(2?) (NIDS)

i =y i (205" 2 — aVif;(af ) + aVify (a}))
j=1

where {w;;} € R™ " is a gossip matrix, « € R the stepsize, and z¥ € R the state of agent i at iteration k. Each
update involves two previous iterates as well as a difference of gradients, similar to so-called “gradient tracking”
algorithms [18]. In contrast, Exact Diffusion [46] uses two state variables, which are updated with a gradient step

followed by a gossip step:

xllcjl = 37]51 - ani(mgi)

. n - . i (Exact Diffusion)
Ty~ = Zwij (z1; " — @y + 55).
Jj=1

While their update equations appear different, we show in Section 4.3 that NIDS and Exact Diffusion are actually
equivalent, which exemplifies the need to better understand the taxonomy of distributed algorithms. To this end, we

develop a canonical form that parameterizes the following broad class of first-order distributed algorithms.

Algorithm Properties. We consider the class of distributed algorithms that satisfy the following properties.

Pl. Each agent has a local state of dimension at most 2d. Since Vf; : RY — R by assumption, this allows each

agent to store up to two past iterates.
P2. At each iteration, each agent may do each of the following once in any order:

(a) communicate any number of local variables with its immediate neighbors simultaneously,

(b) compute its local gradient at a single point, and
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(c) update its local state.

P3. The local state updates are linear, time-invariant, deterministic, and homogeneous across all agents and dimen-

sions of the objective function.

While NIDS and Exact Diffusion belong to the class of algorithms described by P1-P3, not all algorithms do. Excep-

tions include accelerated [25,43], proximal [33], stochastic [24], and asynchronous [45] variants.

4.1 Properties

Similar to the controllable canonical form for linear time-invariant systems, we want our canonical form to have
existence and uniqueness properties. That is, any algorithm satisfying P1-P3 should be equivalent to the canonical
form through appropriate selection of parameters, with a one-to-one correspondence between algorithms and parame-
ter selections. The canonical form should also be minimal in that it uses the fewest number of parameters possible to
express all algorithms in the considered class.

In the canonical form, we use the graph Laplacian matrix £ € R™*" to model local communication. This is

equivalent to using a gossip matrix W with W := I — £. We make the following assumption throughout the chapter.

Assumption 3 The Laplacian matrix £ € R™*™ is symmetric, positive semidefinite, and satisfies £1 = 0, where 1 is

the all-ones vector. The zero eigenvalue of £ is distinct, implying that the underlying graph is connected.

Our canonical form satisfies properties P1-P3, and is parameterized by five real scalars: «, (y, (1, (2, (3.

Algorithm 1

Initialization: Let £ € R™*™ be a Laplacian matrix. Each agent i € {1,...,n} chooses z{ € R? and w) € R%.

for iteration k = 0,1,2,... do
for agenti € {1,...,n} do

Local communication

ofy = X0y Lij (C.1)
w8, =37, Lijw)  (only required if (2 # 0) (C.2)

Local gradient computation
yi = af — Gl (C.3)
uy = Vifi(y;) (C4)

Local state update

37?“ =z} + Qo wf — auf — Gt + G5, (C5)
with = wf —of; (C.6)
end for

end for
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The algorithm requires agent i to store two local state variables, x¥ and w¥. Agents first communicate their states
with neighbors using the Laplacian matrix; note that w” need not be transmitted if ¢; = 0 since the result is unused in
that case. Agent i then evaluates its local gradient at y¥, and updates its states using the results of the communication

and computation. The sequence {y¥} is then agent i’s estimate of the optimizer *.

Technical Conditions. The parameters o, (o, (1, (2, (3 are constant scalars that satisfy the following:

T1. o # 0.
T2. The linear system au = (CoI + (2L)w has a solution w € R™ for all u € R™ that satisfies 17u = 0.

T3. Either (o = 0 or the algorithm is initialized such that Z:L:l w = 0. An easy way to satisfy this condition is for

every agent to use the initialization w? =0.

We present the two results, which relate the distributed algorithm class to our canonical form.

Definition 4.1 (Optimal Fixed Point) The canonical form has an optimal fixed point if there exists a fixed point

(v, 03,y ur, of,wy) fori € {1,...,n} such that y¥ = 2* forall i € {1,...,n}, where z* is defined in (1.1).

Our first main result states that the technical conditions are sufficient for the canonical form to have an optimal

fixed point; we prove the result in Appendix A.2.

Theorem 4.2 (Sufficiency) If technical conditions T1-T3 are satisfied, then the canonical form has a fixed point.

Moreover, all fixed points are optimal fixed points.

Note that the technical conditions are sufficient for the canonical form to have an optimal fixed point, but do not
guarantee convergence to the fixed point.

Our second main result is that the technical conditions are necessary for convergence to an optimal fixed point.
The result also characterizes the existence and uniqueness properties of our canonical form. We prove the result in

Appendix A.3.

Theorem 4.3 (Necessity) Consider a distributed algorithm that satisfies properties P1-P3 and converges to an optimal
fixed point. Then there exist parameters «, (p, (1, 2, (3 for which the algorithm is equivalent to our canonical form.
Furthermore, the parameters are unique, satisfy technical conditions T1-T3, and constitute a minimal parameterization

of all such algorithms.

To prove the main results, we develop the notion of a transfer function for distributed algorithms in Section 4.2

and provide associated necessary conditions that hold when the algorithm converges to an optimal fixed point.
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4.2 Transfer Function Interpretation

In this section, we show how to represent distributed algorithms as dynamical systems and obtain their correspond-
ing transfer functions. We derive necessary conditions on the poles and zeros of the transfer function of any distributed
algorithm that solves (1.1). These conditions are used to prove Theorem 4.3, and also give rise to an impossibility
result stating that no algorithm with a single state can solve the distributed optimization problem.

The general dynamical system model for a distributed optimization algorithm satisfying P1-P3 is given by’

ktl Ay B k A, B . i
‘ :( v ®Id) “ +( . @fd)z% y (4.12)
yf CO Do uf Cl D1 j=1 u§
ui = Vfi(y7) (4.1b)
fori € {1,...,n} where £F € R??is the state, u¥ € R the input, and yr e RR? the output of agent 7 at iteration k. The

model (4.1) over-parameterizes all algorithms in our class of interest. To simplify notation, we set d = 1 throughout

the rest of the section, though our results hold for general d € N.

We can write (4.1) in vectorized form by concatenating the states of the agents as £ := [(gf)"’ c (€W !
and similarly for «* and y*. The iterations are then
F = A(L)EF + B(L)u (4.2a)
y* = L)k + D(L)uF (4.2b)
uf = Vf () (4.2¢)
where the i component of Vf(y*) is Vfi(y¥), and the system matrices are:
AL) =1, A+ L R A4, B(L):=1,® By + L ® By,
CL)y=LC+L&C, D(L):=1,® Do+ L ® D;.
By Assumption 3, we may write L = VAV where V = [Ul ’Un:| € R™ ™ is an orthogonal matrix of
eigenvectors and A = diag(A1,...,\,) is a diagonal matrix of eigenvalues with 0 = A; < Ay < .-+ < \,,. For
¢ =1,...,n we define the state, input, and output in direction v, as follows:
&= (v] @ L) ak = v u” gy =) yk (4.3)
In these new coordinates, (4.2) is equivalent to the n decoupled single-input single-output systems
& = (Ao + MANES + (Bo + \eB1)ug (4.4a)
JE = (Co + A\C1)EF + (Do + A\ Dy )ik (4.4b)
uy = v V(01 g5 + -+ vn ) (4.4¢)

LThe iterations (4.1) are similar to the polynomial linear protocol [9] used to study the dynamic average consensus problem.
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forall ¢ € {1,...,n} where f_? € R2. We refer to (4.4) as the separated system, and the corresponding transfer

functions are given by
G, (2) = (Co + MeCh) (21 — (Ao + AeA)) ™ (Bo + AeB1) + (Do + Die). 4.5)

Note that £ indexes the n directions in the eigenspace of L as opposed to the n agents, which are indexed by .
Given the generic transfer function G,,(z), imposing that algorithm (4.1) has an optimal fixed point leads to
properties that the transfer functions must satisfy. Here, an optimal fixed point is any point (£}, y7,u}) such that

y; = x* solves (1.1). We summarize these in the following lemma.

Lemma 4.4 Suppose algorithm (4.1) converges to an optimal fixed point. Then the transfer function (4.5) satisfies the

following properties.

1. Gy, (z) has a pole at z = 1 and is marginally stable.

2. Gy,(z) has a zero at z = 1 and is strictly stable forall ¢ = 2,. .. n.

Proof. Since algorithm (4.1) converges to an optimal fixed point, the separated systems (4.4) also converge to

fixed points. Since A\; = 0 and v; = L1, and by (4.3) and (1.1),

vn
—x _ T x _ 1 - *\ *)
i =vjut = > Vfilyp) = VnVf(a*) =0. (4.6a)
i=1
For ¢ = 2,...,n, each vy is orthogonal to v; since L is symmetric. Again using (4.3) and (1.1),
Uy =viy* =vjla* =0  forlc{2,...,n}. (4.6b)

We first prove that Gy, (z) has a pole at z = 1 and is marginally stable. Suppose by contradiction that all poles of
G\, () are strictly stable. Then for every input sequence, @ — @} = 0 by (4.6a), and the corresponding output
sequence ¥ must tend to 7 = 0. However, this is a contradiction because 7 is nonzero in general. Alternatively
suppose that G5, (z) has an unstable pole. Then there exists an input sequence such that ¥ — oo as 4§ — u*. This
contradicts that 7 is finite. Hence, G5, () is marginally stable with a pole at z = 1.

To prove that G, (z) is strictly stable for £ = 2,...,n, assume the contrary. Then there exists a pole for some =z
such that |z| > 1. Consequently, for a converging input sequence, gf — g7 # 0, which contradicts (4.6b).

Finally, we show that G,(z) has a zero at z = 1. Let ﬂ’; — Uy, which in general is a nonzero constant. Then the
steady-state gain to y, must be zero to ensure (4.6b) holds. H

The requirements on the transfer function in Lemma 4.4 imply that no single-state algorithm of the form (4.1) can
solve the distributed optimization problem. This provides an explanation as to why the Distributed Gradient Descent
algorithm must use a diminishing stepsize [19]. We therefore restrict ourselves to algorithms with two states (i.e.,

¢F € R?d) since these are the simplest algorithms that can achieve linear convergence rates.
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Corollary 4.5 No algorithm satisfying properties P2 and P3 where each agent has a local state of dimension d can

solve the distributed optimization problem (1.1).

Proof.  Such an algorithm can be written in the form (4.1) with A;, B;, C;, D; € R for i = 1,2 (since the state is

dimension d) and Dy = D; = 0. The corresponding transfer function then has the form

(Co + /\gCl)(BO + )\gBl)
Z — (AO + )\gAl)

GM (Z) =

Suppose the algorithm solves the distributed optimization problem (1.1). Then from Lemma 4.4, G, (z) must have a
pole at z = 1, and G, (z) must have a zero at z = 1 for all £ = 2, ..., n. The first condition implies that Ay = 1 with
ByCy # 0, while the second condition implies that either By = By = 0 or Cy = C; = 0. These conditions contradict

each other, implying that the algorithm does not solve the distributed optimization problem. ll
4.3 Examples

We now outline a procedure to put any distributed optimization algorithm in our class of interest in canonical form.

Note that the canonical form has the form (4.1) with

1 (|~ -1 (2|0
Ao | Bo A | By ‘
=10 1] 0 and = -1 010 4.7
Co | Dy Cy1 | Dg
1 0] 0 — ¢ 00

and the corresponding transfer function (4.5) is

a(l—Ch)(z—1)

CF = —
R e R EX e W er e v

(4.8)

We can then apply the following procedure to put any distributed algorithm satisfying properties P1-P3 into our

canonical form. We summarize the results for several known algorithms in Table 4.1.
1. Write the algorithm in the form (4.1) to obtain the system matrices (Ao, By, Co, Do) and (A1, By, Cy, D1).
2. Compute the transfer function G, (z) using (4.5).
3. Obtain parameters «, o, (1, 2, (3 by comparing coefficients of the transfer function G, (z) with that of the
canonical form Ggf (2) in (4.8).

Since the parameters of our canonical form are unique, we can compare various algorithms by putting them in this
form. For example, from Table 4.1 we observe that NIDS and Exact Diffusion have the same parameters and are
therefore equivalent. Similarly, for the algorithm of Jakoveti¢, choosing B = 0 recovers DIGing, and B = éW with

W — %(I + W) recovers EXTRA, as noted in [10].

2The similar algorithm AugDGM [44] does not fit in our framework because it requires two sequential rounds of communication per iteration.
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Table 4.1 Parameters of distributed optimization algorithms in canonical form using W = I — L.

G G G2 (3

EXTRA [32] i1 0 0
NIDS [15] 7 1 0 3
Exact Diffusion [46] % 1 0 %
DIGing [18,26] 0 2 1 0
AsynDGM? [45] 0 2 1 1
Jakoveti¢ [10] (B = BI) af 2 1

Jakoveti¢ [10] (B = BW) af 2 1-aB 0

Remark 4.6 To provide an additional degree of freedom, we can relate the gossip matrix to the Laplacian matrix by
W = I — uL where o € R is an additional scalar parameter. This is equivalent to choosing the gossip matrix as a

convex combination of I — £ and the identity, i.e., W = (1 — u)I + p(I — L).

Remark 4.7 (Uniqueness of Realization) The canonical form (4.7) can be reliably obtained from an algorithm by
computing its transfer function (4.8) and then extracting coefficients. In contrast, working with realizations directly
can be problematic because even if coordinates are chosen such that (Ag, By, Co, Do) has the desired form, this does
not ensure uniqueness of (A;, By, C, D1). For example, one can easily check that the following realization has the

same transfer function as (4.7):

1 (| —«
Ao BO 0 Al Bl
=10 1] 0 and =
CO D() Cl Dl
1 0] 0

The equivalence class of realizations for a doubly-indexed transfer function (i.e. with z and \) is more involved
than the singly-indexed case and a broader discussion on this topic is outside the scope of the present work; seminal

references include [8,29].

NIDS. To illustrate our approach, we return to the NIDS [15] algorithm. As suggested by the authors of [15], we
choose W := (I +W)/2 where the gossip matrix W is related to the Laplacian matrix Lby W =1 — L.
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First, we write NIDS in the form (4.1) as follows:

k2 21— L 3L—-1 o(—-3L) okl (3L 1)
g =T 0 0 k| + 0 V(")
Vi (y"*) 0 0 0 Vi(y* ) I
Ik+1
yk = [I 0 O} xk
Vi(y*)

This is equivalent to (4.1) with state-space matrices

2 -1 al-a -1 1 -91¢

Ao | Bo 1 0 0|0 A | By 0 0 0|0
= and = ’

Co | Do 0 0 0] 1 Cy | Dy 0 0 0|0

1 0 00 0 0 0|0

which have associated transfer function (4.5) given by

a(l=3x)(z—-1)
(z=1)(z =14+ X))+ X

Gx, (z) =

Comparing coefficients with that of GSS (z) in (4.8), we find that the parameters of the canonical form are ({p, (1, (2,(3) =

(1,1,0,1).
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Chapter 5

Algorithm Design

We now turn to the problem of algorithm synthesis, or design, as discussed in [36]. Given a class of allowable
functions and graphs, we seek to find the plant (algorithm) that achieves the best (fastest) rate of convergence. The
topic of this chapter complements our prior study of algorithm analysis, wherein the plant is known and we want to
certify the rate of convergence. Now, we will use the SDP (3.10) to design a distributed optimization algorithm, which
we name SVL. Our guiding principle is to seek the fastest possible rate bound guarantee while keeping the algorithm
as simple as possible. Therefore, we seek an algorithm with two states that only requires one state to be communicated
at every timestep. Motivated by our canonical form for distributed algorithms over time-invariant graphs [35], we

restrict our search to algorithms parameterized as

1 gi—ai-—
A B, B, 7
0 1 0 —1
C Du D1U
S B Tl=11 0i0 i-s|. (5.1
CZ DZ’M DZ’U
1 0 0 0
F,i F,
0 1 0

As long as 8 # 0, this algorithm satisfies the fixed point conditions of Proposition 3.5. Moreover, the update equa-
tions satisfy the conditions for implementability (3.2) and therefore do not contain circular dependencies, so we can
implement the algorithm in a straightforward fashion as in Algorithm 2. To motivate the structure of our algorithm,
we show how it corresponds to an inexact version of the alternating direction method of multipliers (ADMM), as well
as how it reduces to well-known consensus and optimization algorithms in special cases. To begin, we show how to

use the SDP (3.10) to choose the algorithm parameters.
5.1 Choosing the Algorithm Parameters

The problem of minimizing the worst-case convergence rate p over the algorithm parameters (¢, 3, , §) and SDP
solution (P, @, R), subject to the SDP being feasible, is difficult due to the nonlinear matrix inequalities. Instead,

we show that for a particular choice of («, 7, d), the remaining parameters (3, p) can be chosen such that the SDP is
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Algorithm 2 (template for the SVL algorithm)

Initialization: Let £* € R™ ™ be a Laplacian matrix. Agents i € {1,...,n} choose initial local state x5 € R¢ arbitrarily and
w) € R such that 37" w) = 0 (e.g. w) = 0).
for iteration k = 0,1,2,... do
for agenti € {1,...,n} do
Local communication
P=3 L €.
Local gradient computation
k= ok -t €2
ui = Vfi(yf) (C3)

Local state update

£ = 2 4 Buf — ol — yob (C4)
wktt = wk —of (C.5)
end for
end for

feasible, where the matrix in the disagreement LMI (3.10b) is rank one. Extensive numerical optimizations of the SDP
suggest that the optimal parameters do in fact have this structure.
We now state our main design result, which describes the convergence rate of the SVL algorithm. A proof is

provided in Appendix A.4.

Theorem 5.1 (SVL) Consider applying Algorithm 2 to the distributed optimization problem (1.1), and suppose As-

sumptions 1 and 2 hold with 0 < m < Land 0 < ¢ < 1. Define n := 1+ p — x (1 — p) and choose the parameters

a=—, ’7:1—’_5) 521; (52)

where $ and p € [ﬁ_—z, 1) satisfy the constraints

(28— (1 —p)(k+1)(B—1+p%) <0, (5.3a)

2 51+p2>< 2-n—28 )( (20 +m)B — (1= p*)n )_ >
p<6—1+p 22— (- ) \U o —2mpr 28 —rams) O

Then there exists a constant ¢ > 0 independent of ¢ and k such that for all agents ¢ € {1,...,n} and all iterations

k>0, |yF — yop|| < c p* where yop € R? is the optimizer of (1.1).

Theorem 5.1 provides conditions on parameters (v, 3, , d) of Algorithm 2 such that the algorithm converges with

rate no slower than p. The theorem, however, does not address the problem of optimizing the convergence rate since
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B and p must only be chosen to satisfy the constraints (5.3). This is because the optimal parameters do not admit a
closed-form solution for the convergence rate p as a function of the spectral gap o and function parameters m and L.
However, we now provide a systematic method for computing the optimal parameters.

The parameters must satisfy (5.3b), but this equation does not have a closed-form solution for p. Instead, we
consider fixing the rate p and maximizing the corresponding spectral gap. We can then choose 3 to maximize o2
in (5.3b). We do this for computational ease; maximizing o for a given p is akin to looking for the sparsest graph for
which the given rate holds. Maximizing ¢ works because the convergence rate only worsens as the graph becomes

disconnected. In other words, p is a nonstrictly increasing function of o. We find the value of 3 that maximizes o2 for

a fixed convergence rate p by setting the derivative equal to zero:

d 2
é =0 = (B(1 = K+ 2p(1 + p)) — 01 — p*))(so + 518 + s28° + s38°) = 0,
where the coefficients s; are given by
so =1 (1= %) (n— (3 —mup+2(1 —n)p? +2°),
s1:=—(1 p2)(np+4p —2p*(2p° + p—3) +1° (4p3—4p2—6p+3)),

s2:=3n(1 — p)*(1 + p) (20> + 1),

= (20" +n)(20° — ).

Solving the first factor for (3, we find that it does not satisfy the inequality (5.3a) and is therefore not a valid solution.
The optimal 8 must then make the second factor zero. Therefore, we can do a bisection search over p, where at each

iteration of the bisection search we solve the cubic equation
so + 510+ 526% + 5367 =0 (54)

to find the unique real solution 3 that satisfies (5.3a). Substituting this value of 3 into (5.3b) gives the solution for o.
Denote the solution by 6. If 6 < o, we increase p; otherwise, we decrease p. We then repeat until & is sufficiently
close to o. Algorithm 3 summarizes this procedure for finding the parameters 3 and p that optimize the worst-case
convergence rate. We define SVL to be Algorithm 2 with parameters chosen using Algorithm 3.

Fig. 5.1 displays the worst-case convergence rate p as a function of the spectral gap ¢ and the centralized gradient
rate 705 for SVL. One of the remarkable aspects of the SVL algorithm is that it actually achieves the same worst-case
convergence rate as centralized gradient descent if the spectral gap is sufficiently small. In this case, there is sufficient
mixing among the agents so that the convergence rate is limited by the difficulty of the optimization problem and not
by the problem of having agents agree on the solution (i.e., consensus). This corresponds to the horizontal lines for
small values of ¢ in the top panel of Fig. 5.1. Viewed another way, the convergence rate is limited by the difficulty
of the optimization problem when the problem is ill-conditioned (i.e., x is large), which corresponds to the curves

approaching the straight line at p = £ in the bottom panel of Fig. 5.1.
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Algorithm 3 (computing the SVL parameters)
Initialization: Let 0 < m < L,0 < 0 < 1,and € > 0. Define x := L/m. Set p1 = 0 and p2 = 1.

while po> — p1 > edo
p=(p1+p2)/2
Let 5 be the unique real solution to (5.4) that satisfies (5.3a).
Using this value of 3, let & denote the solution to (5.3b).

if 6 < o then

p2=p
end if
end while

return p, 8

Remark 5.2 (Optimality) We conjecture that the SVL parameters (v, 3,7, ) produce the fastest worst-case conver-
gence rate over all algorithms in the form of Algorithm 2, that is certifiable using the main analysis SDP. However, we

make no formal claims of optimality of the SVL algorithm.

5.2 Interpretation of SVL as Inexact ADMM

To motivate the structure of SVL, we show how SVL can be interpreted as an inexact version of the alternating
direction method of multipliers (ADMM). Using the formulation in [4, Section 7.1], the distributed optimization
problem (1.1) can be solved using ADMM:

2¥ T = argmin fi(z) + (z — yf)T2f + 5o — yf|? (5.52)
x
1 n
g = 3k (5.5b)
j=1
2R = 2k 4 Bl -y (5.5¢)

where (2%, y¥, 2F) are the variables associated with agent 4 at time k, and 3 is the ADMM parameter. To implement
this algorithm, however, each agent must solve the local optimization problem (5.5a) exactly as well as compute the
exact average (5.5b) at each iteration. Instead, we consider a variant where the computations and communications are
inexact. Specifically, we replace the exact minimization (5.5a) with a single gradient step with initial condition ¥ and

stepsize o > 0, and we replace the exact averaging step (5.5b) with a single gossip step using the Laplacian matrix
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L". This gives the following inexact version of ADMM:

wi T =yl a (V) + <))

k+1 _ k+1 k41 k+1
yi o=z — E Eij T
Jj=1

k+1 k+1 k+1
Zi+ :Zf+ﬁ($i+ _yz+)

Defining the state w) := —%szl, this algorithm is equivalent to Algorithm 2 with v = 1 4+ S and 6 = 1. In other
words, SVL corresponds to an inexact version of ADMM, where « is the stepsize of the gradient step and 3 is the

ADMM parameter. Other distributed ADMM variants are found in [5,31].

5.3 Special Cases

We now show how the SVL algorithm reduces to well-known consensus and optimization algorithms in special

cases.

Single Agent. When n = 1, the distributed optimization problem is equivalent to centralized optimization. In this

case, the Laplacian matrix is simply the scalar £*¥ = 0, so v¥ = 0 for all £ > 0. Algorithm 2 then simplifies to
M =gk o Vf(ah), Y arbitrary,

which is ordinary gradient descent with stepsize «. The fastest possible gradient rate of p = 2—;1 is achieved when

Unity Condition Ratio. When the condition ratio x = 1 (i.e., m = L), the distributed optimization problem is
equivalent to average consensus. In this case, the parameters of SVL are simply o = %, B=1,v=2and § = 1.
Also, the objective functions are quadratic, so we may assume without loss of generality that they have the form
fE(@) = L)z — r¥||, where r¥ € R? is a parameter on agent i € {1,...,n} atiteration k. The SVL algorithm then
simplifies to

n
E+1 _ k k Kk k k-1 0_ .0
x; —xi—g Eijxj—&—(ri—ri ), X, =1,
j=1

which is a dynamic average consensus algorithm since the reference signals are continually injected into the dy-
namics [12]. When the objective functions are constant, the r; terms cancel from the iterations and only affect the
initial conditions. This case is referred to as static average consensus [37], and the worst-case rate of convergence is

p=o[39].
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Figure 5.1 Worst-case linear rate p of SVL in Theorem 5.1 as a function of x and o. Top plot: as k — 1 (quadratic
objective), we obtain p = o (optimal linear consensus rate). Bottom plot: as ¢ — 0 (fully connected graph), we
obtain p = :—j& (optimal centralized gradient rate).
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Chapter 6

Finding Lower Bounds

In an effort to show that the upper bounds for each algorithm in Fig 3.2 were likely tight, we searched for signals
{x¥, uk, v* yF 2*} that satisfied (3.1) for some choice of f; and £* satsifying Assumptions 1 and 2, respectively [36].
We first solved a relaxed version of the problem, where we replaced Assumptions 1 and 2 by the weaker condi-
tions (3.13) and (3.14), respectively. We used the following greedy heuristic. For a given algorithm and rate p, we
solved (3.10) to obtain (P,Q, R). At each time step k, we then maximized the Lyapunov increment V*+1 — p2Vk,
where V¥ is defined in (3.12). We solved the following optimization problem for k > 0.
P A

such that (3.1a), (3.1¢), and (3.14) hold, 6.1)

(3.13) holds fori =1, ...,n,

1Tk =0.
For k = 0, we also included 2° as an optimization variable and the normalization VO = 1. For k > 1, we solved (6.1)
using the z* found at the previous iteration and warm-starting u*, v*. We used the Ipopt [38] local solver with default
settings since (6.1) is a nonconvex quadratically constrained quadratic program. Note that we must choose parameters
n and d.

Our relaxed heuristic using n = d = 2 was successful in constructing trajectories that matched the worst-case
bounds from (3.10). To illustrate, we simulated EXTRA, NIDS, DIGing, and SVL with x = 10 and a few values of
o in Fig. 6.1. For each trajectory, we plotted ||y* — y*|| together with the corresponding upper bound p found from
Theorem 3.10. We obtained similar results for the other algorithms from Table 3.1.

Since we used the relaxation (3.14) to construct z¥ and v*, there is no guarantee that there will exist a linear

Laplacian £* such that v* = LFz*. However, finding whether such an £* exists amounts to solving a convex
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Figure 6.1 Approximate worst-case trajectories for EXTRA, NIDS, DIGing, and SVL. Trajectories were found by
solving the relaxed problem (6.1). We used « optimized as in Fig. 3.2 and the default 4 = 1. Simulations were
performed for k = 10, o € {0.3,0.6,0.9}, and n = d = 2. Dashed lines indicate corresponding upper bounds

obtained from Theorem 3.10 and shown in Fig. 3.2. All traces were vertically translated to improve clarity.

optimization problem:

min 1T —10— K|
ﬁk ER’HXTL
suchthat  (LF ® I)2F = o, (6.2)

£k1=0, 17cF=o0.

If (6.2) is feasible and its optimal value is less than or equal to o, then the associated L* is a valid Laplacian matrix at
timestep k. While there is no guarantee that (6.2) will even be feasible, we reasoned that since there are n?2 variables
and 2n + ndc linear constraints, where d and c are the number of rows of C, and C, respectively, we could increase
our chances of finding feasible £* with n large and d and ¢ small.

In Figure 6.2, we show a successful construction for the NIDS algorithm, which has ¢ = 1. We solved (6.1) with
n = 15 and d = 1, and solved (6.2) at each timestep. An optimal cost for (6.2) of o was always achieved.

This result indicates that the upper bound for NIDS in Fig. 3.2 is likely tight, and that NIDS is not robustly stable in
the time-varying setting. In other words, the network-independent rate bound enjoyed by NIDS in the constant-graph

setting [15, Thm. 2] does not carry over to the time-varying setting.

Remark 6.1 There may be other approaches to finding a worst-case £* that outperform the outlined approach us-
ing (6.2). For example, one might try alternating convex optimizations or including £* directly as an optimization

variable in a nonlinear program.

EXTRA

—— NIDS
—— DIGing
— SVL
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Figure 6.2 Worst-case trajectories for NIDS found by solving (6.1) and successfully solving (6.2) to construct a
sequence of Laplacians {£*}. Simulations were performed using optimized o, 1 = 1, x = 10, n = 15, and d = 1 for
o € {0.3,0.6,0.9}. Trajectories were plotted with their accompanying rate bounds (dashed lines) from Theorem 3.10

and translated to improve clarity.
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APPENDIX

A.1 Proof of Proposition 3.13

From the definition of the matrix norm and Assumption 2, we have that

o> |1 =T = £F| = ||(1 — 1L — £%)(1 - 1)
(7 =T — £ (1 — )y

YER™,y#0 lyll

Without loss of generality, y = IIn + (I — II) ¢, where 1 and ¢ are arbitrary. By orthogonality,

ylI? = (Imn|* +
|(I —TI) ¢||?. Substituting the decomposition of y into the above inequality,

N (I — 11— £¥)(1 — 1) ¢
> max
onelt 20 /([T + [|(I —11) 6>
)

. (1 =TT —£F)(1 —10) 8|
$ER™,y#0 (1 —1I) ¢l
L Ju—me—cr)
sekryz0 (I -1l ~

where the last two steps follow because the maximum is attained with = 0, and £*II = I1£* = 0. Squaring both
sides and rewriting as a quadratic form yields
T

¢

¢ (M; @ (I —1I)) >0 (A.D

Lk Lk

for all ¢ € R™. Now let p denote the dimension of zf Then since R > 0, it has the decomposition

P

.

R= E e Wewy
=1
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where w, € RP and p; > 0. Then using that 7% = (£LF ® 1) #*, the quadratic form is

zk ! zk
| Mhe(-MeR) |
T (1 @ w]) 2
= | (Mo -1
;MH ( ( ) (I w])o*
T [ Tow!)z
= | (Mo -1 ,
;WH (o ) LF (I @w]) 2"

which is nonnegative from (A.1) with ¢ < (I ® w]) z*.
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A.2 Proof of Theorem 4.2

First, we show that all fixed points are optimal. Consider a fixed point of the algorithm, given by (v3;, v3;, yZ, uf, z}, w})

fori € {1,...,n}. Applying (C.6) and (C.1) to the fixed point, we have 0 = v}, = Z 1 Lij x5, This implies

*

yr = xj, and o7 =z foralli,j € {1,...,n} since the graph is connected by Assumption 3. This shows that the
agents reach consensus at the fixed point; we have left to show that the consensus variable is the solution to (1.1). To

do so, we sum both sides of the x; update in (C.5) to obtain

aZu —COZw —glzﬁwx +@Z Lijw?. (A.2)

1,5=1 i,j=1

The last two terms on the right side are both zero since the Laplacian matrix is symmetric and therefore satisfies

L1 = 0. Furthermore, the first term on the right side is zero due to T3. To see this, we sum (C.6) to obtain

S whtt = 3" wk, soeither (o = 0 or .1, wf = 0. Finally, o # 0 from T1, so we must have 0 =
S ur =" Vfi(y}). The fixed point satisfies (1.1) and is therefore optimal.

Next, we turn to showing existence of an optimal fixed point. Define y,,; as in (1.1). We show how to construct

an optimal fixed point of the canonical form. Define v}; := 0, ¥} := Yopt. U} := Vfi(Yopt), and x} := y,p, for all

i€{l,....,n}. Wehave "', u} = 0 from the definition of ¥y, so from T2, the linear system

n
au = Cowl + G Y Lijw] (A.3)
Jj=1
has a solution wj. Finally, we define v3; := 3°7_, L;; w}. Then the point (v};, v3;, y, uf, «}, w) fori € {1,...,n}

is an optimal fixed point.
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A.3 Proof of Theorem 4.3

Consider an algorithm that satisfies properties P1-P3 and converges to an optimal fixed point. Such an algorithm
can be represented by the iterations (4.1) with the following: i) 4; € R2*2 for 4 = 1,2 (since the local state vector
is in R??, ii) Dy = D; = 0, and iii) either B; = 0 or C; = 0 (otherwise the algorithm would require two sequential

rounds of communication per iteration). We can therefore parameterize the state-space matrices as

The corresponding transfer function has the form

(M + M2\ + 13A)z 4 (s + 15X + 16 A% + 17 A3)

G =
A(2) 22+ (08 + moA)z + (o + muiA + m2A?)

where the parameters {7, } are defined as follows:

M = bicy + bacy
N2 := bicg + bscy + bacy + byco
N3 = bzcs + bycy
N4 i= —a1baca + azbacy + asbica — asbicy
15 = agbacs — a1bycy — arbacy + azbycy
+ agbicy + agbsco — agbics — agbscy

— a5b262 + CLGbQCl + 076162 — a8b161

N6 - a2b4C3 — CL1b4C4 + Cl3b364 - a4bgc3
— asbacy — asbacy + agbacs + agbscy
+ arbicy + arbzca — agbicz — agbzey

N7 = agbacs — asbscy + arbzcy — agbzcs

ng = —(a1 + as)

N9 = —(as + as)

Mo ‘= G104 — A2G3

M1 ‘= G108 — G207 — 4306 + Q405

T2 ‘= asag — agazr

Since either B; = 0 or C; = 0, we have 3 = n7 = 0. Since the algorithm converges to an optimal fixed point, we

have from Lemma 4.4 that G (z) must have a zero at z = 1 for all nonzero eigenvalues A of £, so the term (z — 1)
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must factor from the numerator. Therefore, the parameters satisfy 7, +n4 = 0, 72 + 175 = 0, and g = 0. Also, the
transfer function must have a pole at z = 1 when A = 0, which requires the denominator to be (z — 1) when A = 0.
This implies 7s = —2 and 119 = 1. The transfer function then has the form

B (m +mA)(z—1)
Calz) = (z =124+ X(m1 +n9z + m12A)’

(A4)

which is equivalent to (4.8) with (11,72, M9, 711, M12) — (—, a3, (1, o — (1, (2). Note that 7); cannot be zero, since
this would violate the necessary condition that the transfer function has a pole at z = 1 when A = 0. We can then invert
the mapping to obtain the parameters («, (o, C1, C2, (3) = (—n1, M9 + 111, M9, M2, —%) Therefore, the algorithm can
be put into canonical form with a suitable choice of parameters «, (o, (1, (2, (3, and these parameters are unique since
the mapping to the transfer function coefficients is one-to-one. Furthermore, there are five degrees of freedom in the
coefficients of the transfer function (A.4), so any fully expressive canonical form must have at least five parameters.

Our canonical form has precisely five parameters and is therefore a minimal parameterization. It remains to show that

the technical conditions hold.

T1. Suppose a = 0. Then the transfer function of the canonical form is identically zero, and therefore does not
satisfy the conditions of Lemma 4.4. But this contradicts that the algorithm converges to an optimal fixed point, so

« # 0. Therefore, T1 holds.

T2. For a given initial state, let (vy;, v3,, yF, ul, x, w}) fori € {1,...,n} denote the optimal fixed point to which
the algorithm converges. Then this point must satisfy the linear equation (A.3). For this to hold for a general objective

function, the system must have a solution for any w} such that Y., u} = 0, which implies T2 holds.

T3. Since the algorithm converges to an optimal fixed point, the right side of (A.2) must be zero, or equivalently,
Co >, wr = 0. The Laplacian matrix is symmetric, so Y _;_; whtl = S w? for all k > 0. Therefore, we must

have either (o = 0 or Y., w? = 0, so T3 holds.
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A.4 Proof of Theorem 5.1

Substituting the template (5.1) into the consensus LMI (3.10a) reduces to

1-p? —«
Py + My X0,
—a  o?

which is satisfied with &« = (1 — p)/m and P11 = ”;((f:;';) . Note that this LMI is known to describe the convergence

rate of centralized gradient descent; see [13, Section 4.4].

Now consider the potential solution to the disagreement LMI (3.10b) given by

ty [1+p72 —1 ts
Q=" P and R=——, where
a?p? 1 1 a?ts
h=2(-p) b= B 1t
ts =B n+2p") —n(1—p), ta:=28p" —n(1—p?),

ts = (1—8—p)(B(n+20%) — (1= p*)(1 — K+ 2rp)),

te = (2—a(L+m))(1-p*)*—(2(1—p") — (L +m))B.

Using these values along with the value for o2 in (5.3b), the matrix in the disagreement LMI (3.10b) is equal to the

rank-one matrix —ﬁzzT, where

tg
1 —tat3
7= —
A laty (2—a(L+m))

B (ts — ap®(L +m))

In order for this to be a valid solution, we must have t3 > 0 and ¢1 /t4 > 0 (so that Q > 0), t5/t5 > 0 (so that R = 0),
and tot4 > 0 (so that (3.10b) holds). All of these inequalities hold if and only if (5.3a) holds. Therefore, the SDP has

a rank-one solution using the parameters in (5.2) if 5 and p satisfy (5.3). The convergence bound then follows from
Theorem 3.10.
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