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Abstract

We study a relationship between )-polynomial distance-regular graphs and the double
affine Hecke algebra of type (CY,C1). Let I' denote a @Q-polynomial distance-regular
graph with vertex set X. We assume that I" has g-Racah type and contains a Delsarte
clique C. Fix a vertex x € C'. We partition X according to the path-length distance to
both x and C'. This is an equitable partition. For each cell in this partition, consider
the corresponding characteristic vector. These characteristic vectors form a basis for a
C-vector space W.

The universal double affine Hecke algebra of type (C,C}) is the C-algebra If[q defined
by generators {t'}3_ and relations (i) t,t,! =t ', = 1; (i) t, + ¢, is central; (iii)
totitats = ¢~ /2. In this thesis, we display an ]:Iq—module structure for W. For this

module and up to affine transformation,
e tot; + (tot1)~! acts as the adjacency matrix of T;
o t3tg + (t3to) ™! acts as the dual adjacency matrix of I with respect to C;
o tity + (t1t2)~ ! acts as the dual adjacency matrix of I' with respect to .

To obtain our results we use the theory of Leonard systems.
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Chapter 1

Introduction

This thesis is about three classes of objects: (i) Leonard systems; (ii) (-polynomial
distance-regular graphs; (iii) double affine Hecke algebras. To motivate our results we

will provide some background on each of these topics.

The concept of a Leonard system was introduced by Terwilliger |26, Definition 1.4].
To explain what this concept is, we begin with a more basic concept called a Leonard
pair [26, Definition 1.1]. Roughly speaking, a Leonard pair consists of two diagonalizable
linear transformations on a finite-dimensional vector space, each of which acts in an
irreducible tridiagonal fashion on an eigenbasis for the other one. A Leonard system
is a Leonard pair together with an appropriate ordering of their primitive idempotents.
Leonard systems are classified up to isomorphism |26, Theorem 1.9]. This classification
yields a bijection between the Leonard systems and a family of orthogonal polynomials
consisting of the ¢g-Racah polynomials and their relatives in the Askey scheme [29]. The
Leonard systems that correspond to the g-Racah polynomials are said to have ¢g-Racah
type. This is the most general type of Leonard system. We will focus on the Leonard

systems of ¢g-Racah type.

In [8], Delsarte introduced the @-polynomial property for distance-regular graphs. Since
then, this property has been investigated by many authors [2}3}4}7/14,/15,16,22,[23]. A

@-polynomial distance-regular graph can be regarded as a discrete analogue of a rank 1



symmetric space [2, p. 311, 312]. Let I denote a Q-polynomial distance-regular graph
with vertex set X. Let Mx(C) denote the C-algebra consisting of the matrices with
entries in C whose rows and columns are indexed by X. Let V denote the C-vector
space consisting of column vectors with rows indexed by X. We view V as a left module
for Mx(C). Fix 2 € X. In [24] Terwilliger introduced the subconstituent algebra
T =T(z) (or Terwilliger algebra). The algebra T is the subalgebra of M x(C) generated
by the adjacency matrix A of I' and a certain diagonal matrix A* = A*(x), called the
dual adjacency matrix of I' with respect to x. We now discuss the T-modules. By a T-
module we mean a T-submodule of V. The algebra 7' is semisimple |24, Lemma 3.4], so
V decomposes into a direct sum of irreducible T-modules. Let W denote an irreducible
T-module. Then W is called thin whenever the intersection of W with each eigenspace
of A and A* has dimension at most 1. It is known that the matrices A, A* act as a
Leonard pair on each thin irreducible T-module [24]. We now recall the primary 7-
module [24, Lemma 3.6]. Consider the T-module generated by the characteristic vector
of x. This module is thin and irreducible. We call this the primary T-module. We say
that I' has ¢-Racah type whenever the Leonard system induced by the primary 7-module

has g-Racah type.

In [21] Suzuki extended the Terwilliger algebra concept by defining the Terwilliger alge-
bra with respect to a set of vertices. For our purpose the set of vertices will be a Delsarte
clique. A Delsarte clique C of T is a nonempty set of mutually adjacency vertices of '
that has cardinality 1 — k/6n, where k is the valency of I' and 6,,;, is the minimum
cigenvalue of A. The Terwilliger algebra T = T(C) is the subalgebra of M (C) gener-
ated by A and a certain diagonal matrix Ar = ﬁ*(C’), called the dual adjacency matrix

of I' with respect to C. By a T-module we mean a T-submodule of V. As we will



see in Section 4, the algebra T is semisimple. So V decomposes into a direct sum of
irreducible T-modules. Let W denote an irreducible T-module. Then W is called thin
whenever the intersection of W with each eigenspace of A and A* has dimension at most
1. By [24, Lemma 3.2] the matrices A, A* act as a Leonard pair on each thin irreducible
T-module. We now recall the primary T-module [21, Section 7]. Consider the T-module
generated by the characteristic vector of C. It turns out that this module is thin and

irreducible. We call this the primary T-module.

In this thesis we introduce an algebra T. To define T we assume that I' contains a
Delsarte clique C'. Fix a vertex € C. The algebra T = T(z,C) is generated by
T =T(z) and T = T(C’) The algebra T is semisimple. It turns out that the T-module
generated by the characteristic vector of x is equal to the T-module generated by the
characteristic vector of C. We denote this module by W. As we will see, the T-module
W is irreducible. Moreover, the T-module W decomposes into the direct sum of two
irreducible T-modules, one of which is the primary T-module. Also, the T-module W
decomposes into the direct sum of two irreducible f—modules, one of which is the primary
T-module. The T-module W will play a role in our main result.

In [6], Cherednik introduced the double affine Hecke algebra (or DAHA) for a reduced
root system. In [20], Sahi extended this definition to include non-reduced root systems.
In this thesis we consider the DAHA of type (CY,C}). This is the most general DAHA
of rank 1 [18]. In [17], Noumi and Stokman treated this algebra in detail, in order to

study the Askey-Wilson polynomials. We now define the DAHA of type (CY, C}).

Definition 1.0.1. [11] Fix nonzero scalars ko, k1, k2, k3, ¢in C. Let H = H (ko, k1, k2, k3; q)



denote the C-algebra defined by generators {t,}3_, and relations

(tn — kn)(tn — k1) =0, totrtats = g V2.

This algebra is called the DAHA of type (CY,CY).

In [30] Terwilliger defined a central extension fIq of H. By definition lflq has generators

{5133, and relations (i) t,t;! =t 't, = 1; (i) t,, + ¢, is central; (iii) tot tats = ¢ /2.

n

We call Hq the universal DAHA of type (C},C}). In the present thesis we will focus on

A~

H,.

We now summarize our main results. Let I' denote a @-polynomial distance-regular
graph with vertex set X and diameter d > 3. We assume that I' has ¢g-Racah type
and contains a Delsarte clique C. Fix a vertex x € C. Consider the module W for
T = T(z,C) which was discussed earlier. We show that W is an irreducible ]:Iq—module
as well as an irreducible T-module. We show how the ﬁq—action on W is related to the

T-action on W. Our central result of this thesis is as follows. Define
A =1t + (tot1) ™, B=tgto+ (tste)™", Bl =ty + (Lity) ™"
On W and up to affine transformation,
(i) A acts as the adjacency matrix of T';
(ii) B acts as the dual adjacency matrix of I' with respect to C;
(iii) BT acts as the dual adjacency matrix of I' with respect to .

Moreover on W and for appropriate kg, k; € C,

—1 ~
(iv) ZZ_IZO_l acts as the projection from W onto the primary T-module;
Mo



-1
(v) 211721_1 acts as the projection from W onto the primary 7T-module.
M

The thesis is organized as follows. It has two main chapters. In Chapter [2] we discuss
Leonard systems and Q-polynomial distance-regular graphs. In Chapter [3| we discuss
the DAHA of type (CY, C1). Chapter [2|is organized as follows. In Section [2.1| we provide
some background regarding Leonard systems. In Section we recall some background
concerning ()-polynomial distance-regular graphs and the Terwilliger algebra. In Sec-
tion [2.3| we review the basic properties of a Delsarte clique C' and study the Terwilliger
algebra with respect to C. In Section we define the algebra T and construct a T-
module W. In Sections [2.5H2.7| we study the Leonard systems associated with W. In
Section [2.8 we identify five bases for W, and display the transition matrices between
certain pairs of bases among the five. We also display the matrices representing various
linear maps in End(W) with respect to the five bases. These matrices will be used to
prove the main results of the thesis. Chapter [3|is organized as follows. In Section 3.1
we define the algebra lffq and the elements A, B, BT in fIq. In Section we turn W
into an ﬁq—module. In Section we display how the f[q—action on W is related to the
T-action on W. Theorem [3.3.1] is the main result of the thesis. This thesis ends with

an Appendix in which many details are made explicit for the case of diameter 4.



Chapter 2

Leonard Systems and ()-polynomial

Distance-Regular Graphs

2.1 Leonard systems and parameter arrays

Throughout the thesis, let d denote a positive integer and let ¢ € C be a nonzero
scalar such that ¢*> # 1. Let My, 1(C) denote the C-algebra consisting of all (d + 1) x
(d + 1) matrices that have entries in C. We index the rows and columns by 0,1, ..., d.
Throughout the thesis V' denotes a vector space over C with dimension d+1. Let End (V)
denote the C-algebra consisting of all C-linear transformations from V' to V. Let I denote
the identity of End(V). For A € End(V), A is called multiplicity-free whenever A has
d + 1 mutually distinct eigenvalues. Assume A is multiplicity-free. Let {6;}%, denote
an ordering of the eigenvalues of A. For 0 < ¢ < d let V; denote the eigenspace of A
associated with ;. Define E; € End(V) such that (E; — I)V; = 0 and E;V; = 0 for
j#1(0<j<d). Wecall E; the primitive idempotent of A corresponding to V; (or
0;). Observe that (i) EiE; = 6,5 (0 <4,j < d); (i) I = 0 Ey; (iil) A= Y0, 0,F;

Moreover,

A—0,1 .
E =] n ! (0 <i<d).



Let 2 denote the C-subalgebra of End(V') generated by A. Observe that each of {A"}4_,

and {F;}4_, is a basis for 2{. We now define a Leonard system on V.

Definition 2.1.1. [26, Definition 1.4] By a Leonard system on V' we mean a sequence
O = (A A {EY Lo (B ML)
that satisfies (i)—(v) below.

(i) Each of A, A* is a multiplicity-free element in End(V).
(ii) {E;}L, is an ordering of the primitive idempotents of A.
(iii) {E;7}%, is an ordering of the primitive idempotents of A*.

(iv) For 0 < 1,5 <d,
0 if |i —j] > 1,
EA'E; =
#0 if|i—j] =1
(v) For 0 <14,j <d,
0 if [i — 5] > 1,
EfAE; =
#0 if|i—j] =1
We call d the diameter of ®, and say ® is over C.

There exists a natural action of the dihedral group D, on the set of all Leonard systems.
The action is described as follows. Let ® denote the Leonard system from Definition
2.1.1} Then each of the following is a Leonard system on V:
= (AN AHE o (B ), (2.1)
ol = (A; A {Ei}?:o; {Es—i}?:o)7

v = (4; A*§{Ed—i}?:0§{E?ﬂ g:o)'

)



Viewing %, |, | as permutations on the set of all Leonard systems, we have

R=P=P=1 Yx=x], lx=xl, =4 (22

The group generated by the symbols %, |, |} subject to the relations (2.2) is the dihedral
group Dy of order 8. The permutations *, |, | induce an action of D, on the set of all

Leonard systems.

We recall the notion of isomorphism for Leonard systems. Let ® denote the Leonard
system from Definition Let V' denote a vector space over C with dimension
d+1. Let f: End(V) — End(V’) denote an isomorphism of C-algebras. Write ®/ =
(AT A*F {ENE - {E7}9 ) and observe ®7 is a Leonard system on V’. Let ® and @’
denote any Leonard systems over C. By an isomorphism of Leonard systems from ® to
®’ we mean an isomorphism of C-algebras f : End(V) — End(V’) such that &/ = &'
We say that ® and ®’ are isomorphic whenever there exists an isomorphism of Leonard

systems from @ to ¢’

Let @ denote the Leonard system from Definition 2.1.1} For 0 < i < d let 6; (resp.
0¥) denote the eigenvalue of A (resp. A*) associated with E; (resp. E}). We call
{0;}L, (resp. {0:}L,) the eigenvalue sequence (resp. dual eigenvalue sequence) of ®.

By [26, Theorem 3.2] there exist nonzero scalars {¢;}%, and a C-algebra isomorphism



1 : End(V) — Mg;1(C) such that

90 0 98 ©®1 0
1 60 07 2
1 6 03
A= ’ , A% = i (2.3)
Pd
0 1 6, 0 0

We call the sequence {p; }%_, the first split sequence of ®. We let {¢;}%_, denote the first
split sequence of ®¥ and call this the second split sequence of ®. By the parameter array

of ® we mean the sequence

({0 Y0, {07 Yo, {0y, {0i}im). (2.4)

We denote this parameter array by p(®). The following theorem shows that the isomor-

phism class of ® is determined by p(®).
Theorem 2.1.2. [26, Theorem 1.9] Let
({0}, {07 Yo, {pid iy {0} i) (2:5)

denote a sequence of scalars in C. Then there exists a Leonard system ® over C with

the parameter array (2.5) if and only if the following conditions (PA1)—(PA5) hold:
(PAL) 0,46, 07400 if i£j (0<ij<d).

(PA2) i #0, ¢:#0 (1<i<d).

(PA3) @i = &1 Yoy Bt 4 (07 — 03) (00 —00) (1 <i < d).
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(PA4) ¢ = o1 ot Btt 4 (07 — 05)(Bair — 60) (1< i< d).

(PA5) The expressions
iz — Oita 0i o — 0
iy —0; 0r , —0r

are equal and independent of i for 2 <i<d—1.
Moreover if (PA1)—(PA5) hold then ® is unique up to isomorphism of Leonard systems.

By a parameter array over C of diameter d we mean a sequence of complex scalars
({0:3 0, {0719, Lo}y, {ds }L,) which satisfies the conditions (PA1)-(PA5). By The-
orem [2.1.2] the map which sends a given Leonard system to its parameter array induces
a bijection from the set of isomorphism classes of Leonard systems over C to the set of

parameter arrays over C. In |27] Terwilliger displayed all the parameter arrays over C.

Let & denote the Leonard system from Definition [2.1.1, We now recall the ®-standard
basis. Let v be a nonzero vector in EyV. By [28, Lemma 10.2], the sequence {Efv}4
is a basis for V. This basis is said to be ®-standard. The following is a characterization

of the ®-standard basis.

Lemma 2.1.3. [28, Lemma 10.4] Let {v;}., denote a sequence of vectors in V, not

all 0. Then this sequence is a ®-standard basis for V' if and only if both
(i) v; € EXV for 0 <i<d;
(11) Z?:O v; € EyV.

Let ® denote the Leonard system from Definition and ({0}, {07 Lo, {0 Yy, {0} y)

denote the parameter array of ®. For all X € End(V) let X” denote the matrix in
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M,;1(C) that represents X relative to a ®-standard basis for V. By Definition

and construction we have
A® = diag(6;,607,035,...,0%). (2.6)

Moreover, there exist scalars {a;}%_,, {b;}¢=¢, {c;}&, in C such that

[ ag by 0 ]
g ap by
A = e ay - : (2.7)
ba—1
i 0 Cd  Gd |

We call a;, b;, ¢; the intersection numbers of . For notational convenience define by = 0
and ¢y = 0. By [28, Lemma 10.5], A’ has constant row sum 6y. Therefore a; = 0y — b; —
¢; (0 < i <d). In the following two lemmas, we give the intersection numbers of ® in

terms of the parameter array of ®.

Lemma 2.1.4. |28, Theorem 23.5] The intersection numbers b;,c; of ® are

b — o 07050 — 0D) - (07 — 0)

i = Pitl 7% \ [ O* * * *
(91+1 - 00)(9i+1 - ‘91) e (91+1 - Qi)

o= g OO0 = 0y) - (6 = 61,)

(0;‘—1 - 02)(95—1 - 9371) te (0;‘—1 - 9?)

0<i<d-—1), (2.8)

(1<i<d). (2.9)

Lemma 2.1.5. [28, Theorem 23.6] The intersection numbers a; of ® are

©1

=40 —_— 2.10
Pi Pi+1 )

= 0; 1<i<d-1),

CET e, -, (i<izd-1)
©Yd
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We recall the Leonard system ®* from (2.1)). By the dual intersection numbers of ® we

mean the intersection numbers of ®*. These are denoted by a}, b}, c}.

Lemma 2.1.6. |26, Theorem 1.11], [28, Theorem 23.5] The dual intersection numbers

bi, ¢t of ® are

oy 0= 00)(6 =) (6= 6)

' (01— 00) (01 — 01) -+ (Oi1 — 0;)
iy O OO = 00) - (6= O11)

! (92'—1 - ed)(ei—l - ed—l) T (ei—l - 92)

Lemma 2.1.7. [26, Theorem 1.11], [28, Theorem 23.6] The dual intersection numbers

a; of ® are

aS:Q*—{—gogplel
* * Pi Pi+1 .
“ Z+9i_‘9i—1+‘9i_0z’+1 sis )
X Pd
=0+ —.
C 0 — 04

Let ® denote the Leonard system from Definition . Recall the parameter array p(®)
from (2.4). Let A denote an indeterminate and let C[A] denote the C-algebra consisting

of the polynomials in A that have all coefficients in C. For 0 < i < d define a polynomial

=00 =00 - (0; = 05 )N = B)(A = 01) - (A= 0, 1)
W = ; i . (2.11)

By [27, Theorem 7.2],
01006, = cts1(65) + s (6) + by (6,) (0<ij<d),

where a;, b;, ¢; are the intersection numbers of ® and u_; and uyy; are indeterminates.

By [27, Section 10],

¢l ¢2 ¢z

u; Od
(6a) = P12 i

(0<i<d). (2.12)
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We now recall the ¢g-Racah family of parameter arrays [27]. This is the most general
family.
Example 2.1.8. [27, Example 5.3] For 0 < i < d define

0; = 6p+h(l—q¢)1—s¢)g ", (2.13)
0r = 05 +h"(1—q¢)(1—s¢™g ", (2.14)

7

and for 1 <4 < d define

pi = W1 —q")(1— gL = rig) (L = 2d), (2.15)
¢ = hR*gH(1 — ¢)(1 — ¢4 (r — s*q) (12 — s*¢1) /s, (2.16)
where 6y and 6 are scalars in C, and where h, h*, s, s*,ry, 5 are nonzero scalars in
C such that riry = ss*¢?*'. To avoid degenerate situations assume that none of
¢\, r1q',m2q", s*q" /1, 8%q" /o is equal to 1 for 1 < i < d and that neither of sq’, s*¢"
is equal to 1 for 2 < i < 2d. Then the sequence ({0;}%q, {0: o, {0i}y, {0}l ) is a

parameter array over C. This parameter array is said to have g-Racah type.

Let @ denote the Leonard system from Definition We say that ® has g-Racah type
whenever its parameter array has g-Racah type. Assume that ® has ¢-Racah type with
the parameter array as in Example Recall the intersection numbers {b; }4=}, {c; 34,

of ® from Lemma 2.1.4] Evaluating (2.8) and (2.9) using (2.13)—(2.16) we find

h(1—q (1 —riq)(1 —raq)

by = - s*q2 : (2.17)
o h(l _ qi—d>( z+1)<1 —r qz+1>(1 o Tzqi—i—l) . B

b; = = qQ’H)(l - qzm) (1<i<d-1), (218)
o h(l _ qz)< z+d+1)<r1 )(7, _ S*Qi) . B

G = s*q ( — g* 21)(1 S q2z+1) (1 <i<d 1)7 (219)

Ca = Al = ¢H(n — 57 (ra = ); (2.20)

s*q¥(1 — s*¢>?)
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see 28, Section 24]. To obtain the dual intersection numbers {b:}¢=! {c:}L, of @,
replace (b, 5*) by (h*, 5) in (ZT7)-(Z20)
Now consider (2.11). Pick integers 4,5 (0 < i,j < d). Evaluating (2.11) at A = 6; and

simplifying the result using (2.13)—(2.16)) we get

n

oy N @57 O)n(075 @367 g)ng
W0 = D ) e )@ (@ ) (221)

where
(a;q)n = (1 —a)(1 —aq)(1l — aqz) (1= aq"il) n=0,1,2,...

From the definition of basic hypergeometric series |9, p. 4], the sum on the right in

@2.21) is

—i gr il = oo+l
gt st g g, sq
103 a.q|. (2.22)

r1q,m2q, ¢ ¢

The g-Racah polynomials are defined in [1]. By (2.21) and (2.22)), the {u;}{, are g-Racah

polynomials.

2.2 ()-polynomial distance-regular graphs

We now turn our attention to distance-regular graphs. In this section we review those
aspects of (Q-polynomial distance-regular graphs that we will need later in the thesis. For
more background information we refer the reader to Brouwer, Cohen and Neumaier [3]

and Terwilliger [24].

Let X denote a nonempty finite set. Let M x(C) denote the C-algebra consisting of the

matrices with entries in C whose rows and columns are indexed by X. Let V = C¥
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denote the C-vector space consisting of column vectors with entries in C and rows indexed
by X. We view V as a left module for Mx(C) and call this the standard module. We
endow V with the Hermitean inner product ( , ) that satisfies (u,v) = u'v for u,v € V,
where t denotes transpose and ~ denotes complex conjugate. For all z € X let & denote
the vector in V with a 1 in the x coordinate and 0 in all other coordinates. Note that the
set {# | 2 € X} is an orthonormal basis for V. For a subset Y C X, define ¥ = > ey U
and call this the characteristic vector of Y. We abbreviate j = X. The vector j has

z-coordinate 1 for all z € X.

Let I' denote an undirected, connected graph, without loops or multiple edges, with

vertex set X and diameter d > 3. For z € X define
Fi(z) ={ye X |0(x,y) =i} (0 <i<d), (2.23)

where 0 denotes the path-length distance function. We abbreviate I'(x) = I'y(x). For an
integer k > 0, I is said to be regular with valency k whenever |['(x)| = k for all z € X.
We say that I' is distance-reqular whenever for all integers h, 7,5 (0 < h,i,7 < d) and all
vertices z,y € X with d(x,y) = h, the number p}'; = |T';(z) NT;(y)| is independent of =

and y. The numbers pﬁj are called the intersection numbers of I'. Abbreviate
a;(I') = pllz (0<i<d), bi(I') = pil,i—f—l (0 <i<d-1), (') = Pi,i—1 (I<i<d),

and define by(I") = 0 and ¢o(I") = 0. By construction a¢(I') = 0 and ¢;(I') = 1. For
the rest of the thesis, assume that I' is distance-regular. Observe that I" is regular with
valency k = by(T).

We recall the Bose-Mesner algebra of I'. For 0 < ¢ < d let A; denote the matrix in
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My (C) with (z,y)-entry

1 ifO(z,y) =1
(Ai)ay = (x,y € X).

0 if d(z,y) #1

We call A; the i-th distance matrix of I'. Observe that Z?:o A; = J, the all-ones
matrix, and A;A; = ZﬁzoijAh for 0 < 4,5 < d. We abbreviate A = A; and call
this the adjacency matriz of T'. Let M denote the subalgebra of Mx(C) generated by
A. The algebra M is commutative. We call M the Bose-Mesner algebra of I'. By [3,
p. 127] the set {A;}%, is a basis for M. The algebra M is semisimple since it is closed
under the conjugate-transpose map. By [3| p. 45] M has a basis {F;}%, such that (i)
Eo = |X|7'3; i) I = X0, Ey; (i) B; = B (0 <4 < d); (iv) Bf = E; (0 <4 < d);
(v) BiE; = 0i;F; (0 <i,5 <d). We call {E;}L, the primitive idempotents of I'. Since
{E;}%, is a basis for M there exist complex scalars {#;}¢ such that A = S0 6,F;.
Observe that AE; = E;A = 0,E; for 0 < i < d. By [2, p. 197] the scalars {6;}{_, are real.
The scalars {6;}¢, are mutually distinct since A generates M. We call §; the eigenvalue
of I' associated with E; (0 <i < d). By (i) we have k = y. Note that V = z;i:o EV
(orthogonal direct sum). For 0 < i < d, E;V is the eigenspace of A associated with 6;.
Let m; denote the rank of E; and note that m; is the dimension of E;V. We call m; the
multiplicity of E; (or 6;). Note that the vector j is a basis for EyV.

We recall the Q-polynomial property. Let o denote the entrywise product in My (C).
Observe that A; 0 A; = §;;A; for 0 < 4,5 < d, so M is closed under o. Therefore, there
exist complex scalars qffj (0 < h,i,j < d) such that F; o E; = | X|™* Zzzo quEh for

0 <i,j <d. By [3 p. 48, 49] each qffj is real and nonnegative. The qffj are called the
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dual intersection numbers (or Krein parameters) of I. We abbreviate

(2

a;i0)=¢qi, (0<i<d), b()=q;py 0<i<d-1), ) =q,,(1<i<d),

and define 05(I') = 0 and ¢{(I') = 0. By |2, p. 193] ¢;(I') = 1. The graph I' is said
to be Q-polynomial (with respect to the ordering {E;}L, of the primitive idempotents)
whenever for 0 < h, 7,7 < d, qffj =0 (resp. qffj # 0) if one of h, 1, j is greater than (resp.
equal to) the sum of the other two [3, p. 235]. For the rest of this thesis, assume that I'
is Q-polynomial with respect to the ordering { E;}¢,. It is not necessarily the case that
0o > 01 > -+ > 0;. However, this ordering occurs in many examples |3, Chapter 8]. To
keep our discussion simple, we always assume that our Q)-polynomial structure satisfies
b > 01 >---> 04

We recall the dual Bose-Mesner algebra of I'. For the rest of this section, fix x € X. We
view x as a base vertex. For 0 < i < d let Ef = Ef(x) denote the diagonal matrix in
Mx (C) with (y, y)-entry

1 ifo(z,y) =1
(B )yy = (y € X). (2.24)

0 if d(x,y) #i
We call Ef the i-th dual primitive idempotent of T' with respect to x. Observe that (i)
1= B (i) B = B; (0 < < d); (iil) (By) = Bf (0 < i < d); (iv) BB} = o,
(0 < 4,57 < d). By these facts, {E}}L, forms a basis for a commutative subalgebra
M* = M*(x) of Mx(C). We call M* the dual Bose-Mesner algebra of I" with respect to
x. The algebra M* is semisimple since it is closed under the conjugate-transpose map.

For 0 <i < dlet Af = Af(x) denote the diagonal matrix in M x(C) with (y, y)-entry

(A7 )yy = |X|<E2)wy (y € X).
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We call Af the i-th dual distance matriz of ' with respect to z. By [24] p. 379], {A:}4,
is a basis for M*. We abbreviate A* = A} and call this the dual adjacency matriz of
[ with respect to . By [24, Lemma 3.11], A* generates M*. Since {E;}% , is a basis
for M*, there exist complex scalars {67 }9 , such that A* = Zf:o gy EF. Observe that
A*Er = EfA* = 07E} for 0 <i < d. By [24, Lemma 3.11], the {6;}Z, are real. These
scalars are mutually distinct since A* generates M*. We call 6 the dual eigenvalue of
I' associated with Ef (0 < ¢ < d). Note that V = Zf:o ErV (orthogonal direct sum).
From (2.24), for 0 < i < d we find E;V = Span{y | y € X,0(z,y) = i}. EfV is
the eigenspace of A* associated with 8. We call ESV the i-th subconstituent of I' with

respect to .

We now recall the Terwilliger algebra. Let 7" = T'(z) denote the subalgebra of M x(C)
generated by M and M*. T is called the Terwilliger algebra (or subconstituent algebra)
of T" with respect to x; see [24]. Note that A, A* generate T. T is finite-dimensional
and noncommutative. Moreover, T is semisimple since it is closed under the conjugate-

transpose map. By [24, Lemma 3.2], the following are relations in 7. For 0 < h, 7,5 < d,

EfAEr =0 ifandonlyif  ply=0;

EAE; =0 if and only if qlhj = 0.
Setting h = 1 we find that for 0 <, 5 <d,
EfAE; =0 if li — 7] > 1;
EAE; =0  if  |i—j>1 (2.25)

By a T-module, we mean a subspace W C V such that BW C W for all B € T. Let

W denote a T-module and let U be a T-submodule of W. Since T is closed under the
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conjugate-transpose map, the orthogonal complement of U in W is a T-module. Hence
W decomposes into an orthogonal direct sum of irreducible 7T-modules. In particular,

V is an orthogonal direct sum of irreducible T-modules.

Let W denote an irreducible T-module. Then W is a direct sum of the nonzero spaces
among {E;W}L,, and also a direct sum of the nonzero spaces among {E;W}¢ . By
the endpoint of W we mean min{i | 0 < i < d, EfW # 0}. By the dual endpoint of W
we mean min{i | 0 < i < d, E;W # 0}. By the diameter of W we mean |{i | 0 < i <
d, EW # 0}|—1. By the dual diameter of W we mean [{i | 0 <i < d, E;W # 0}|—1. By
[19, Corollary 3.3] the diameter of W is equal to the dual diameter of W. By [24, Lemma
3.9, Lemma 3.12] dim EfW <1 (0 <i < d) if and only if dim E;W <1 (0 < i < d); in

this case W is said to be thin.

Lemma 2.2.1. |31, Lemma 14.8] Let W denote a thin irreducible T-module with end-

point o, dual endpoint o* and diameter p. Then the elements

(A; A*;{Ei}p—i-a*. {Ez* p+cr)

act on W as a Leonard system.
We give an example of a thin irreducible T-module.

Example 2.2.2. [24] Lemma 3.6] The all-ones vector j satisfies A;& = E}j and Afj =
| X|E;z for 0 < i < d. Therefore Mz = M*j. The space Mz is a thin irreducible
T-module with endpoint 0, dual endpoint 0, and diameter d. The space Mz has bases

{A;2}d, and {E;2}L,. We call M# the primary T-module.

Lemma 2.2.3. |25, Theorem 4.1] Let ® denote the Leonard system on Mz from Lemma
221
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(i) For 0 <i <d, the intersection numbers a;, b;, c; of ® satisfy

a; = ai(F), bz = bZ(F), C; — CZ(F)

(ii) For 0 < i <d, the dual intersection numbers a},b},ct of ® satisfy

1771

af = al(I), by = b (D), c; = ¢ (D).

The Leonard system ® in Lemma [2.2.3| will be called primary, and its parameter array
will also be called primary. Moreover, the intersection numbers and dual intersection

numbers of ¢ will be called primary. From now on, the notation

p(®) = ({ei}?:m {9:}?:0’ {wi ?:17 {1 ?:1)

refers to the primary parameter array. Furthermore, the notation a;, b;, ¢; (resp. af, bf, cf)

refer to the primary intersection numbers (resp. dual intersection numbers) of I' which

are also the intersection numbers (resp. dual intersection numbers) of T

We say that I' has ¢-Racah type whenever the primary Leonard system has ¢g-Racah type.
For the rest of the thesis, assume that ' has ¢-Racah type. Since the primary parameter
array has ¢-Racah type, it satisfies (2.13)—(2.16]) for some scalars h, h*, s, s* r1,79. We

fix this notation for the rest of the thesis.

Note 2.2.4. We mentioned earlier that the intersection number ¢; = 1. In (2.19)) we

set 1 =1 and use ¢; = 1 to get

s*qd(l _ 8*q2)<1 _ 8*q3)
(1= @)1 = 57¢™2)(r1 = 5*q)(r2 = s*q)
To get h* replace s* by s in (2.26]). In the resulting formula, eliminate s using rry =

h= (2.26)

ss*q?t! to get
o q2d71(8* _ ,r,lrqufd)(s* _ 7“1’/“2q27d)

(1 —q)(s* —riraq)(r1 — s*q?)(ro — s*¢4)’ (2.27)
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2.3 Delsarte cliques in I’

In this section we discuss the basic properties of a Delsarte clique C' of I'. We also

discuss the Terwilliger algebra associated with C.

We recall the definition of a Delsarte clique. By a clique of I' we mean a nonempty
subset of X such that any two distinct vertices of this subset are adjacent. Let C' denote
a clique of I'.. We mention an upper bound on |C|. Recall that k is the valency of T.
By [3, Corollary 3.5.4] 6; < —1. By |3} Proposition 4.4.6] |C| < 1—£k/6,;. We say that C'
is Delsarte whenever |C| =1 — k/6,;. Throughout the rest of this thesis we will assume

that I' contains a Delsarte clique C'. In our study of C', we will use the following fact.

Lemma 2.3.1. |13, Lemma 2.1] For 0 < j <d and fory,z € X,
(Bjj, E;2) = | X| 'mju(0;), (2.28)

where i = 0(y, z) and u; is the polynomial from (2.11)) attached to the primary parameter

array. Recall that m;j is the multiplicity of 0;.
Lemma 2.3.2. Ejé' £0 for 0 < j<d—1. Moreover, E;C' = 0.

Proof. We evaluate || E,;C||? for 0 < j < d. We find

IE;CIIP = (Ejg. Ej2). (2.29)

y,zeC

For y, z € C' consider the corresponding summand in . First assume that y = 2. In
(2.28) set i = 0 and up = 1 to find | E;7||> = | X|'m,. Next assume that y # z. Then y, 2
are adjacent. In set ¢ = 1 and uy(0;) = 0;/k to find (F;y, E;2) = | X| 'm;0,/k.
Evaluate using these comments to get

My

X

m;b;

E,C|*=|C :

+lcle] - 1) (2.30)



22

In (2.30) divide both sides by |C| and use |C| =1 — k/6, to get

IE;CI> _ my(0a — 0;)

C] | X10a

The factor 65 —0; is nonzero for 0 < j < d—1, and zero for j = d. The result follows. W

By a partition of X, we mean a set of mutually disjoint non-empty subsets of X whose
union is X. For y € X, define d(y,C) = min{d(y, 2) | z € C'}. By the covering radius
of C' we mean max{d(y,C) | y € X}. By |10, p. 277] the covering radius of C' is d — 1.
For 0 <7 <d—1 define

C;={ye X |0(y,C)=1}. (2.31)

Observe that Cy = C. Note that {C;}%; is the partition of X, and hence j = Zf:_ol Ci.

Shortly we will show that this partition is equitable in the sense of [10, p. 75].

Lemma 2.3.3. (3| Corollary 4.1.2] Let {u;}%_, be the polynomials from (2.11)) attached

to the primary parameter array. For 0 <i < d — 1, we have (—1)u;(64) > 0.
For 0 <i<d-—1 and z € C;, define

N;i(z) = Ti(z2) N C. (2.32)
The following lemma shows that N;(z) is independent of the choice of z.

Lemma 2.3.4. For0<:<d-—1 and z € C},

u¢+1(9d)
ui+1(9d) - ui(gd) 7

Ni(z) =|C| (2.33)

where {uj}?zo are the polynomials from 1) attached to the primary parameter array.

In (2.33)) the denominator is nonzero by Lemma [2.3.3|
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Proof. For notational convenience abbreviate V; = N;(z). Observe that

(Eaz, BaC) =Y (Ea?, Eaf). (2.34)

yelC

The left-hand side of (2.34]) is zero by Lemma [2.3.2, Concerning the right-hand side
of (2.34]), among y € C exactly N; are contained in I';(z) by (2.32), and for such y
the summand in (2.34) becomes |X| 'mqu;(64) by (2.28). The remaining y € C' are

contained in T';;1(2), and for such y the summand in (2.34) becomes |X|™'mqu;,1(04)

by (2.28]). By these comments, line (2.34) becomes
0= Ni|X|_1mdui(9d) + (|C| — Ni)|X|_1mdui+1(Od).
Solving the above equation for N;, we obtain ([2.33]). [ |

Referring to Lemma for 0 < i < d — 1 the scalar N;(z) is independent of z.
Therefore we define N; = N;(z). By construction Ny = 1. For notational convenience,

define N_; = 0. Recall the scalars h, s, s*, 1, ry from above Note [2.2.4]

Lemma 2.3.5. For 0 <i<d—1 both

h(qd o 1)(1“1 . S*qi""l)(T’Q o S*qi"'l)
eds*qd(l _ S*q2i+2) )

h(qd o 1)(1 _ rlqi—‘rl)(l - 7,2qi-i-1)
edqd(l _ S*q2i+2> :

Proof. We first show (12.35). To do this, evaluate (2.33)) using |C| = 1—k/6; and ([2.12)).
Simplify the result to find

Ni:

(2.35)

IC| = N; = — (2.36)

k=0  ¢ina
0q  Qip1 — ¢i+1‘

N; = (2.37)

By [26, Lemma 6.5],

Dir1 — Piy1 = (9:+1 —07) (On — O4—n).

h=0
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Also by [26, Lemma 10.2],

~Op—Oan _ (¢ = 1)(g - 1)
= bo— 04 (¢—1)(¢? —1)

Recall k = 0. Evaluate ([2.37)) using these comments and simplify the result to find

Pir1(q — 1)<qd - 1)
0407, — 07) (¢ — 1) (¢4 = 1)

In (2.38), evaluate 07, , — 0 using (2.14)) and evaluate ¢;1, using (2.16). Simplify the
result to get ([2.35)).
We now verify (2.36). In the equation |C| = 1 — k/0, , evaluate the right-hand side

using (2.13)) and k£ = 6, to get

Ni:

(2.38)

IC| = h(1 — ¢ (1 — s¢™™) /0aq”. (2.39)

Combine this with (2.35) and eliminate s using 717y = ss*¢?*1. Simplify the result to
get (2.36)). u

Corollary 2.3.6. We have 0 < N; < |C| for 0 <i<d—1.

Proof. By (2.32), 0 < N; < |C]. We show N; # 0 and N; # |C|. To do this we use

Lemma[2.3.5] In lines (2.35)), (2.36)) each factor is nonzero by the inequalities in Example
2.1.8 The result follows. ]

For 0 <i<d-—1 and z € C;, define
G(2)=T()NCial, @) =T NG bi(z)=T(z)NCial,  (2.40)
where C'_; and Cy are empty sets. Observe

Gi(2) +a;(z) + bi(z) = k. (2.41)

The following theorem shows that @;(z), b(z), @ (z) are independent of z.
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Theorem 2.3.7. The following (i), (ii) hold:
(i) For1<i<d-—1 andz € C,

(i) For0<i<d—2 and z € C;,

7. _ ’C| - N

bj(z2) = ————b;41. 2.43
(Z) ‘Cl — Ni+1 +1 ( )

Proof. (i) Let m denote the number of ordered pairs (y,w) such that y € I';(z) N C and
w € I'(z) N C;—1 and I(y,w) = i — 1. We compute m in two ways. First, there are
N; choices for y since |I';(z) N C| = N;. For y € I';(z) N C there are exactly ¢; vertices
w € I'(z2) NC;_ such that d(y, w) = i—1. Therefore m = N;¢;. Secondly, there are ¢;(2)
choices for w since |['(z) N C;_1| = ¢(2). For w € I'(z) N C;_; there are exactly N;
vertices y € I';(z) N C such that O(y,w) = i — 1. Therefore m = ¢;(z)N;_1. By these
comments N;¢; = ¢;(z)N;_1. The result follows.

(ii) In a similar manner to (i), compute the number of ordered pairs (y,w) such that
yeli(z)NC and w € I'(2) N Ciy1 and O(y,w) =i+ 2. Use [I';11(2)NC| =|C| — N;
and |['(z) N Ciy1| = bi(2) to get the result. |

By (2.41) and Theorem [2.3.7] for 0 < i < d—1 and z € C; the scalars @;(2), b;(2), ()

are independent of z. We define

Note that

G =0, G =|C| -1, by=k—|C|+1,

and gd_l = 0. For notational convenience, define 5_1 =0 and ¢g = 0.
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Corollary 2.3.8. [3, Section 11.1] The partition {C;}=5 is equitable.

Proof. Immediate from (2.41)) and Theorem [2.3.7] [

Corollary 2.3.9. The following hold.

(1 — g~ (1 —r1q) (1 — raq)
(1 —s%¢%) ’
g{:hﬂr—¢ﬂ”ﬂﬂ s q"2) (1 — gt (1 — rog"™)
i (1—s q22+2)(1 — 5 g23)
’CV. _ h(l _ ql)(l *qz+d+1)( * z+1) Ty — *qz+1)
i s*q (1 s q%“)(l — g*qRit?
B =g = s = s
d—1 S*qd(l _ 3*q2d—1> .

Proof. To get ([2.45) - - evaluate ) using - and simplify the result.
Lines (2.47)), (2.48)) are similarly obtained using (2.19)), (2.35)). [ |

(1<i<d—2), (2.46)

(1<i<d—2), (247)

(2.48)

Lemma 2.3.10. We hcwegﬁé()for()gigd—2 and c; #0 for1 <i<d-—1.

Proof. Either use Corollary and Theorem or use Example and Corollary

2.3.9 |

We now recall the Terwilliger algebra associated with C' [21]. For 0 < i < d — 1, let E:‘

denote the diagonal matrix in M x(C) with (y, y)-entry

(Ef)yy = (y € X). (2.49)

We call EZ* the i-th dual primitive idempotent of I' with respect to C. Observe that

() T =000 By (i) Bf = Ef (0 <i < d—1); (i) (B) = Ef (0<i<d—1); (iv)

E;‘E]* = %-E;‘ (0 <4,j < d—1). By these facts, { E*}%=} forms a basis for a commutative
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subalgebra M* of My (C). The algebra M* is semisimple since it is closed under the
conjugate-transpose map. We comment on how M* and M* are related. For these
subalgebras each element is a diagonal matrix. Therefore any element of M* commutes

with any element of M.

Define the diagonal matrix A* € My (C) by

A =1C1> A(y). (2.50)

yeC

We call A* the dual adjacency matriz of I' with respect to C.
Lemma 2.3.11. With the above notation,
A =>"0rE;, (2.51)
=0

where

~  Nb:+ (|0 — Nz,
€]

(0<i<d-1). (2.52)

Proof. For 0 < i < d—1 and z € C; it suffices to show that 52* is the (z, z)-entry of

A*. Consider the right-hand side in 1) Among y € C there are exactly N; with
J(y, z) = i, and for such y the (z, z)-entry of A*(y) is 6. The remaining y € C satisfy

d(y,z) =i+ 1, and for such y the (z, z)-entry of A*(y) is 0}, ;. The result follows. H
Corollary 2.3.12. A* € M*. Moreover {5;‘ " are the eigenvalues of A,
Proof. Immediate from Lemma [2.3.11 |

Lemma 2.3.13. Referring to (2.52)),

0 =05+ 1" (1—¢)(1 -3¢ (0<i<d-1), (2.53)
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where
3 = s*q, bt = S (2.54)
N px x [ s*(q—1)(r1+r2) (s*q 1 —rir2)(1+5*¢?) *
0y =0+ h < L) ¢ el —1-s q) . (2.55)

Moreover h* is nonzero.

Proof. To get (2.53)) evaluate (2.52) using (2.14) and Lemma together with ([2.39)),

and simplify. We now show I # 0. Since h* # 0, it suffices to show that ryry # s*¢~1.
By Example 2.1.8 ;75 = ss*¢%*! and sq’ # 1 for 2 < i < 2d. Recall d > 3. The result

follows. [ |

Lemma 2.3.14. Referring to Lemma [2.3.13
N e T i—7 * 14742\ —1 .
0; —0; =h"(1—q¢7)(1 —s"¢""")q (0<i,j<d-1).

Proof. Routine using ([2.53)) and the first equation in (2.54]). [

Corollary 2.3.15. The scalars {5:‘ 2!:—01 are mutually distinct. Moreover A generates

M.

Proof. To obtain the first assertion, use Lemma |2.3.14] By Lemma [2.3.13 h* # 0. By
Example ¢t #1for 1 <i<dands*q" # 1 for 2 <i < 2d. The second assertion

follows from the first assertion. [ |

Let T denote the subalgebra of M x(C) generated by M and M*. T is called the Ter-
williger algebra of T' with respect to C [21]. The algebra T is finite-dimensional and
noncommutative. Observe that T is generated by A,g*. T is semisimple since it is

closed under the conjugate-transpose map. By a T-module we mean a subspace W C'V
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such that BW C W for all B € T. Let W denote a T-module. Since T is closed
under the conjugate-transpose map, W is an orthogonal direct sum of irreducible T-
modules. In particular, V is an orthogonal direct sum of irreducible T-modules. For

more background information on 7 we refer the reader to [21].
Lemma 2.3.16. The following hold:

() C;=FE (0<i<d-—1).

(i) 4,C = (|C] = Ni_))Cisi + N;C; (0<i<d—1).

(iii) 44C' = (IC| — Ng-1)Ca-1.

(iv) MC = M*j.

(v) MC' has bases {C;}4=}, {E;C}ZL, and {A;CYL.

(vi) MC' is an irreducible T-module.

We call MC' the primary T-module.

Proof. (i) Use (2.49)).

(ii) Assume i # 0; otherwise the result is trivial. For z € C;_;, there are precisely
|C'| — N;_1 vertices y € C' with d(y, z) = i. For z € C;, there are precisely N; vertices
y € C with O(y, z) = i. The equation follows.

(iii) Similar to (ii).

(iv) By construction {E’j j}9=} forms a basis for J\~/E*‘], SO J%*J has dimension d. Recall
{A}%, spans M so {4,C}%, spans MC. By (i)—(iii) A;,C € M*j for 0 < i < d.
Therefore MC' C M*j. By Lemma {E;C}! forms a basis for MC. Therefore MC

has dimension d. By these comments, MC = J\~/E*J
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(v) In the proof of (iv), we saw that {Ej}¢=} is a basis for MC. By this and (i) the
set {C;}9=} forms a basis for MC. Also, in the proof of (iv) we saw that {E;C}%}
is a basis for MC. We now show that {Aié}f;ol is a basis for MC. By construction
Span{AiCA' ?:_01 is a subspace of MC'. Since MC has dimension d, it suffices to show that
the vectors {A;C}%} are linearly independent. Note that the {N;}?=} are nonzero by
Corollary and {C;}9=} are linearly independent. By these comments and (ii), the
vector {A;C}2} are linearly independent.

(vi) By (iv), MC is a T-module. We show the T-module MC' is irreducible. Express
MC as the orthogonal direct sum of irreducible T-modules. Since C' € MC, among
these irreducible T-modules there exists one, denoted W, that is not orthogonal to C.
Observe EXW # 0. Also E;W C EzMC = Span{C}, so E;W = Span{C}. By this
and since W is a T—module, we have C' € ESW C W. But then MC C W and thus

MC = W by the irreducibility of . n
Corollary 2.3.17.

(i) A is multiplicity-free on MC' with eigenvalues {6;}9=}.

(ii) A* is multiplicity-free on MC with eigenvalues {5;*}?:—01

Proof. (i) Follows from Lemma [2.3.16{v).
(ii) Follows from Lemma [2.3.16(i), (v). [

Lemma 2.3.18. Consider the matrices
(A; A { BB Y. (2.56)

Then the elements l} act on MC' as a Leonard system.
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Proof. We show that ([2.56) satisfies conditions (i)—(v) in Definition Conditions (i)—

(iii) follow from Corollary [2.3.17] condition (iv) is from ([2.25]) and (2.50)), and condition
(v) follows from |21, Lemma 4.1]. |

We let @ denote the Leonard system on MC from Lemma [2.3.18, We call ® the pri-

mary Leonard system with respect to C'. Recall the basis {éi}f;[)l for MC from Lemma
2.3.16(v).

Lemma 2.3.19. The vectors {C;}=} form a ®-standard basis for MC.

Proof. We invoke Lemma . Abbreviate W = MC. By Lemma 2.3.16((i) we have

C; e EXW for 0 <i<d—1. By Lemma[2.3.16(i) and the construction, Z?;é éj =je
EoW. The result follows in view of Lemma [2.1.3] [ |

By Lemma [2.3.11} the matrix representing A* relative to the basis {OZ f:_& is
diag(F:, 07,05, ...,65_,). (2.57)

By 1} and 1) the matrix representing A relative to {C’Z s

_Zio bo 0
G @ b
G Gy . (2.58)
gd—z
I 0 Ci—1 Qg—1 |

Comparing 1) and 1’ we see that the Zil-,g,-,a- are the intersection numbers of ®.

We now consider the parameter array of ®. We denote this parameter array by

p(®) = ({0} {0 Yo {a (o yaD).
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The scalars {67 }%) were evaluated in Lemma . We now consider {6}/
Lemma 2.3.20. We have

0; = 0; 0<i<d—1).
Proof. By construction, AE; = @EZ on MC. But AFE; = 0;E;, so 5, =0;. |

Recall the scalars h, h*, s, s*,r1,ry from above Note [2.2.4

Theorem 2.3.21. For 0 <i:<d—1,

6 = bo+h(1—q)(1—5¢")g, (2.59)
0, = O +h(1—¢)1-5¢")g 7, (2.60)

and for1 <i<d-—1,
B = W1 —¢)(1— ¢ (1 —7ig) (1 — Taq), (2.61)
6 = hhq" (1 —¢)(1— ¢~ )7 - F¢) (R — F¢)/F, (2.62)

where

h = h, S =s, =7, (2.63)
B = Mh*, s = s%q, To = To, (2.64)

s*—rire

and where 58 s from ([2.55)).

Proof. The Leonard system ® has diameter d — 1. To verify |D evaluate each term

using (2.13) and Lemma [2.3.20 Line (2.60)) is from Lemma [2.3.13, To verify (2.61]),
(2.62)) use Lemma [2.1.4) Lemma [2.3.14] and (2.45)—(2.48)) along with (2.63)), (2.64). W

Corollary 2.3.22. The Leonard system ® has q-Racah type.

Proof. Compare Example [2.1.8] and Theorem [2.3.21] [ |
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2.4 The subspace W

We continue to discuss the Delsarte clique C' of I'. For the rest of the thesis fix a vertex
x € C. In this section, using x and C' we will construct a certain partition of X. Using
this partition we construct a subspace W of V which has a module structure for both
T = T(z) and T. Recall the partition {C;}¢=} of X from . For 0 <i<d-1
define

C; =C;NTy, Cr=0C;NTyy, (2.65)
where T'; = I'j(z) for 0 < j < d. For notational convenience, define C*, = () and
CT = (). Observe that C; = C; UC; for 0 < i < d—1. Also I; = C', UC; for

1<i<d-1land Ty =Cy = {x},Tqy=C; ,. We visualize the {C;"}{= as follows:

Example: The sets {C’Zi Zl;ol of X when d = 4.

Lemma 2.4.1. The following (i)—(iii) hold.

(i) Forz e Cy,



e 2 is adjacent to precisely 0 vertices in Cy ,
e 2 is adjacent to precisely by —50 vertices in Cy

e 2 is adjacent to precisely bo vertices in C7 .
(ii) For1<i<d—2andze€ C;,
e z 15 adjacent to precisely ci vertices in C;_,
e 2 is adjacent to precisely ¢ — ¢ vertices in C; ,,
e 2 is adjacent to precisely a; —¢; +¢; wertices in C;
e z is adjacent to precisely b; — b; vertices in C}
e 2 is adjacent to precisely b; vertices in Cp .
(ili) Forze Cy 4,
e 2 is adjacent to precisely Cd—1 vertices in C_,,
e 2 is adjacent to precisely Cd—1 — Cd—1 vertices in Cj ,,
e z is adjacent to precisely aq_q — Cq_1 + cq—1 vertices in C_,

e z 15 adjacent to precisely ba—1 vertices in Cj |.
Proof. Routine using (2.65)).

Lemma 2.4.2. The following (i)—(iii) hold.

(i) For z € Cf,
e 2 is adjacent to precisely c1 vertex in Cy ,
e 2 is adjacent to precisely ay—c; wvertices in Cf,
e 2 is adjacent to precisely EO — by wertices in C7,
e 2 is adjacent to precisely b1 vertices in C; .

(i) For1<i<d—2 and z € C},

34
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e z is adjacent to precisely Ci vertices in C;"
e 2 is adjacent to precisely Cit1 — G vertices in C,
e 2 is adjacent to precisely a; —ciq + ¢ vertices in C;F,
e z 15 adjacent to precisely bi — bis1 vertices in C;,

e 2 is adjacent to precisely bit1 vertices in C’:H.

(iii) For z € Cy |,

e z is adjacent to precisely Ca_1 vertices in Cj ,,
e 2 is adjacent to precisely Cd — Cq—1 vertices in C_4,

e 2 is adjacent to precisely agq-1 — cq+ Cq—1 vertices in Cf .

Proof. Routine using . [ |
Corollary 2.4.3. The following (i)-(iv) hold.

(i) bilC; | = cia|Ciy| for 0 <i < d—2.

(i) bis1|Cf| = G |Cfy| for 0 <i < d—2.

(iii) (b — b)|C; | = (i1 — &)|CSF| for 0<i < d— 1.

(iv) (b = bix1) |G| = (Ci1 — €i41)[Cipy | for 0 < i < d — 2.

Proof. (i) By the data of Lemma , every vertex in C; is adjacent to precisely EZ

vertices in C;; and every vertex in C;_, is adjacent to precisely c;1; vertices in C; . The

result follows.

(ii)—(iv) Similar to (i). |

We now find the cardinality for each of {C;*}¢=7.
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Lemma 2.4.4. For0<:<d -1,

- s biby - - - b;
7l = ——— G| = Jf—E(ICI —1).

C1C2 - -+ G C1C2 -+ G4
Proof. To get the equation on the left, use Corollary [2.4.3(i). To get the equation on

the right, use Corollary [2.4.3(ii). [

Corollary 2.4.5. For 0 <i <d— 1, each of CF is nonempty.

Proof. By Lemma [2.3.10] and Lemma [2.4.4] |
By Corollary and the construction, the {C}%; is a partition of X.
Proposition 2.4.6. The partition {C}=3 of X is equitable.

Proof. By Lemma [2.4.1] and Lemma [2.4.2 [

Recall the standard module V from above line . Using the equitable partition
{CF}4 ) we get a subspace W of V as follows. For 0 < i < d—1, recall the characteristic
vector CF of CF. Let W denote the subspace of V spanned by {C’f}f;ol Note that W
contains the vectors &, C'. Recall the all 1’s vector j= Zf:_ol C; from below . The
subspace W contains j since

~

Ci=Cr +CF 0<i<d-—1). (2.66)

Lemma 2.4.7. The vectors {C’f}f;ol form an orthogonal basis for W. Moreover,

. boby - -+ by . biby---b;
ICr 1> = —, ICF )1 = ~1~2—5(|C| —1).

CICQ...C’L' 0162... .
Proof. By construction the {CF}4=! are mutually disjoint, so the {CA’li 14 are mutually
orthogonal. By Corollary [2.4.5, each of {C}9=} is nonzero. The first assertion follows

from these comments. The second assertion follows from Lemma 2.4.4]. [ ]
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Corollary 2.4.8. The dimension of W s 2d.

Proof. Immediate from Lemma [2.4.7] |

In Lemma [2.4.7] we gave a basis for W. We now give the action of A on this basis.

Recall CF, = ) and C§ =0, so
C,=0, Ctf =0, T =0,  Cf=0.

Lemma 2.4.9. The element A acts on {CF}L as follows: for 0 < i <d — 1 both

~ ~ ~

ACT = bi—lé;1 + (bi—l - bi)éitl + (Ziz — b +gi)é¢_ + (Ci—i—l - ’Cvl)éz—i_ + Ci+1éijrlv

(2.67)

~ N

ACH=0,CF |+ (b — 0)CF

7

+ (@ — cip1 + G)CF + (G — Ci+1)éi11 + aHOIH-
(2.68)
Proof. Use Lemma and Lemma [2.4.2] [ |

Evaluating (2.67)), (2.68) using (2.17)—(2.20) and ([2.45)—(2.48]), we obtain the following.

For0<i<d-—1,

AC; =
term coeflicient
A— h(lfq"_d)(17s*qi+1)(lfr1qi)(1fr2qi)
i—1 (1—s*q2")(1—s* g2 +1)
ons hA—¢~H(1—s*¢'t!) ((A—r1g")(A—raq’)  (I—rig"t1)(1—ra¢'t?)
i—1 T_s*g2itl T—s*q% 1—s*g2it2
G | by — h (U= ) —s"q )y —s"q™) | (1=gmD(A=s"g*)(1=r1g ) (1orag™)
i 0 s*ql(1—s* g2t 1) (1—s*¢2i12) (1—s* g2 1) (1—s*¢2i12)
OF | hi=sta ) (ra—sq"t) (I=g"TH(A=s*gt+2)  (1—¢")(1—s*¢*tdT1)
i s*qd(I—s*q212) T_sq2it3 1_s g2t
o h(1—g" 1) (1=s*¢"T42) (r1—s*g" T 1) (ra—s*g*T1)
i+1 S*qd(l_s*q2i+2)(1_8*q2i+3)

(2.69)
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and also

term coeflicient

ons h(1—¢"~H(1—s*¢" ) (1—r1¢* 1) (1—raqt!)
i—1 (I—s7q2it1)(1—s"q2i+2)

O~ | hizngtH(-rag™) (=g H(1=s"q"")  (1=g'"TF)(1=s"¢"*?)
1 1_S*q2z+2 1_S*q2z+1 1_S*q2z+3
é+ b . h (1—qi7d+1)(1—8*qi+2)(1—1"1qif1)(1—7‘2qi+1) _'_ (1_qi+1)(1_S*qi+d+2)(Tl_s*qi+1)(r2_s*qi+l)
i 0 (1—s*q212) (1—s*q213) s q(1—s*q212)(1—s*q2iT3)
A h(liqi+1)(17$*qi+d+2) (rlis*qi+2)(r27s*qi+2) . (rlis*qi+1)(r273*qi+1)
i+1 s*qd(lfs*q2i+3) 1_5*q2i+4 1—s*q2i+2
C+ h(1—g" T 1) (1—s*¢"T9+2) (r1 —5*¢""2) (ra—s*¢'T2)
’L+1 s*qd(lfs*qu-Q—S)(1,8*(121-&—4)

(2.70)
The scalars by and h in the above tables are given in (2.17)) and ([2.26), respectively. For

0 <r < d we now give the action of E¥ on {C‘f}f;ol

Lemma 2.4.10. For0<r<dand0<i<d-—1,

N

EF.Co =605,

* At A+
EF.CH=06,,.C7.

Proof. Use (2.65)). |

Corollary 2.4.11. The matriz A* acts on {CF}9=} as follows. For 0 <i<d—1,

A*CT =6:Cr, A*CH =050
Proof. By Lemma [2.4.10| and since A* = Zj«lzo OB |

Lemma 2.4.12. We have

d
W = Z E'W (orthogonal direct sum).

1=0

Moreover,

)
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~

(i) Cy is a basis for E;W.

(i) For1<i<d—1 the vectors C" |, C?[ form a basis for EfW.

(it) O, is a basis for E5W.
Proof. Use and Lemma . [ |
Corollary 2.4.13. For 0 < <d,

2 if 1<i<d-—1,
dim /W =

1 if e {o,d}.

Proof. Immediate from Lemma [2.4.12 [ |
Lemma 2.4.14. The subspace W is a T-module.
Proof. Follows from Lemma [2.4.9] and Lemma [2.4.10 |
For 0 < r < d — 1 we now give the action of E* on {C:F}¢}.
Lemma 2.4.15. For 0 <i,r <d—1,

E:.C =46.Cr, Er.CH=0.,CF
Proof. Use (2.65). |

Corollary 2.4.16. The matriz A* acts on {CFYL as follows. For 0 <i<d—1,

A Cr =0:Cr, A*CH = 0:C

Proof. By (2.51) and Lemma [2.4.15| |
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Lemma 2.4.17. We have

d-1
W = Z EXW (orthogonal direct sum).

1=0

Moreover, for 0 <1i < d—1 the vectors C’j, CA’[ form a basis for EZ*W

Proof. Use ([2.65) and Lemma [2.4.15| |

Corollary 2.4.18. The dimension of EZ*W 182 for 0 <1 <d-—1.

Proof. Immediate from Lemma [2.4.17 |
Lemma 2.4.19. The subspace W s a T-module.

Proof. Follows from Lemma [2.4.9] and Lemma [2.4.15 [ |
Motivated by Lemma [2.4.14] and Lemma [2.4.19] we make a definition.

Definition 2.4.20. Let T denote the subalgebra of M x(C) generated by 7" and T. The
algebra T is finite-dimensional and noncommutative. Observe that A, A*, A generate

T. The algebra T is semisimple since it is closed under the conjugate-transpose map.

By a T-module we mean a subspace W C V such that BW C W for all B € T. By
Lemma and Lemma [2.4.19) W is a T-module. We call W the primary T-module.

We now describe the T-module W.

Lemma 2.4.21. We have

d—1 i+1
W = Z Z EfEYW (orthogonal direct sum).

i=0 j=i

Moreover, for 0 <1 < d—1 both

(i) The vector C; is a basis for ErErW,
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(ii) The vector C’:“ is a basis for EZ*E:‘HW
Proof. Use Lemma [2.4.12| and Lemma [2.4.17 |
Lemma 2.4.22. For 0 <:<d—1,
E:E:J - éi_v EjE:—i-lJ = CA';F
Proof. Use Lemma and Lemma along with j = S>70(C5 + C). |

Lemma 2.4.23. For 0 <i:<d—1,

7 i—1 % 7

Cr=) Az-> Cj =N =Y Aji
J=0 Jj=0 j=0 j=0
Proof. Use (2.65) and induction on 1. [ |

Corollary 2.4.24. The following hold.
(i) Mz +MC =W.
(ii) Mz NMC = Cj.

Proof. (i) By Lemmam W is invariant under M. Also #,C' € W. Thus Mz +MC C

W. Concerning the reverse inclusion, recall by Lemma [2.3.16(v) that {C’j}?;(l) forms

a basis for MC. By Lemma , the set {C*}9=} is contained in Mz + MC. The
{CF}4=} span W and therefore W is contained in M + MC'. The result follows.
(ii) We saw earlier that j € Mz and j € MC, so Cj € Mz NMC. To finish the proof
we show that the dimension of Mz N MC is 1. Using Example Lemma (v),
and part (i) along with Corollary
dim(Mz N MC) = dim Mz + dim MC' — dim(Mz + MC)
=d+1+d—2d

=1.
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The result follows. [
Proposition 2.4.25. The T-module W is irreducible.

Proof. Since T is closed under the conjugate-transpose map, W is an orthogonal direct
sum of irreducible T-modules. Among these T-modules, there exists one, denoted W,
that is not orthogonal to . Now E{W # 0. Also E;W C EfW = Span{z}. So z €
EfW C W and hence M& C W. Thus j € M& C W, and so Tj € W. Now {CF}! C
W by Lemma . The {C:F}! span W and therefore W C W. Consequently

W = W. The result follows. |
We finish this section with a comment.

Lemma 2.4.26. For 0 <11 <d,

2 if 1<i<d-—1,

1 if e {0,d}.

Proof. Using Corollary [2.4.24(1), E;W = E;(Mz + Mé) = EMz 4+ EEMC. By linear
algebra,

dim E;W = dim E;MZ + dim EMC — dim (E;Mz N E;MO). (2.71)

Observe that E;(Mz N MC) is contained in E;M# N E;MC. By this and Corollary

BA2i)
dim E;(Cj) < dim (E;Mz N EMC). (2.72)

Combining (2.71)) and (2.72)),

dim ;W < dim E;Mi + dim EMC — dim E;(Cj).
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By Example , dim E.Mz =1 for 0 < r < d. By Lemma (v), dim EEMC =1
for 0 <r<d—1. Also E;MC =0 by Lemma Moreover, dim Fy(Cj) =1 and E,
vanishes on Cj for 1 < r < d. By these comments the dimension of F;W is at most 2
for 1 <i <d—1 and at most 1 for i € {0,d}. The sum of these upper bounds is 2d.
Also Z?:o dim E;W = dim W = 2d. By these comments the dimension of E;W equals

2for 1 <i<d-—1and equals 1 for i € {0,d}. The result follows. |

2.5 W as a T-module

Recall the subspace W from above line . In Lemma we saw that W is a
T-module. Throughout this section we adopt this point of view. Recall the primary
T-module Mz from Example 2.2.2] Observe that Mz is an irreducible T-submodule of
W. Let M+ denote the orthogonal complement of M4 in W. Observe that dim Ma+ =
d — 1, since dim W = 2d by Corollary and dimMz = d + 1 by Example The
subspace M2+ is a T-submodule of W since T is closed under the conjugate-transpose

map. By construction
W = Mz + Mi™+ (orthogonal direct sum of T-modules). (2.73)

Lemma 2.5.1. The T-module MZ* is irreducible and thin, with endpoint 1, dual end-

point 1, and diameter d — 2.

Proof. Abbreviate W = M#+. Using Example and Corollary [2.4.13]

1 if 1<i<d-—1,
dim EfW = (2.74)

0 if ie{o,d}.
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Using Example and Lemma [2.4.20),

1 if 1<i<d-1,

0 if ie{0,d}.
To finish the proof it suffices to show that the T-module W is irreducible. Write W as
a direct sum of irreducible T-modules. Among these T-modules, there exists a module
U with endpoint 1 since E;W = 0 and EfW # 0 by (2.74). By [5, Lemma 5.1], the
dimension of U is at least d — 1. But U C W and the dimension of W is d — 1, so the
dimension of U is at most d — 1. Therefore U = W, which means W is irreducible. The

result follows. [

Recall the primary Leonard system ® on Mz from Lemma [2.2.3] with its parameter
array

p(P) = <{9z‘}§l:0§ {95}?:& {% i=1 {QZ 1)-
We now consider the Leonard system on Mz+. By Lemma and Lemma the

elements

(A A BB

act on M2+ as a Leonard system; we denote this Leonard system by ®+. We denote the

parameter array of ®* by

p(Y) = ({0; Y0 {0, Y0 {wi Y2 o YED).- (2.75)
Lemma 2.5.2. With the above notation,

;" = 041, 0;t =07, (0<i<d-2). (2.76)

)

Proof. The endpoint and dual endpoint of M4+ are both 1. |



Recall from Example that the {A;#}L, form a ®-standard basis for Mz.

notational convenience define v; = A;x for 0 < i < d. Observe that

w=Cy,  u=Cf +Cr(1<i<d-1), w=Cf,.

We now discuss a ®-standard basis for MZ+. Define the scalars

ek
1T —
[

(1<i<d—1).
By Corollary [2.4.5] ¢; is well-defined and nonzero for 1 <7 <d — 1.

Lemma 2.5.3. For1 <i<d-1,

(1—¢)(1 = s*¢" ")
€ = - - .
qd<1 _ qud)(l _ S*qurl)

Proof. Using Theorem Corollary [2.4.3(iv), and (2.78]),

N bz —?);;1 Ni—l bz

€;
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For

(2.77)

(2.78)

(2.79)

In the above line simplify the expression on the right using (2.18]), (2.19)), and Lemma

B33 to get (7).

Lemma 2.5.4. For1 <i<d—1 the vector
CH, +eaCy

is a basis for Ef(Ma).

Proof. By Lemma [2.4.12((ii), 0 # (jltl +eiéi_ € EYW. By " the subspace E; (Mz+)
is the orthogonal complement of EMz in EfW. Recall v; is a basis for £;Mz. Using

@77,

(vs, Citl + eiOi_> = ||O;£1||2 + €i||0i_||2 = |Ci+—1| + 6i|Oi_| =0.



46

Therefore C7 | + ¢,C; € EX(Mi+). The result follows since E*(M#+) has dimension 1

by @.74). m

Corollary 2.5.5. The vectors
CH + a0y (1<i<d-—1)
form an orthogonal basis for Mz .

Proof. Follows from Lemma [2.5.4] |

In Lemma we found a basis {7, + ¢C7 ! for Ma+. As we will see, this basis
is not a ®*-standard basis for M4+. In order to turn it into a ®*-standard basis we
make an adjustment. Pick a nonzero w € Ey(M21). Define the complex scalars {£;}%}

such that
d—1

w=> &(CF, +&Cy). (2.80)

i=1
For notational convenience we rewrite (2.80)) as

d—2
w = Z & (CF + €i+1éﬁr1)-
i=0
Define
vh =& (CF +enCry) (0<i<d-2). (2.81)

For notational convenience define v+, = 0 and vy , = 0.
Lemma 2.5.6. The vectors {v;-}}=2 form a ®*-standard basis for Mi*.

Proof. By Lemma [2.5.4, v € Ef, (M@') for 0 < i < d —2. Also, Y0 vt = w €

E1(Mz1). The result follows from these comments and Lemma [2.1.3] |

Corollary 2.5.7. The scalars {&; fz_ll from (2.80) are all nonzero.
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Proof. By Lemma [2.5.6 “ {vi d,2 are all nonzero. By this and (2.81)) the result follows.
|

By the comments below Lemma [2.1.3] the matrix representing A* relative to the basis
{vF}9=2 is

diag(05h, 07,055, ..., 055,). (2.82)

Let {ait}&2 {b 1928, {ci})=7 denote the intersection numbers of the Leonard system

d+. By construction the matrix representing A relative to {vL d 02 is

Lol
ay by 0
L1 gl
cr ap b
s ay (2.83)
L
by 3
L L
0 Ci—2 Qg2

For convenience, define b*; = 0 and ¢; ; = 0. Recall the scalars a;, b;, ¢; from below

Lemma and the @;, b;, & from (2.44)).

Lemma 2.5.8. With the above notation the following (i)—-(vi) hold.

(i) biz&i = &b (1<i<d-—2).
(i) bt Gier = &iaa(bi — bi) + Eir€iaby (1<i<d-2).
(iii) aif =@ — civ1 + G + €31 (bi — bis1) (0<i<d-—2).
(iv) aieips = Gip1 — gt + €1 (@ir1 — bipr + big1) (0<i<d-2).

(v) Cﬁr1§i+2 = &ir1Cip1 + &ivr€ir1(Ciga — Cig1) (0<i<d-3).
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(Vi) ¢1&ivo€ive = Eiv1€i41Cito (0<i<d-3).
Proof. For 0 <i < d— 2 we evaluate Av;- in two ways. First, using (2.83)),
Avit = bz vy + 6o e Vi

In this equation evaluate the right-hand side using (2.81)). Secondly, in Av;* eliminate
vt using (2.81)) and evaluate the result using Lemma [2.4.9. We have just evaluated Av;-

in two ways. Compare the results using the linear independence of {C’]i}?;é The result

follows. [ |
Corollary 2.5.9. Referring to Lemma the following hold.
(i) b = &2p, 4 (0<i<d-3).

T &1 b

(ii) at = by — b; — Gy 0<i<d-2).

(iii) ¢ = ~5% ¢y (1<i<d-—2).

T i€t
Proof. (i) Immediate from Lemma [2.5.8[1).
(ii) In the equation from Lemma [2.5.§[(iii), eliminate €;,1 using Corollary 2.4.3(iv) along
with and simplify the result using a; + b4+ G = bo.

(iii) Immediate from Lemma [2.5.8((vi). [

We now compare the parameter arrays p(®) and p(®1). Recall that ® has g-Racah type.
Recall the scalars h, h*, s, s*,r, ry from above Note [2.2.4] Recall the parameter array of

o+ from ([2.75)).
Theorem 2.5.10. With the above notation, for 0 <i < d — 2,

0 = Oy +ht(1—g)1—-s'¢" g, (2.84)

7

0t = O (- ) (1 - s g (2:85)

)
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and for1 <1< d— 2,

pi = PR =) (1 =g =) (1 - 1), (2-86)

¢ = W TP =) (1= ¢ (= 5" (ry — 5™ ) /st (2.87)

where 0, O3% are from (2.76)) and

ht = hq_l, st = sq2, rlL = riq, (2.88)

't =gt s = s*¢%, ry = Taq. (2.89)

Proof. Recall that ®* has diameter d — 2. To get (2.84), (2.85) use (2.13)), (2.14) and
Lemma We now verify , . To this end, recall the intersection numbers
{a; ;tg of ®1. Using , o1 = (ag — 03) (05 — 0;1). Evaluate this using Lemma
and Corollary [2.5.9(ii) to get

o = (bo — by — &1 — 61) (67 — 63). (2.90)

Evaluate the right-hand side of (2.90)) using by = 6, (2.13)), (2.14), and Corollary
and simplify the result using (2.88)), (2.89). This yields (2.86]) for i = 1. Using this
together with (2.84)), (2.85)) and the condition (PA4) of Theorem we obtain (2.87))

for 1 <i < d—2. We now use (2.87) at ¢ = 1 together with (2.84)), (2.85)) and the
condition (PA3) of Theorem to obtain (2.86) for 1 < ¢ < d — 2. The result

follows. [ |
Corollary 2.5.11. The Leonard system ®*+ has q-Racah type.

Proof. Compare Example [2.1.8] and Theorem [2.5.10} [ |

Recall the intersection numbers {bj}$=2 {c; 197 of the Leonard system ®+*.
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Corollary 2.5.12. With the above notation,

h(1—q )1 —ri¢°)(1 — 1207

by = CETY : | (2.91)
pe = "0 qz_dzgf — q2:§))((1 — q:i))(l “r0) ici<d-3), (299
ot h(1 _qd—z)(d 1 S*qd Y (ry S*qd 1). (294
st q=1(1 — s7¢21-2)
Proof. Use f and , . [ |
We finish this section with some comments about the scalars {f,}f:_ll from ((2.80)).
Lemma 2.5.13. The vector w in line can be chosen such that
&=q¢""(1-¢ )1 ~s5¢") l<i<d-1). (2.95)

Proof. Observe that the vector w is defined up to multiplication by a nonzero scalar in

C. Multiplying w by a nonzero scalar if necessary, we may assume that

& =(1—-¢"NH1 - s¢). (2.96)

Using Lemma [2.5.8{(i) and induction on 7,

bob - by

S

& (1<i<d-1). (2.97)

Evaluate (2.97)) using (2.18]), (2.91)), (2.92) and (2.96) to get (2.95)). The result follows.
|

From now on we assume that the vector w in line (2.80]) has been chosen such that (2.95))

holds. Recall the vectors {v;"}{=2 from ({2.81).
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Lemma 2.5.14. For 0 <i<d — 2,
U»L _ q—i(l . ql—f—i—d)(l . S*qi+2)éi+ + q—i—d<1 . qz’+1)(1 . S*qi+d+2)éi:,-1'

Proof. Evaluate (2.81]) using (2.79) and (2.95)). [ |

2.6 W as a T-module

In the previous section we discussed W as a T-module. Recall the algebra T from
above Lemma [2.3.16, In Lemma we saw that W is a T-module. Throughout this
section we adopt this point of view. Recall the primary T-module MC' from Lemma
m. Observe that MC' is an irreducible T-submodule of W. Let MC* denote the
orthogonal complement of MC in W. Observe that dim MC+ = d, since dim W = 2d
and dimMC = d. The subspace MCY is a T-submodule of W since 7' is closed under

the conjugate-transpose map. By construction
W = MC +MC+ (orthogonal direct sum of T-modules). (2.98)

Our next goal is to show that the T-module MC2 is irreducible.
Lemma 2.6.1. Let W denote the T-module MC*. The following hold.
(i) The dimension of E;W is 1 for 1 < i <d. Moreover, E;W = 0.

(ii) The dimension of EfW is 1 for 0 <i<d—1.

Proof. (i) Use Corollary [2.3.17|(i), Lemma [2.4.26] and ([2.98)).
(i) Use Corollary [2.3.17(ii), Corollary [2.4.18] and ([2.98)). |
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Lemma 2.6.2. The vector C' — |C|& is a basis for E;(MC?L).

Proof. By (2.98) the subspace Ei(MC?) is the orthogonal complement of E;MC in
E’g W. By construction C' — |C|# is nonzero and contained in ESW Recall C' is a basis

for ExMC. The vector C' — |C|& is orthogonal to C' since
(€ —ICl2,C) = |ICI* ~|C| = 0.

Therefore C' — |C|2 € EZ(MCL). The result follows since Ef(MCL) has dimension 1 by

Lemma M(n) [ |

Lemma 2.6.3. Abbreviate u = C — |C|.
(i) The vectors {Au}i=} form a basis for MC*.
(i) The M-module MC™ is generated by u.

Proof. (i) For 0 < i < d — 1, evaluate A;u using Lemma [2.3.16(ii). Express the result

as a linear combination of {C’f}?;(l) using (2.66) and (2.77). We find

A= (|C] = Nis)Cry + (=Ni2)CE + (N; — [CCT + NG (2.99)

Consider the last term on the right-hand side of . Recall N; is nonzero by Corol-
lary m Therefore the {Aiu}fz_ol are linearly independent. The result follows since
dim MC+ = d.

(i) Consider Mu = Span{A;u}? . Since u € MC*, we have Mu C MC*. But Mu con-
tains Span{ Au; ?:_01, which is equal to MCL by part (i). By these comments Mu = MCL.

The result follows. |

Proposition 2.6.4. The T-module MC* is irreducible.
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Proof. Abbreviate u = C' — |C|2. Express MC" as the orthogonal direct sum of ir-
reducible T-modules. Since u € MCH, among these irreducible T-modules there ex-
ists one, denoted U, that is not orthogonal to u. Observe E(’;U # 0. Also E{;U -
E;(MCL) = Span{u}, so E;U is spanned by u. By this and since U is T-module, we
get u € ESU C U. But then Mu C U. By this and Lemma (ii) MC* C U and

therefore MCL = U , as desired. [ |
We now show that the irreducible T-module MCL supports a Leonard system.
Lemma 2.6.5. The following matrices

(A A B (B (2.100)
act on MC* as a Leonard system.

Proof. We show that ([2.100]) satisfies conditions (i)—(v) in Definition Conditions

(i)—(iii) follow from (12.51)), Corollary[2.3.15/and Lemma 2.6.1} condition (iv) follows from
(2.25)) and (2.50), and condition (v) follows from [21, Lemma 4.1]. [

We let &1 denote the Leonard system on MC* from Lemma . We denote the

parameter array of ® by

(@) = ({63505 {0 Yo @ Ha o Ha)). (2.101)
Lemma 2.6.6. With the above notation,

0 = 6,1, g+ =6 (0<i<d-—1). (2.102)

(2

Proof. By construction, AE;,; = @-LEHI on MC+. But AFE; 1 =0, 11F;11, 50 ’0} =0;11.

Similarly we get 5;‘ L= 5:‘ . |
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In Lemma [2.3.19) we saw that the {C;}%} form a ®-standard basis for MC. To keep

our notation consistent, define v; = C; for 0 <i < d — 1. By 1)

~ ~

v =C7 +Cf (0<i<d-1). (2.103)

3 3

Our next goal is to find a ®*-standard basis for MCL. Define the scalars

¢

T; = — (0<i<d-1). (2.104)
le

By Corollary [2.4.5] 7; is well-defined and nonzero for 0 <i < d — 1.

Lemma 2.6.7. For0 <i<d -1,

B S*(l _ rlq’i-‘rl)(l - 7,.2qi+1)
b= st (e = st

(2.105)

Proof. Evaluate (2.104) using Lemma [2.4.4] and eliminate the scalars {Ej}é;%), {c;}im

using Theorem [2.3.7] Simplify the result to find

_Ni—|C]
T = N

Evaluate this equation using Lemma to obtain the result. [ |

Lemma 2.6.8. For 0 <1:<d—1 the vector

is a basis for Ef(MCY).

Proof. By Lemma [2.4.17, 0 # n,C; + CF € ErW. By (2.98) the subspace Ef(MC?) is
the orthogonal complement of E;“Mé in E:‘W Recall v; is a basis for E’;“Mé . Using
(2.103)),

(@, 7 + CHY = 1l|CT |12 + |G |1? = mlCy | + |G| = 0.
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Therefore 7;,C; + CF € EX(MC). The result follows since E7(MC=) has dimension 1

by Lemma [2.6.1(ii). [
Corollary 2.6.9. The vectors
n.CT 4+ CfF (0<i<d-—1)
form an orthogonal basis for MC.
Proof. Follows from Lemma [2.6.8| [

As we will see, the vectors {r;C;” + C;" 1=} do not form a ®+-standard basis for MC.
In order to turn it into a ®-standard basis we make an adjustment. Pick a nonzero

@ € Ey(MC*). Define the complex scalars {¢;}¢=} such that

d—1
o= G(nC7+Ch). (2.106)
=0
Define
U =GRl + G (0<i<d-1). (2.107)

For notational convenience define v, = 0 and 07 = 0.

Lemma 2.6.10. The vectors {v;-}/=} form a &L -standard basis for MC-.

Proof. By Lemma [2.6.8, o+ € Ef(MCL) for 0 < i < d—1. Also, S0 = @ €

=0 Y

E1(MCY). The result follows from these comments and Lemma m |

Corollary 2.6.11. The scalars {(; f;ol from (2.106)) are all nonzero.

Proof. By Lemma[2.6.10{v;" ?2—01 are all nonzero. By this and ([2.107)) the result follows.
[ |
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The matrix representing A* relative to the basis {TF}0 s

diag(F, 07, 65+, .. 655). (2.108)
Let {at}l, {61192, {cL 19} denote the intersection numbers of the Leonard system

oL, By construction the matrix representing A relative to {v;- -1

v Ji=0 18
at bt 0
a at bt
ook : (2.109)
by
0 Cr1 Qg
For convenience define gfl = 0 and Ej = 0. Recall the scalars a;, b;, c; from below

Lemma and the @;, by, ¢ from (2.44).

Lemma 2.6.12. With the above notation the following (i)—(vi) hold.

(i) Go1mimibiy = Gmibiy (1<i<d-1),
(ii) Ci—lfgf_—l = CiTi(gi—l —b;) + (b, (1<i<d-1),
(i) @7 = 7@ — bi + bi) + (b — by) 0<i<d-—1),
(iv) @ = 7i(Cip1 — &) + @ — Ciy1 + G (0<i<d-1),
(v) Cz’+17i+15f+1 = (TiCit1 + G(Cip1 — Cit) (0<i<d-2),

(Vi) Gi1Ciiy = GiCina (0<i<d—2).
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Proof. For 0 <i < d— 1 we evaluate Av;- in two ways. First, using (2.109),
AT = 0Ty + G T T T

In this equation evaluate the right-hand side using (2.107). Secondly, in Av;- eliminate
U;- using (2.107)) and evaluate the result using Lemma We have evaluated Av;" in
two ways. Compare the results using the linear independence of {C’ji 471 " The result

j=0-

follows. u

Corollary 2.6.13. Referring to Lemma [2.6.12], the following holds.

(i) bf = S=mp, 0<i<d-—2).
(i) & =L (1<i<d-1).

Proof. (i) Follows from Lemma [2.6.121).

(ii) In the equation from Lemma [2.6.12](iv), eliminate 7; using Corollary [2.4.3[(iii) along
with and simplify the result using a; —|—Zi +¢; = by.

(iii) Follows from Lemma [2.6.12|(vi). |

Our next goal is to show that the Leonard system ®L has g-Racah type. To this end we

compare the parameter arrays p(®) and p(%L). Recall the scalars h, h*, s, s*, 1, ry from

above Note [2.2.4, Recall the parameter array p(EI;L) from ([2.101]).

Theorem 2.6.14. With the above notation, for 0 <i<d—1,

05 = OF +ht(1—¢)(1 -3¢, (2.110)

b0 = B+ (1= g)(1 =5 g (2.111)
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and for1 <1< d—1,

Fro= W= ) (1= ¢ (1 =T (1 =), (2.112)

of = MR- )1 - G - )Ty —Fhe) /5, (2.113)

7

where 5&, ggL are from ([2.102) and

ht=hg 5t = s¢?, T = 11q, (2.114)
= %h*, 5+ = 5%, Ty = Taq. (2.115)

Proof. Recall that the Leonard system ®L has diameter d — 1. To get (2.110), (2.111))
use (2.13), (2.53) and Lemma [2.6.6, We now verify (2.112)), (2.113). To this end, recall

the intersection numbers {at}9=§ of &+, Using (2.10), 3+ = (ag — 02)(65 — 6;1).

Evaluate this using Lemma and Corollary [2.6.13(ii) to get

P = (1 +601)(6; — ;). (2.116)

Evaluate the right-hand side of (2.116) using (2.13)), (2.19) and Lemma [2.3.14] and
simplify the result using (2.114)), (2.115)). This yields (2.112)) for ¢ = 1. Using this

together with (2.110), (2.111) and the condition (PA4) of Theorem we obtain

(2.113]) for 1 <7 < d—1. We now use (2.113)) at i = 1 together with (2.110)), (2.111))
and the condition (PA3) of Theorem to obtain (2.112)) for 1 < ¢ < d — 1. The

result follows. |
Corollary 2.6.15. The Leonard system L has q-Racah type.

Proof. Compare Example [2.1.8] and Theorem [2.6.14] [ |
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Corollary 2.6.16. With the above notation,

h(1 =g (1 —rig?) (1 — m2q?)
q(1 — s*¢®) ’
h(1 = ¢ )1 = s*¢")(1 = rig"?)(1 = ryg'™?)
q(1 — s*¢22)(1 — s q2z+3)
(1= g)(1 = s gt (r = 5" (2 — 5°¢)

bt = (2.117)

bt = (1<i<d—2), (2.118)

(1<i<d—2), (2.119)

i T 5@ 1(1 — s*gZH)(1 — s*q%t2)
h(l — d—1 * o d—1 * d—1
oo (I—g )g — g )(r; = s7¢"") (2.120)
s* (1 — s*q?7)
Proof. Use (2.17)—(2.20) and (2.114)), (2.115]). [

We finish this section with some comments about the scalars {Q}fz_ol from ([2.106)).
Lemma 2.6.17. The vector w in line (2.106|) can be chosen such that
G=q " (r— 8¢ (ry — s*¢") 0<i<d-1). (2.121)

Proof. Observe that the vector w is defined up to multiplication by a nonzero scalar in

C. Multiplying w by a nonzero scalar if necessary, we may assume that
Co = (11 —s"q)(r2 — s™q). (2.122)

Using Lemma [2.6.12{(vi) and induction on 7,

G = Gy O<i<d—1). (2.123)

ae -G
Evaluate (2.123)) using (2.47), (2.48)), (2.119)), (2.120) and (2.122)) to get (2.121)). The
result follows. [

From now on we assume that the vector w in line (2.106) has been chosen such that

(2.121) holds. Recall the ®-standard basis {o}-}¢=} for MC* from (2.107).
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Lemma 2.6.18. For 0 <i:<d—1,

U =q s (1 —rigthH (1 - qui+1)éi_ +q " (r1— 8¢ (ra — S*QHI)C&-

(2

Proof. Evaluate (2.107)) using (2.105) and (2.121)). |

2.7 The maps p and p

Recall the subspace W from above line (2.66]). In this section we introduce two C-linear
maps p: W — W and p : W — W. These maps are defined as follows. In (2.73)) and

(2.98) we obtained the following direct sum decompositions of W:
W = Mz + Mzt, W = MC + MC*.

Define a C-linear map p : W — W such that (p — 1)MZ = 0 and p(Mz+) = 0. Thus
p is the projection from W onto Mz. Define a C-linear map p : W — W such that

(P — )MC = 0 and p(MC*) = 0. Thus p is the projection from W onto MC.

Lemma 2.7.1. For all B € T the action of B on W commutes with p. In particular,

on W each of A, A* commutes with p.

Proof. For w € W we show Bpw = pBw. Write w = u + v, where v € Mz and
v € M+, Observe pu = u and pv = 0, so Bpw = Bu. Each of M&, M2+ is a T-module,
so Bu € M# and Bv € Ma+. Now pBu = Bu and pBv = 0, so pBw = Bu. The result

follows. [ |

Lemma 2.7.2. For all B € T the action of B on W commutes with p. In particular,

on W each of A, A* commutes with p.
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Proof. Similar to the proof of Lemma [2.7.1] [ |

Our next goal is to show how p acts on the basis {CF}} for W. Recall from (2.77)
the ®-standard basis {v;}%_, for M2, and from (2.81)) the ®*-standard basis {v;-}¢=2 for

Mz+. By construction,
pu; = v (0 <i<d), pry =0 (0<i<d—2). (2.124)

Lemma 2.7.3. For1<:<d-—1,

&gy 1 L
Cili = a-1Yi + &(l—e) Vi1

=L 41 .l
G = =gV T g lict

Moreover

N N

— +
CO = 1o, Cd—l = Uq-

Proof. Use (2.77) and (12.81)). [

Lemma 2.7.4. The map p acts on {CFYL as follows. For1<i<d-—1,

N

pC = - (CA’;F_l +CA';), p(j;r_l = ef_il(éztl +éz_)

7 1—¢;

- A= A Ot
Moreover pCy = Cy and pC; , = CJ 4.

Proof. By (2.124) and Lemma [2.7.3] [ |

We now show how p acts on the basis {CF}%} for W. Recall from (2.103) the &-
standard basis {7;}¢=) for MC, and from (2.107) the ®*-standard basis {o:-}%} for

MC*. By construction,

po; = 0, po; =0 (0<i<d-—1). (2.125)
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Lemma 2.7.5. For0 <:<d -1,

Proof. Use (2.103]) and (2.107]). |

Lemma 2.7.6. The map p acts on {CFYL as follows. For 0 <i<d—1,

Proof. By (2.125) and Lemma [2.7.5 [ |

2.8 Five bases and five linear maps for W

Recall the subspace W from above line (2.66). In this section we display five bases for
W. We then display the transition matrices between certain pairs of bases among the
five. We also display the matrix representations of A, A*, Z*, p, p relative to these five
bases.

We now define our five bases for W. Recall the vectors {CF}¢-} from Lemma .

The first basis for W is
C:={Cy,Ct,Cr,Cf,Cy,Cf...,C7.,,C 1} (2.126)

In Section we saw the ®-standard basis {v;}¢, for M and the ®‘-standard basis

{v}}4=2 for Ma+. The second basis for W is

B = {vg, V1, V2, .. ., Vg, V3, VT, V3 s -+, UT o} (2.127)
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The third basis for W is
Barr := {00, V1,03, Vo, V1, U3, V3, - -+, Va1, Uy 9, Va}- (2.128)

In Section we saw the ®-standard basis {9;}9=] for MC and the ®*-standard basis

{7141 for MC*. The fourth basis for W is

L ~ o~~~ ~1
B = {V0, V1,02, ..., Vg—1,Vy , U] s Vg s+ vy Ugiq}- (2.129)

The fifth basis for W is

L~~~ ~ o~
Bt = {00, 0y, 01,07, V2,V s+« o, Vg1, Vg1 }- (2.130)

We now describe the transition matrices between certain pairs of bases among the five.

A pair of bases will be considered whenever they are adjacent in the following diagram:

B —— Buy e By —— B (2.131)

Lemma 2.8.1. The transition matriz from C to By is

blockdiag [T, T1, T2+, Ta_1, T4], (2.132)
where
To = [1], Tq=[1],
and for 1 <i<d-—1,
T, IS |
1 &e

where
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The transition matrixz from By to C is

blockdiag [So, S1,S2, -+ , Sa—1, Sa], (2.133)
where
SO = [1]7 Sq = [1]7
and for1 <i<d-—1,
€; 1
SZ _ €—1 1—¢; :
1 1
Ei(l—ei)  &i(e—1)
where
6 _ (1=g)(1=s*g"tdt1) 1 ¢t1—g"mH(1—s"g"th)
Ei—l - (1—qd)(1—8*q2i+1) 9 1_61' - (qd—l)(l—s*q%Jrl) 9
1 _ gdti—1 1 . gi+i—1
Ei(ei—1) — (1—g¥)(1—s7g2+1)> &(l—e) — (¢¢-1)(1—s7¢2+1)"
Proof. Use (2.77) and (2.81) to obtain the matrix (2.132). Use Lemma to obtain
the matrix (2.133)). [

Lemma 2.8.2. The transition matriz from C to @alt 18

blockdiag [Ro, Rl, RQ, HRN Rdfl} s (2134)
where for 0 <i<d—1,
I G
Ri — 5
L G
and
Gri=q 's" (L= ) (L =rod™),  G=q7"(r1 = "¢ (r2 — s"¢").

The transition matriz from (Eazt to C is

blockdiag [Qo, Q1, Q.- -+ , Qa_1], (2.135)
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where for 0 <1< d—1,

and

1 _ (n=s*¢""H(ra—s"q¢"™) 7 _ st (l=rig"th)(1—raq'tt)
1-7 — (rire—s*)(1—s*g?+2) > Ti—1 — (s*—rirg)(1—s*¢g%t2)
1 — q 1 — q
GrD) o) (s ) G-m) = i) (s @)

Proof. Use (2.103) and (2.107) to obtain the matrix (2.134)). Use Lemma to obtain

the matrix (2.135)). [ |

For 0 < j < d—1let e; denote the column vector with rows indexed by 0,1,2,...,2d—1,

and with a 1 in the j-th coordinate and 0 in every other coordinate.

Lemma 2.8.3. The transition matriz from B to B,y is the permutation matric
[eo, €1,€4+1,€2,€4+2,€3,€4d+3, - - -, €d—1, €241, ed]-

The transition matrix from By to B is the permutation matrix
[60,91,63795,97, <+ ,€240-1,€2,€4,€q, . .. ,62d—2}-

Proof. Compare (2.127) and (2.128]). |

Lemma 2.8.4. The transition matriz from B to fialt 18 the permutation matriz

[807 €d;€1,€d+1, €2, €4+2,€3,€4+3, - - -, €41, eQd—l]-

The transition matriz from %alt to B is the permutation matriz

[eo, €2,€4,€6,...,€24-2,€1,€3,€5,€7,. .. 792d71] .



66

Proof. Compare ([2.129)) and (2.130)). |

We have now found the transition matrices between every adjacent pair of bases in
(2.131)). For any pair of bases in the transition matrix can be computed from
the above lemmas and linear algebra. For example, the transition matrix from B,; to
igalt is the product of the transition matrix from B,; to € given by , and the

transition matrix from C to %alt given by ([2.134)).
We now display the matrices that represent

A AL A, p, b

relative to the five bases (2.131)). We first consider the matrices representing A relative

to the five bases.

Lemma 2.8.5. The matriz representing A relative to the basis C is block tridiagonal:

_Ao By 0 _
C, A B
C, A, . , (2.136)
Bg»
i 0 Ci1 Au |




where
by 0

B, =|_ (0<i<d-2),
bi —biy1 bip
G —bi+b  b—Db

A, = 0<i<d-1),
Cit1 — G Qi — Cip1 + G
¢ G —¢

C, = (1<i<d—1).
0 ¢

Proof. Use Lemma [2.4.9|

Note that the matrix (2.136) is five-diagonal.

Lemma 2.8.6. The matriz representing A relative to the basis B is

My, O
)
0o M,
where
1 gl
ag bo ag b[)
1oL 7l
c, a; by cr ay by
M, = Co G2 ) M, = 02L a%
ba—1
Cd aq

Proof. By (2.7)), (2.83)) and (2.127]).

67
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Lemma 2.8.7. The matrixz representing A relative to the basis By, is

X0 Yo
Z7 Xq
Zy
0
where
r b; 0
Yo=|by O}, Yi =
L 0 b,
_ a;
X0 = |ag| > Xi =
o 0 az‘L1
C1 C; 0
Z) = ) Z; =
0 0 ¢,

y1

X9

0

Ya-1

Z4 Xd
(1<i<d-2),
(1§i§d—1),
(2§z‘§d—1),

2= e 0]

Proof. Let [A]g denote the matrix representing A relative to B, and let L denote the

transition matrix from B,; to B. By linear algebra the matrix representing A relative to

Bt is L[A]zL~!. Evaluate this matrix using Lemma and Lemma to obtain

the result.

Lemma 2.8.8. The matriz representing A relative to the basis B is

M,

0

0

M,

Y



where

ap by
a
Ca

Cd—1

ba—

Aq—1

Proof. By (12.58)), (2.109) and (2.129)).

=
I

gl
by
~1
aj

~1

il
by
~1
as
~1
Ci1

Lemma 2.8.9. The matrix representing A relative to the basis %alt 18

~
Ay

Xo Yo 0
7, X1 Y1
Zy Xo )
Vd—2
0 Zi—1 Xd-1
where
T
Y: = 5 (0§Z§d—2),
0 Bt
_ a; O
X; = 0<i<d-1),
0 @t
& o
Z; = (1<i<d-1).
0

Proof. Let [A]z denote the matrix representing A relative to B, and let L denote the

transition matrix from %alt to B. By linear algebra the matrix representing A relative to
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Ba is L[A]zL~". Evaluate this matrix using Lemma and Lemma to obtain

the result. [

We are done with A. We now consider the matrices representing A* relative to the five

bases.
Lemma 2.8.10. The matriz representing A* relative to the basis C is
diag(6g,07,07,05,05,....605_1,05_1,0%).

Proof. From Corollary [2.4.11) and ([2.126)). [ |

Lemma 2.8.11. The matrix representing A* relative to the basis B is

* * * * * *

. * *
dlag( 0r)Y1y Y2y 37"'79d7 1 27“"9d—1)'

Proof. Use (2.6)), (2.82), (2.127) along with ([2.76]). [ |

Lemma 2.8.12. The matrix representing A* relative to the basis By is
diag(6g,07,67,05,05,....65_1,05_,,05).

Proof. Use (2.6)), (2.82), (2.128) along with (12.76]). [

Lemma 2.8.13. The matriz representing A* relative to the basis B is

C D
3
E F
where
e [6E—mo8r 0T —T16%5 05—700% 03—1—7d-103
C = dlag_ l-19 7 1-7 7 1-mg 7’ ’ 1-7g—1 !
— ding | M50 GTi(0-03) Cora(05-05) Ca-17a-1(03_1~03)
D = diag TR erat R Em j——— ,
— dino | 0501 0705 0363 03103
E = diag | Co(ro—1)? Gi(mi—1) Ga(ma—1)° 7 Ca—1(ra—1—1) |’
e [robr—6r 61 —05 T205—63% Ta-195 195
F = dlag I To—1 7 Ti—1 ° 71o—1 7 ) Tg—1—1 )
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and for0 <1< d—1

bimibin  _ gr 4 WS (1@(Aomg ) (1orag™t)
1—7; ? s*—rirg ’

Giri(07 =071 h*s*q " (1-q)(r1=s"¢") (ra=s*¢" ") (1=r1g" ) (1=raq* ™)

1—7; s*—rira )
07 —0711 _ h*q7'(¢=1)
Ci(mi—1) s*—rirg
707 —0F, — 9+ h*s*q " Hq—1)(1—r1¢* ) (1—rag’t!)
Ti—1 - i+1 s*—r1ro '

Proof. Let [A*]g denote the matrix representing A* relative to B, and let L denote the
transition matrix from B to B. By linear algebra the matrix representing A* relative to

B is L[A*]sL~". The result follows. |

Lemma 2.8.14. The matriz representing A* relative to the basis %alt 18
blockdiag [Xo, Xl, tee ,Xd_l] R

where for 0 <1 <d—1,

i —mibi . Gmi(67—67,,)
Xz’ _ 1-7; 1-7;
07 —0741 Tif; 0
Ci(Ti_l) Ti—l

Proof. Let [A*]p,,, denote the matrix representing A* relative to By, and let L denote
the transition matrix from %alt to By By linear algebra the matrix representing A*

relative to By is L[A*]g,,, L™, The result follows. [

alt
We are done with A*. We now consider the matrices representing A* relative to the five

bases.

Lemma 2.8.15. The matriz representing A* relative to the basis C is

diag(6y, 05, 67,07,05,605,....05_1,05_).



Proof. From Lemma [2.4.16| and (2.126)).

Lemma 2.8.16. The matriz representing A* relative to the basis B is

diag (65, 07,65, ..., 054, 00.,00,05,....05_ ).

Proof. Use (2.57)), (2.108]), (2.129)) along with Lemma [2.6.6]

Lemma 2.8.17. The matriz representing A* relative to the basis %alt 18

Proof. Use (2.57)), (2.108]), (2.130) along with Lemma [2.6.6]

Lemma 2.8.18. The matriz representing A* relative to the basis B is

C D
— ~ )
E F
where
S g @l5—0r b0 ef3-0;  ca—10y =05,
C=diag |0y, 5" 7 a0 s ol
0 0 0
e161(65—67%)
e1—1 0
e262(0;—03)
~ ]
D= 2 ,
0 ca—1€a—1(05_o—0%5_ )
Edflfl

72
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(in the above matriz the entries in the first row and the last row are all zero)

_ _— -
0 —51?1—511) 0 0
6% -0
E— 0 52(11—522) 0
05 >0
L 0 0 €a—1(1—€a—1) 0 i

(in the above matrix the entries in the first column and the last column are all zero)

= | G—alt G el 05—esly 0 _y—€a_10;_,
F - dlag 1—61 ) 1—52 ’ 1—63 ) ’ 1—6d_1

?

and for 1 <i<d-—1

il —0; h*(1-q)(1—q%~H)(1—s*¢'*t!)

%
p = O+ =g ;
&0, =00 _ hrg' *(1-q)(1-¢)(1-g"(1-s"g ) (1-s"g T )
€i—1 - q?—1 ’
0,67 _ hr¢¥l(1-g)
i(1—ei) o 1—gqd >
bia=abi  _ pr P (1—q)(1—g?~H) (1-s*¢"+!)
1—¢; i q?—1 :

Proof. Let [Z*]% denote the matrix representing A* relative to B, and let L denote the
transition matrix from B to B. By linear algebra the matrix representing A* relative to

B is L[ﬁ*]%[,—l_ The result follows. |
Lemma 2.8.19. The matriz representing A* relative to the basis B is
blockdiag [XU, Xl, XQ, ce Xd—la Xd} s

where

and for 1 <i<d-1
0 —0r g0 ,—07)
X_Z _ ~ei—1~ B Ei_1~
05 _,—07 0F_1—€0;

gi(l_fi) 1—61'
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Proof. Let [ﬁ*]% ., denote the matrix representing A* relative to %am and let L denote
the transition matrix from B,; to ’Ealt. By linear algebra the matrix representing A

relative to By is L[E*]%alt[fl. The result follows. [ |

We are done with A*. We now consider the matrices representing p relative to the five

bases.

Lemma 2.8.20. The matrix representing p relative to the basis C is

blockdiag[Yo, Y1, Yo, ..., Y 1,Y4], (2.137)
where
Yo = [1], Ya=[1]
and for1 <i<d-—1,
_&i 1
Yi _ €;—1 1—e¢;
_&i 1
61'—1 1—61'
Proof. By Lemma [2.7.4] ]

Lemma 2.8.21. The matrix representing p relative to the basis B is

where Lyyq is the (d+ 1) x (d + 1) identity matriz.

Proof. By (2.124]) and ([2.127)). [

Lemma 2.8.22. The matrix representing p relative to the basis By is

diag(1,1,0,1,0,1,0,...,1,0,1).
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Proof. By (2.124)) and (2.128]). |

Lemma 2.8.23. The matriz representing p relative to the basis B is

P Q
R S

where each matrix P, Q, R, S is d x d tridiagonal with rows and columns indexed by

0,1,2,...,d —1 such that

_ 1—e1(1—79) _ o 14mg_q(eg—1-1)
Poo = =)=y Porar = g=htay

T ifj=i-1 (1<i<d-1)

PZ” — l1—€ir1+4€; Ti(l—ei) e . _
! (1—72_)1(1—6:)1(1—6#1) fj=i (Isi<d-2)

\m ifj=i+1 (0§i§d—2)
and
Q — ¢oTo Q _ _Cd-1Td—1€d-1
00 (1=70)(1~e1)’ d—1,d-1 (1-7g-1)(1—€4-1)’
.
Ty ifj=i—1 (1<i<d-1)
W=\ iy =i (1<i<d-2)
| ifj=i+1 (0<i<d-2)
and

— —1 — —€d—1
Roo = Co(1=m0)(1=e1)’ Ri-14-1= Ci-1(1-7q—1)(1—€q—1)’

(

Ri' — —1+e€;€; . L . o
/ Ci(l—Ti)(l—Ei)?ll—Ei+1) =i (1 <i<d 2)

RaEnE) ifj=i+1 (0<i<d-—2)
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and

_ 1o(er—1)—ey  l-Ty_1—€4-1
Soo = (I—70)(1—e1)’ Si-1d4-1 = (—ma_1)(1—eq_1)’

W ifj=i—1 (1<i<d-1)

Sy = { Heslispe =i (1<i<d-

Fee e fj=i+1 (0<i<d-—2)

Proof. Let [p]s denote the matrix representing p relative to B, and let L denote the
transition matrix from B to B. By linear algebra the matrix representing p relative to

B is L[p]sL~". The result follows. |

Lemma 2.8.24. The matriz representing p relative to the basis @alt 18

aq bo 0
ci a3 by
Cy QAo e )
bg_o
0 Ci-1 ad-1 |



7

where
[ -7 —TiTi+1Gi+1
b; = (1-7)(1—€it1) (1-7)(1—€it1) (O <i<d-— 2>7
1 Tit1Gi+1
G(l-m)(1—€iy1)  G(1—7)(1—€iy1)
[ 1—e1(1—70) CoTo
(1—70)(1—€1) (1—70)(1—€1)
g = )
-1 To(e1—1)—€1
Go(l—mo)(1—e1) (1—70)(1—e1)
[ I—€ip1tmieiri(1—€) GiTi(l—€i€iq1)
a; = (I-m)(A-e)(A—€ix1)  (I-m)(I—e)(1—€iy1) (1<i<d—?2),
—14€i€i41 Ti(€ir1—1)+€i11(6,—1)
G(-m)(1-€)(1—€i41)  (I-7)(1—€)(1—€it1)
[ 1+7q_1(eq—1—1) Cd—1Td—1€d—1
(1-74—1)(1—€q—1) (1-74-1)(1—€q—1)
ag—1 = )
—€d—1 1-74_1—€4-1
| Ca—1(1—=74—1)(1—€q—1) (1—=7q—1)(1—€q—1)
[ —€; —Ci—1€;
Cl _ (1—7‘2')(1—62') (I—Ti)(l—ei) (1 S Z S d _ 1)
€; Ci—1€i
| G(-7)(1—e)  G(1-7)(1—¢€)

Proof. Let [p]s,, denote the matrix representing p relative to By, and let L denote the
transition matrix from @alt to Ba. By linear algebra the matrix representing p relative

to %alt is L[p]s,, L. The result follows. [ |

We are done with p. We now consider the matrices representing p relative to the five

bases.

Lemma 2.8.25. The matriz representing p relative to the basis C is

blockdiag [Yo, Y1, Y, ..., Ya 1], (2.138)
where for 0 <i<d—1,
_ 1 _Ti
Y,L — 1—T7; Ti—l
1 _Ti

1—Ti ’7’1'—1
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Proof. By Lemma [2.7.6| [ |

Lemma 2.8.26. The matriz representing p relative to the basis B is

1,0

00

where 14 is the d x d identity matrizx.

Proof. By (2.125)) and ([2.129)). [

Lemma 2.8.27. The matriz representing p relative to the basis %alt 18
diag(1,0,1,0,1,0,...,1,0).

Proof. By ([2.125)) and ([2.130)). |

Lemma 2.8.28. The matriz representing p relative to the basis B is

where 15, Q, PN{, S are described as follows.
The matriz P is (d+1)x (d+1) tridiagonal with rows and columns indexed by 0,1,2,. .. d

such that

D _ 1 D _ T _ 1 D . Tq-1
POO 1y POl -1 Pd,dfl T 11y Pd,d T g1

[ e ifj=i—1 (1<i<d-—1)

P, =< ania(m—D+nia-1 s ; _
Ty e ey fi=i (1<i<d-1)

= ifj=i+1 (1<i<d-1).
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The matrix Q is (d+1) x (d— 1) with rows indexed by 0,1,2, ..., d and columns indexed

by 0,1,2,...,d — 2 such that

Q _ m&
00 — To—1°

—&i—1€6i—16;
(1=7i—1)(1—e)

giei(1-7i—175)

~ (I—Ti_ )(I—Ti)(l—ei)
Q'ij = '

—Tidit1
(1—60(1—7’1')

0

\

Q _ Sa1€d
d,d—2 — T—7q_1 ?

ifj=i—2 (2<i<d-1)
ifj=1—1 (1<i<d-1)
ifj=1 (1<i<d-2)
otherwise.

The matriz R is (d — 1) x (d + 1) with rows indezed by 0,1,2,...,d — 2 and columns

indexed by 0,1,2,...,d such that

;

1
Eir1(eip1—1)(m—1)

T,L'Ti+1—1

5 Sit1(I—eip1)(1—Tiqp1)(1—74)

Tit1
Eir1(1—eip1)(1—T541)

0

\

ifj=1 (0<i<d-2)
ifj=i+1 (0<i<d-—2)
ifj=i4+2 (0<i<d-—2)
otherwise.

The matriz S is (d—1)x (d—1) tridiagonal with rows and columns indezed by 0,1,2, ..., d—

2 such that

.
&i€i

Eir1(eir1—1)(m—1)

Ti(Tig1—1)F€ip1(m—1)

Tit1§i+2
\ Sit1(1—€i+1)(1—Tit1)

(1-7)(1=Tit1)(1—€it1)

ifi=i—-1 (1<i<d-2)
ifi=i (0<i<d-—2)
ifji=i+1 (0<i<d-3).

Proof. Let [p]z denote the matrix representing p relative to B, and let L denote the

transition matrix from B to B. By linear algebra the matrix representing p relative to

B is L[p]zL~". The result follows.



Lemma 2.8.29. The matriz representing p relative to the basis By is

where

Cp =

C;, =

Cqg =

3 b 0
¢, a, b
EZ 52 ’
ba_1
0 Gy Ay |

TO 7'061
T0—1 T0—1 ’

[ —7; —7i&it1
(1—e)(1—7) (1—e€)(1—m7) (1 <i<d— 2)
ng’L+1 B B ’
L &(1- 51)(1 7i) &i(1—e;)(1—73)
[ —Td—1
(1—eg—1)(1-74-1)
Td—1 7
Ed 1(1 €a—1)(1—Ta—1)
1
1 — TQ
em 1 Tz—l +Tz 1—1 Sici(1=7—173)
(ri—1—1)( 1)(e;—1) (1—7i—1)(1—7)(1—€;) (1 <i<d— 1)
Tio1Ti— Tic1(mi—D)4e(ri—1—1) - ,
&(1— 61)(1 Ti) 1 Ti—1) (1—€;)(1—75)(1—7i—1)
|:7—d 1 — 1
—e
(1—€1)(1—70)
1 ’
[ &1(1—€1)(1—70)
[ —€; —&i—1€i-1€;
(1—7i—1)(1—€) (1—mi—1)(1—€;) (2 <i<d— 1)
1 §i—1€6i—1 - ,
L &(1—ei)(1-mi—1) &i(1—€)(1—-Ti—1)

1 €a—1€d—1 | |
1-7q-1 1-7q-1

80



81

Proof. Let [p|3 denote the matrix representing p relative to B, and let L denote the

transition matrix from B,; to %alt. By linear algebra the matrix representing p relative

to By is Lm%ath_l‘ The result follows. [
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Chapter 3

The Universal Double Affine Hecke

Algebra of Type (C’I/, 1)

3.1 The Universal DAHA jﬁ]q

The double affine Hecke algebra (DAHA) associated with the root system (C}, C) was
discovered by Sahi [20]. This algebra has rank one. It involves ¢ and four additional
nonzero parameters. It is known that the algebra controls the algebraic structure of
the Askey-Wilson polynomials [17]. In [30] Terwilliger introduced a central extension
of that algebra, denoted f[q and called the universal DAHA of type (CY,Cy). H'q has
no parameter besides ¢ and has a larger automorphism group. Our goal for the rest of
this thesis is to display a representation of ﬁq using a Delsarte clique of a Q)-polynomial
distance-regular graph, and to show how this representation is related to the algebra T

from Definition 2.4.201

We now define the algebra ]:Iq. For notational convenience define a four element set
I={0,1,2,3}.
For the rest of the thesis we fix a square root ¢*/? of ¢.

Definition 3.1.1. [30| Definition 3.1] Let I;Tq denote the C-algebra defined by generators
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{t=1},,c1r and relations

tit b =t"1t, =1 nel; (3.1)
t, + 1! is central n €I, (3.2)
totltgtg = q_1/2. (33)

We call fIq the universal DAHA of type (CY,C1). We note that in [30, Definition 3.1]
Terwilliger defined H'q in a slightly different way. To go from his definition to ours,

replace ¢ by ¢'/2.

Definition 3.1.2. We define elements X and Y in I:Iq as follows:
X = tsto, Y = tot;.

Note that each of X, Y is invertible.

Definition 3.1.3. We define elements A, B, Bf in ﬁq as follows:

A=Y +Y ' =tot; + (tot1) ",
B =X + X! = t5to + (tsto) ",

Bt = ¢'2X + ¢712X 7 = tyty + (tit)

Note 3.1.4. By [12, Lemma 3.8] each of A, B commutes with ¢y, and each of A, BT

commutes with ¢;. Moreover B, Bf commute.

3.2 An action of lﬁ[q on the T-module W

We now bring in the situation of Chapter Recall the primary T-module W from

below Definition 2.4.20l In this section we will show that W has the structure of a
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I:Iq—module. To this end we define some block diagonal matrices whose blocks are 1 x 1
or 2 x 2. Recall the scalars h, h*, s, s*,r1,ro from above Note In what follows, we
will encounter square roots. These are interpreted as follows. For the rest of the thesis
fix square roots

1/2 *1/2 1/2 1/2
s/, s/, ', Ty

such that ri/Qr;/Z = 51/25*1/24(d+1)/2,
Definition 3.2.1. We define some matrices as follows:

(a) For 0 <i<d—1 define

1 (r1=s*¢"t")(ra—s*¢'t) + 5* _ /st (=gt (—rag*th)
Vs*riry 1—s*q2t2 r1T2 1—s*q2it2
to(i) =
1 (Tl—S*qi+1)(7"2—S*qi+1) g* 1 . (1—7‘1qi+1)(1.—7’2qi+1)
Vs*rirs 1—s*g2i+2 1T 1—s*g21+2
(b) For 1 <i <d—1 define

¢/2(1-q"H(1—s"¢""") | 1 g2 (¢ 1) (1-s*¢"t1)

T—_s*q2itl 712 T_s*q2itt
ti (1) =
(lfqi)(lfs*qd"'i""l) (qifl)(lfs*qd"'i""l) + 1
qd/Q(l—s*qu‘H) qd/Q(l—s*qzi‘H) qd/2

Define
6(0) = |75 b(d) = |75

(c) For 1 <i<d—1 define

1 S*qd+1(1_qi)(1_qi7d) + 1 qi /s*qd+1(17qi7d)(1fs*qi+1)
\/s*qd+1 1—s*g2itl 1—s*q2i+1

1 (' =D (1—s*q*Hith) forndrl [ (@=D(A—¢""%
qi\/s*qurl 1—s*qg2i+1 s°q 1_s*q2i+l +1
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Define

WO = [Ver] = |

(d) For 0 <i < d—1 define

1 _ (=rigH)(A—raq'Th) 1 (1=r1g" T (1-rag®t1)
¢ Jrirs 1—s*q2i12 ¢ rirs 1—s*q2i12
. q1+1 (T'lfs*qi+l)(7'275*qi+1) q1+1 (T’l*S*qi+l)(T’27S*qi+l) + 8*
NG 1—s*g21t+2 NG 1—s*g21+2

Definition 3.2.2. We define complex scalars {k, }ner as follows:

ko = /12, k1= \/lq—cﬂ ky = /5%, ks =1/ (3.4)
Observe that kg, ki, ko, k3 are nonzero.

We discuss some properties of the matrices from Definition [3.2.1. We begin with the

2 X 2 matrices.

Lemma 3.2.3. Forn € I definee =0 ifn € {0,3} and e =1 if n € {1,2}. Referring

to Definition [3.2.1], for e <i <d—1 both
(i) det(ta(i)) = 1;
(i) trace(t,(i)) =k, + k"
Proof. Routine. [ |
Lemma 3.2.4. Referring to Lemma[3.2.3, the matriz t,(i) is invertible. Moreover
tn (i) + (4a(0)) " = (kn + k)1 (3.5)

Proof. Use Lemma [3.2.3] [
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Lemma 3.2.5. With reference to Definition the following (i), (ii) hold:

1
12 * O
(i) (i) = | 7V (0<i<d-1).
0 qi—i-l\/?
_ . 0
(i) b)) = | VT (1<i<d—1).
|0 Vs
Proof. Routine. [ |

We have discussed the 2 x 2 matrices from Definition [3.2.1] We now consider the 1 x 1

matrices from Definition [3.2.1]
Lemma 3.2.6. The following (i), (ii) hold:
(i) Forn € {1,2} andi € {0,d},

t (i) + (4, () =k, + K

(ii) Both
1
t1(0)t2(0) = V/s7q, ti(d)t(d) = N
Proof. Immediate from Definition [3.2.1]. [ |

Definition 3.2.7. With reference to Definition [3.2.1} for n € I we define a 2d x 2d block

diagonal matrix 7, as follows:

To = blockdiag |t o to(d — 1)}7

[to(0). to(1),

T1 = blockdiag[t;(0), (1), ..., t:(d — 1), t;(d)],
T = blockdiag[t2(0), t2(1), ..., t2(d — 1), t2(d)],
[t:(0), ts(1)

T3 = blockdiag |3 Lo ts(d—1)].
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Referring to Definition [3.2.7] the matrices Ty and T3 take the form

* 0
% %
¥ %
* %
)
% %
% %
* %
0 %k

0 *

Lemma 3.2.8. With reference to Definition[3.2.7], both

‘IS‘IO = dlag <#ST7 Q\/S_*, #577 qz\/s_*v R ﬁa qdil\/s_*a qd;s*’ qd\/s_*> ) (36>

T172 = dlag (V s*q, q\/;qu’ Q\/ﬂa #ﬁ? q2\/877 SR qd—llx/ﬂa qd_l\/ﬁa ) )37)

q/s*q

Moreover each of T3Ty, T1Ts is multiplicity-free.

Proof. Use Lemma [3.2.5(i) to get (3.6). Use Lemma [3.2.5(ii) and Lemma [3.2.6{ii) to
get (3.7). To obtain the last assertion, recall by Example that ¢ #1for 1 <i<d

and s*q' # 1 for 2 <4 < 2d. [ |
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Lemma 3.2.9. With reference to Definition [3.2.7], the following (i)—(iii) hold:
(i) T, is invertible (nel);
(i) T, + T, = (ko + kDI (nel);
(iil) ToT1ToT3 = ¢~ 21,

Proof : (i) Use Lemma [3.2.4]

(ii) Immediate from (3.5) and Lemma [3.2.6(1).
(iii) Tt suffices to show that T3TT1To = ¢~/2I. This is routinely verified using Lemma
B.28 |

We now describe an action of I:Iq on W. Recall the basis € for W from ([2.126)).

Proposition 3.2.10. Let W be as below Definition [2.4.20, Then there exists an H,-
module structure on W such that for n € 1 the matrix T, represents the generator t,

relative to C.
Proof. Follows from Lemma [3.2.9| [
It turns out that the I:.Tq—module W is irreducible. We will show this in Section [3.3]

Corollary 3.2.11. Referring to the I:[q—module W from Proposition|3.2.10, the elements
of C are eigenvectors for the action of X on W. Moreover the action of X on W is

multiplicity free.

Proof. Recall X = t3ty. By this and Proposition [3.2.10] the matrix T3T, represents X

relative to €. The result follows in view of Lemma B.2.8 [ |
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Remark 3.2.12. In Proposition we obtained an I{Iq—action on W. Let H =
H(kq, k1, ks, k3; q) be a double affine Hecke algebra of type (CY, CY), where ko, ki, ko, k3
are from . Then there exists a surjective C-algebra homomorphism If[q — H that
sends t,, — t, for all n € [. Taking the quotient of ﬁq by the kernel of this homomor-

phism we obtain an H-module structure on W.

We mention a result for future use.

Lemma 3.2.13. With reference to Definition neither of kg, k1 is equal to +1.

Proof. By Example O = s¢t and s¢®tt # 1, s0 k§ # 1 by (3.4). Also by
Example q? # 1,50 k¥ # 1 by (3.4). [ |

3.3 How the ﬁq-action on W is related to T

We continue to discuss the T-module W. In the previous section we saw how the algebra
ﬁq acts on W. In this section we will see how the ﬁq—action on W is related to the
algebra T. Recall from Definition that the algebra T is generated by A, A*, A,
Recall the projections p, p from Section . The following theorem is the main result of

the thesis.

Theorem 3.3.1. Referring to the ﬁq—module W from Proposition |3.2.10}, for each row
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of the table below the two displayed elements coincide on W.

Element in ﬁq Element in T
A #@(A—(Ho—h—hsq)l)
B ﬁ*;\/?q(,iﬁ —(6; — h* — B* 5 q)])
Bf #ﬁ(A* — (05 — h* — h*s*q)I)
= ;

The remainder of this section is devoted to the proof of Theorem [3.3.1l Recall from
(2.126) that the basis € consists of the vectors C;7,C (0 < i < d —1). Recall from

above Lemma [2.4.9] that
C-, =0, CH =0 C;=0 Cf=o.

Lemma 3.3.2. Let Y be as in Definition m Then for 0 <1 < d—1, Y.C’i_ and

YCA'Z+ are given as a linear combination with the following terms and coefficients:

term coeflicient

O | /2t (=g =) (A=s"g" ) (1—r1q")(1=r2q")
1—1 172 (1*5*q2")(178*q2’+1)
A s* d _qi—d _o¥ 01 —ri gt —rogt
i, /% ((1 q1_s)£¢112iilq )) ((1 12%21‘ 2q') _ 1) (3.8)

— i_1)(1—s*qdtitl g% it 1Y (g g% i1

O 1 (¢"=1)( st ) 4 1) ((n=s"a *)(;2+28 @) 4 g
i \/s*rlrzqd 1—s*q 1—s*q

Ot 1 (n=s"q" D(r2—s"q") | ((¢'=D(A-s"¢? ) | 4
1 \/s*rlrqu 1_S*q21+2 1_S*q2z+1

and
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Y.Cf =
term coefficient
A, * d 1— i+1 1— i+1 1— i—d+1 1—s* 1+2
C _ /% (( rui_s*)é%ézq )) <( q 1—5*);2i+§ ) 4 q%)
~ * d _ i+1 1— i+1 1— 1—d+1 _ ok i t2
Y T R (3.9)
A 1 (1 z+1)(1 s* d+z+2) (T 7S*qi+2)(7' 7s*qi+2) %
Cin1 o ( T—s q2it3 ) ( : 1_S*q2?+4 + s >
C+ 1 (1—¢"T)(A=s*¢ " T2)(r1—s*¢"t?)(ra—5"¢"*?)
i+1 \/S 1raq (1—s*q2F3) (1—s*¢2iT%)
Proof. Compute Ty7J7 using Definition and the data in Definition |3.2.1] [

Lemma 3.3.3. Let'Y be as in Definition . For0<i<d-1, Yfl.CA'i_ and Y*I.CA'Z-Jr

are given as a linear combination with the following terms and coefficients:

~

term coefficient
ors stq? ((=g'=N(—s"q™ ) (| _ (=g (1-roq')
i—1 172 T—s*q2it] 1—s*q2it2
A— /s%q? (A=r1g"™)(A-raq"™)\ ((A=¢""H(A-s*¢""") | 1
Ci Tire <1 - 1—s*q2it2 1—s*q2it1 + 7@ (31())
A+ 1 T‘1—8*qi+1 r2_8*qi+1 1— 7,+1 1—s qd+i+2
C -1
) \/s*rlrqu 1_8*q2i+2 1—s q21+3
CA'f 1 (1_qi+1)(1_s*qd+i+2)(r1_s*qi+1)(r2_s*qi+1)
i+l \/s*rlrzqd (1—s*¢?+2)(1—s*q2+3)
and
-1 A+ _
YO =
term coefficient
ons s*q? (((1=g'=H(A=s"¢"T)(A—r1g" ") (1—raq""")
i—1 riro (1—s*q2F 1) (1—s*¢2112)
A— [s7q? ((A=rig"t)(1—rag't!) (1—g'"=H(A—s*g"t) 1
Ci T2 ( 1_s*q2i+2 T—s*q2i+1 + 7 (3.11)
N 1 r1—s* gt 1) (1o —s*gitl i1 _1)(1— g*gdtit2
Cz+ \/s*r raq (( 1 ?—5252?“'2 ) + s = 1—)k(9*112i'*'q3 : +1
172
A 1 (qi+171)(175*qd+i+2) (rlis*qi+1)(7.27s*qi+1) + S*
i+1 \/s*rlrqu 1—s* 213 1—s*q2i12
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Proof. Similar to the proof of Lemma |3.3.2 |

By Lemma and Lemma the matrices representing Y, Y ! relative to € take

the form
* ok ok * ok
* ok ok * ok ok ok
* ok ok ok * ok ok ok
* ok ok ok * ok ok ok
* k k% * ok ok ok
*k ok ok Xk * ok
* ok 9
* ok
* % * ok ok ok
Xk k% X % k%
* ok k% * ok ok ok
* ok ok * ok ok ok
* ok * * ok
respectively.

Proposition 3.3.4. Let A be as in Definition m Then for 0 <i<d-—1, A.CA’Z-_ and

AC”;r are given as a linear combination with the following terms and coefficients:

AC =
term coefficient
A— s*q? (((1=¢'""H)(1=s*g"t!)(1-r1¢")(1-r2q’)
1—1 rir2 (1_s*q2z)(1_5*q21+1)
Ot s*qd ((1=¢"~H(A=s"¢"T)\ ((1=r1g)(1-ra¢’)  (A-r1g"t))(1-rag'th)
1—1 1T 1_5*q2z+1 1—5*6]21 1_S*q2z+2
A— s*q¢ [rirs s*q¢ (1=¢")(1=s*g" 1) (r1—s*g" ") (ra—s*¢"+1)
Ci ( r1T2 + sqd | Py, X s qd(1—s7q2iF1)(1—s*¢2i12) (3.12)
+ (1—g=H(A=s*g"t ) (1—r1g"t 1) (1—rag't?)
(1—s*q?H1)(1—s*q2+2)
C& s*q? ((ri=s*q"T")(r2—s"¢"*") (=gt (1-s*git4+2)  (1-gh)(1-s"gitdt)
? T17T2 s*qd(1—s*q2i+2) 1—s*q2it3 1—_s*q2itl
A‘i s*qd (lfqi+1)(1fs*qi+d+2.)(7“17s*qi+1.)(7“278*qi+1)
i+1 rirs 57 qI(1—s*qZ2)(1—s* g2 +3)
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and
ACH =
term coefficient
os s*q? (=g H(A=s*¢" ") (A—r1g"T1)(1—ra2¢"!)
i—1 1T (1—s*g2it1)(1—s*q2i12)
A— s*q? (((A=rigt)(A—rag't1) \ [ (A—g"~H(A—s*¢'T!)  (1—¢' = H(1-s%¢+?2)
17 172 1—s q27,+2 1_5*q2i+1 1_8*q2i+3

A+ ri72 . s*qd (lfqi+1)(lfs*qi+d+2)(7‘178*(17‘."'1)(7“278*(]7’."’1) 3 13
C; < TITQ +,/s g > iy X < 5 q1(1—5"qB+2)(1_s*q213) (3.13)

&‘

+ (1 qz d+1)(1 s qz+2)(1 quz+1)(1 quH'l)
(1 s q2z+2)(1 s q21+3)
A g* (1 qz+1)(1 s qz+d+2) (rl—s*qi+2)(r2—s*qi+2) o (Tl—s*qi+1)(7"2—s*qi+l)
i+1 s qd(1—s*¢21T3) 1—s*q2it4 1—s*q2it2

<
i
<
»

Ot s*q? [ (1—¢"TH)(1—s*¢" T4 2)(r1—s*¢"F2) (ra—s*¢'+2)
i+1 riro s7qI(1—s*q2it3)(1—s* g2 T9)

Proof. Combine Lemma and Lemma |3.3.3 [ |

Proposition 3.3.5. Let B be as in Definition |3.1.3 Then B acts on the basis C as

follows:
(i) B.C; = (# + qi“\/s_*) G- (0<i<d—1).
(i) BC! = (srbm +a V) CF (0<i<d—1),
Proof. Use . |

Lemma 3.3.6. Referring to Proposition the following scalars are mutually dis-

tinct:
R (0<i<d—1).
Proof. By Example s*qt # 1 for 2 < i < 2d. [

Corollary 3.3.7. For 0 <i <d—1, the vectors C’[, CA’;“ form a basis for an eigenspace

of B with eigenvalue qml\/;* T gt /5
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Proof. Use Proposition [3.3.5 and Lemma [3.3.6| |

Proposition 3.3.8. Let BY be as in Definition [3.1.3, Then B' acts on the basis C as

follows:
(i) BF.C; = (ﬁ + qi\/ﬁ) Cr (0<i<d-1),
(i) BI.CY = (o +a7V5a) CF (0<i<d—1).
Proof. Use (3.7)). [ |

Lemma 3.3.9. Referring to Proposition the following scalars are mutually dis-

tinct:
o T Vs (0<i<d-—1).
Proof. By Example [2.1.8, s*¢* # 1 for 2 < i < 2d. |

Corollary 3.3.10. For1 <i < d—1 the vectors CA’;il, C’; form a basis for an eigenspace

of Bt with eigenvalue ﬁﬂ +¢'\/s%q.
Proof. Use Proposition [3.3.8] and Lemma [3.3.9] [ |

Recall the scalars ky and k; from (3.4). Recall by Lemma |3.2.13| that ky # +1 and

—1
k1 # +1. We now describe the action of ko T and kl k,‘l_l on the basis C.

—1
to— 0
ko—kgy!

Proposition 3.3.11. The element acts on the basis C as follows:

(rire—s*)(1—s*g%+2)

(i) <ko_k:1_> C’ (r1=s*¢" 1) (ra—s*¢'1) (C + C+> (0 <i<d-— 1>.

(ii) <tofk0:1> Cﬂj s*(1=r1g" T (1—raq’t1t) (C + C+) (0 <i<d-— 1)'

ho—ky | (" —rira)(L—57¢27%)

Proof. Use the tyg-action on the basis € from Proposition |3.2.10] [
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t17k171
ki—ky !

Proposition 3.3.12. The element acts on the basis C as follows:

) (qdfl)(lfs*q%""l)

tl—kf1> O — q"l(lfq“‘jl)(l—s*rf“)(Cv;r_1 +C7) (1<i<d-1),

A — %) (1—g*gitd+1 ~ A .
Cf ) = L= (G + ) (1<i<d-1),

Proof. Use the ti-action on the basis € from Proposition [3.2.10} [ |
We are ready to prove Theorem |3.3.1]

Proof of Theorem We refer to the table in the theorem statement. For each row
we compare the matrices representing the two displayed elements relative to the basis

C. In each case we show that these matrices coincide.

A: From Proposition we find the matrix representation of A. From ([2.69)) and (2.70))

we obtain the matrix representation of A. From this we get the matrix representation

of h\}@(A — (6 — h — hsq)I). In this representation, eliminate s using riro = ss*q¢**.

The result coincides with the matrix representation of A.

B: From Proposition [3.3.5| we find the matrix representation of B. From Lemma [2.8.15

we obtain the matrix representation of A*. From this we get the matrix representation

of (A* — (6 — h* — h*5*q)I). Evaluate this representation using (2.60)). The result

1
E*\/E*q

coincides with the matrix representation of B.

Bf: From Proposition we find the matrix representation of Bf. From Lemma[2.8.10

we obtain the matrix representation of A*. From this we get the matrix representation



96

of #W(A* — (65 — h* — h*s*q)I). Evaluate this representation using ([2.14)). The result

coincides with the matrix representation of B,

to—ko_l

to—ko_l
ko—ko

ko—kg *

: From Proposition |3.3.11| we find the matrix representation of . The rep-

resentation coincides with the matrix (2.138)), which is the representation of p.

tl—k‘;l kfl

PR From Proposition [3.3.12| we find the matrix representation of 211_ . The rep-
M M
resentation coincides with the matrix (2.137)), which is the representation of p. [

We finish this thesis with a comment.
Corollary 3.3.13. Referring to Theorem the H,-module W is irreducible.

Proof. By definition [2.4.20| the algebra T is generated by A,A*,g*. By Proposition

[2.4.25 the T-module W is irreducible. The result follows in view of Theorem 3.3.1 M
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Appendix A

An Example worked out in detail

In this Appendix we consider the case of diameter d = 4 in great detail. We briefly
review and summarize the results of Chapter 2] and Chapter [3] Concerning Chapter [2]
recall that I' is a @)-polynomial distance-regular graph of g-Racah type that contains
a Delsarte clique C'. Recall the semisimple algebra T from Definition whose
generators are A, A*, A*. Recall the primary T-module W from below Definition .

The T-module W is decomposed in two ways:
W = Mz + Mi™, W = MC + MC*. (orthogonal direct sum)

On each of the four summands, we found a natural Leonard system. For each Leonard
system we found the parameter array, and we described how these parameter arrays are

related. We recall our five linear maps in End(W):

A7 A*7 A*7 p? p' (A'l)

Recall from (2.131)) our five bases for W:

ev Ba Balty %7 Balt- (A2>

In Section , we displayed the matrix representing each map in ({A.1)) relative to each

basis in (A.2). We also displayed the transition matrices between certain pairs of bases

among (A-2).
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Concerning Chapter , recall the algebra flq from Definition whose generators are
{tX133_, and relations —. Recall X = t3tg, Y = tot; from Definition , and
A, B, B from Definition In Section we constructed a Iflq—module on W. For
this module and up to affine transformation we showed that A acts as A and B (resp.
B) acts as A* (resp. A*). Moreover, up to affine transformation, to (resp. t1) acts as p
(resp. p).

To give a concrete example we now take d = 4. In Section below, we display the
matrices representing each map in relative to each basis in and the transition
matrices between all pairs of bases among . In Section we display the matrices

representing each generator {t,}3_, of ﬁq and some related elements of ﬁq with respect

to the basis C from (A.2).

We recall the scalars h, h*, s, s*,r1,ry from above Note [2.2.4L The scalars h, h* satisfy

(2.26), (2.27), respectively. Recall the formulae ¢; from (2.79), & from (2.95), 7; from
(2.105)), and (; from (2.121)). For d = 4, these become

(1-¢")(1—5"¢")

i = i : ;= 1—3 1 — i—4 1 — * 341 A3
¢ (1 — ¢=4)(1 — s*git1)’ G=q '(1—q¢ )1 —=s¢"), (A.3)
for 1 <7< 3 and
s*(1 = r1g" ) (1 — rygitt ‘ y .
= ( 14 )( 24 ) Cz — qu(rl — 3 qz+1)(r2 — s qz+1)’ (A.4)

(1= g ) (ra = 57)
for 0 < ¢ < 3. All entries of each matrix in this Appendix will be expressed in terms of

q,S,s*,r1,ro and their square roots.
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A.1 The matrices from Chapter 2

Consider the five bases in (A.2]). For d = 4 these bases are

c={C,

B = {wo,
B = {vo,

B = {%,
B = {0,

A+
Cy

vy,
(%0

U1,

~1
UO 5

cr,

V2,

V2,

U1,

U3,

Vs,

~1
Ul ,

A+
Cr,

A— A+ - A+
cy, C), Ci, Ci},

?)4, UD 3 1}1 5 U2

~1
UO 3

V2,

~1 ~1 ~1
vy, Uy U3 }7

~J_ ~
Uy, U3, (%

For each of the 20 ordered pairs of bases from above, we now display the corresponding

transition matrix. This will be done in Example through Example below.

Example A.1.1. The transition matrix from € to B,y is

1o o]0 0olo o |o]
0/1 & 0o 0|0 0 |0
0/1 &a |0 0 |0 0 |0
0/0 0|1 & |0 0 |0
00 011 &ealo 0 |0
0/0 0 ]0 0|1 & |0
010 00 0 |1 &el0
ojo 0o 0|0 0 |1]

where {&1}2_, and {¢;}3_, are from (A.3). Moreover,

Ge=q  P(1—q¢")H(1 -

s5q

* _1+5

) (1<i<3). (A.5)
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The transition matrix from B, to € is

1 0 0 0 0 0 0o o]
0 o5 1561 0 0 0 0 0
0 £1(11—el) 51(61—1) 0 0 0 0 0
0p 0 0 = 0 0 |0
0) O 0 | gi= aeT 0 0 |0
L
oL 9 ’ 0 0 |giw &’

0] 0 0 0 0 0 0 |1

Moreover for 1 <1 < 3,

6 _ (1=¢")(1—s*¢""d) 1 _ ¢*(1-¢"=H(-s"g"T)

ei—1 — (1—g*)(1—s*q2it1)> 1—e; — (¢*—1)(1—s*g*t1) > (A 6)
1 o g3t 1 . P ’

E0-w) ~ @OI=P) &0 O

Example A.1.2. The transition matrix from € to @alt is

1 Gmn|0 0 |0 0 (0 O

1 G |0 01]0 010 o0

0 0

—_

ClTl 0 0 0 0

0 0 |1 ¢ lo o]0 o

0 00 0|1 Gr|0 0

0O 0 (0 O |1 ¢ |0 O

0O 0 (0 0 |0 O

—_

(373

0O 0 (0 0 |0 0 |1 (s

where {(;}?_, and {7;}}_, are from (A.4). Moreover,

Gri = q s (1 — g™ (1 — g™, (0<i<3) (A7)



The transition matrix from ’Ealt to € is

= 5 0 0 0 0 0 0
& aiw | 0 0 0 0 0
0 0 — I 0 0 0 0
0 0 lzmm aim| O 0 0 0
0 0 0 0 L — 0 0
0 0 0 0 |&amD Gam| 0
0 0 0 0 0 0 — e
0 0 0 0 0 0 |amD aowm
Moreover for 0 <1 < 3,
(r1—s*q"T1)(ro—s*q' 1) 7 s*(1—rig*t)(1—rag’t!)

Example A.1.3. The transition matrix from B, to %alt is

1—7; (rirg—s*)(1—s*qg?it2) Ti—1 (s*—rir2)(1—s*g?it2) »
1 _ q' 1 _ q
D) T G @) GO e e )

1 CoTo 0 0 0 0 0 0
eleil :11501 1561 1%?1 0 0 0 0
51(11—61) £1(1<g61) 51(61—1) 61(4611?1) 0 0 0 0
O O e;il 6622511 1—162 1<3222 O 0
0 0 | aiw & | e aocm| 0
O O O 0 €3€i1 :;EZ]. 1—163 ].Ci:;
0 0 0 0 | &iw | 560 600D
0 0 0 0 0 0 | G

101
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where {&}2_,, {e;}3_; are from (A.3) and {¢;}2,, {T:i}3, are from (A.4). Moreover

\
€ o (lfql)(lfs*q“"s) 61‘(1‘71 . q_i+1(17(11')(175*(]1'4—5)(7'17S*qi)(’,’278*qi)
ei—1 — (1—q*)(1—s*g>t1)> ei—1 (1—g*)(1—s*g2it1) )
1 P Gi1 _ g'(ri=s*q’)(ra—s*q’)
&i(l1—e€) (g*=1)(1—s*g%iH1)> §i(l—e€;) (g2=1)(1—s*g2+1) > (A 9)
1 o q4(1—qi74)(1—8*qi+1) ﬂ . s*q4—i(1_qi—4)(1_s*qi+1)(1_rlqi+1)(1_T2qi+1)
1_61 - (q4_1)(1_s*q21‘+1) 9 1_51' - (q4_1)(1_s*q2i+1) 9
1 (A G _ s*P(1—rig"t)(1—reg't!)
B D~ 0w @) D) (g et )
The transition matrix from ’Ealt to B,y 1s
[ 1 T0€ ]
1—79 TOTEI T;—ll 0 0 0 0 0
1 1 &
Co(r0—1) | Co(1=70) Co(1—70) 0 0 0 0 0
1 e T1€
0 1—71 1 iTll TlT i 1 711—21 0 0 0
1 &1e1 1 &2
0 G(n—-1) G(m-1) | (1-n) G(1-m1) 0 0 0
>
1 &oe T2&
O 0 0 1—79 137'22 7'2731 1'22731 O
1 §oea 1 &3
0 0 0 Ga(r2—1)  Ca(m2—1) | Ge(1-m2) (2(1-T2) 0
1 [$13
0 0 0 0 0 L Be | o
1 &3€3 1
L 0 0 0 0 0 G(ms—1)  ¢a(r3=1) | ¢3(1—-73)

where {&1}2_,, {e;}2_, are from (A.3) and {(;}3_,, {n:}7_, are from (A.4]). Moreover

1 _ (m=s*q™(ra—s*q") Geo _ 0" P(1=g)(A=s"¢""0) (r—s"g" ) (ra—s*q"")
1-7; = (rirg—s*)(1—s*q?*+2) 1-7; (1—s*q?**+2)(rira—s*) )
N g Gieo g *(1=q")(1—s*¢"*?)
Ci(ri—1) = (s*—rira)(1—s*q®*2)> Ci(ri—1) = (1—s*¢®>*t2)(s*—r1r2)’
7 _ s (1=rg™tH(I-rag™t) mifipn _ 87q (1=¢"*)(A=s"q"2) (1=r1 g™ ) (1—-rag"*)
Ti—1 — (s*—rire)(1—s*g?t2) 0 =1 (1—s*¢%*+2)(s*—r172)
1 _ qi §i+1 _ (1_qi73)(1_s*qi+2)
¢i(1—m) (rirg—s*)(1—s*g?*+2)" ¢i(1—m) (1—s*q%+2)(rirg—s*) "




Example A.1.4. The transition matrix from B to By is

The transition matrix from B,; to B

1 00 0]0 0
0 00 0]0 0
0 01 0]0 0
0 00 01 0
0 00 0]0 1
0 110 00 0
0 00 11]0 0
0 00 0[O0 0
is
1 00 0]0 0
0 00 0]0 0
0 0/0 01 0
0 110 00 0
0 00 0]0 0
0 01 0]0 0
0 00 0]0 1
0 0/0 11]0 0
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Example A.1.5. The transition matrix from B to %alt is

1

0

0

0

0

1

0
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Example A.1.6. The transition matrix from € to B is

110 0{0 O] O 0 0 -
01 0|0 Of & 0 0
0/1 0[]0 0|&e O 0
0/0 1{0 O O &2 0
0[0 1|0 O O &e| O
0/0 Oj1 0 O 0 &s
0/0 Oj1 0| O 0 | &ses
0/0 Oj0 1| O 0 0 |

where {&1}?_; and {&;¢;}3_, are from (A.3) and (A.5)), respectively.

The transition matrix from B to € is

Each entry is from (A.6)).

0 0 0 0 0 0
a1 1—161 0 0 0 0
0 0 = e 0 0
0 0 0 0 55_31 1_163
0 0 0 0 0 0
61(11761) 51(;71) 0 0 0 0
0 0 i@ swwn| O 0
! 0 0 0 -53(11—63) 53(;)—1)
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Example A.1.7. The transition matrix from € to B is

1 00 0|¢m O 0 0
1 00 0 G 0 0 0
01 00| 0 ¢Gm O 0
01 00| 0 G 0 0
0010| 0 0 C(Gmn O
001O0| 0 0 Ca 0
0001 0 0 0 (373
0001 0 0 0 (3

where {(;}?_, and {(;7;}2_, are from (A.4]) and (A.7)), respectively.

The transition matrix from B to C is

1—170 ToTEl 0 0 0 0 0 ’

0 0 | 5 5| 0 0 0 0

0 0 0 0 =  aa | 0 0

0 0 0 0 0 0 - =
G o | 0 0 0 000

0 0 lzm™ o | O 0 0 0

0 0 0 0 lzm™ aim| O 0

0 0 0 0 0 0 | &mD o .

Each entry is from (A.§]).
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Example A.1.8.

The transition matrix from B to %alt is

107

1 GoTo 0 0 0 0 0 0
Efil :11501 1—161 1(1—721 0 O O 0
0 0 el S el 0 0
0 0 0 0 22 2 &=
0 0 0 0 0 0 | G
fim &0t | 5@y aeem | O 0 0 0
0 0 | giw &1t | e & O 0
0 0 0 0 | &ie) | 5@ &0°T |
Each entry is from (A.9).
The transition matrix from fialt to B is
dsoom 0 0 0 |2 o 0
oD oo 0 0 |gim O 0
0 - n o] 0 0 15 — :11521 0
0 &&= gomy O 0 |ty guem O
s
0 0 &mm gom O 0 8% aiw
0 0 0 Tn 0 0 o
0 0 0 w3 saw| O 0 Gy

Each entry is from (A.10]).




Example A.1.9. The transition from B, to B is

1 0 0 0 Como 0 0 0
€1€i1 1—161 O 0 :11_501 lcizll 0 0
i amn 0 |gitg 5ot O 0
0 o4 e 0 0 = = 0
0 i@ &myn 0 it @ty O
0 0 5| 0 U~ =
0 0 i smon| O 0 aite @y
0 0 0 1 0 0 0 G
Each entry is from (A.9)).
The transition matrix from B to By 1
e R = 0 0 0 0
U = - = S 0 0
0 0 0 et I S 0
0 0 0 0 0 | & £ | &
5D | wiw Gos | O 0 0 0 0
0 | am @ |ao ansy| O 0 0
0 0 0 | emD aeT |eiw anw| O
|0 0 0 0 0 | amD @D | au |

Each entry is from ({A.10]).
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Example A.1.10. The transition matrix from B and B is

B 0 0 0 GoTo 0 0 0
5o 0 U = 0
0 5 5 0 0 S 0
0 0 = = 0 0 e BB
0 0 0 1 0 0 0 G
gi- a0 0 |aitsy s O 0
0 Ziw &em O 0 ity sam O
|0 0 i swT| O 0 aitm &oD |
Each entry is from (A.9)).
The transition matrix from B to B is
_ = 5 0 0 0 e 0 0
0 25 0 0 aL e 0
0 0 L 0 0 g e
0 0 0 et 0 0 e
& Giwm O 0 0 |gim O 0
0 &= om0 0 |zt gz O
0 0 &mm Gam O 0 &% @it
|0 0 0 w3 saw| O 0 Gy

Each entry is from ({A.10]).

We are done with display of transition matrices.
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For the rest of this section, we do following. Referring to (A.1)) and (A.2]), we give the

matrix representing each map in (A.1]) relative to each basis in (A.2). We start with
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A. Recall the formulae b;, ¢; from f and E,E;- from 7, and further

b ¢t from

R

ko194

and b

7 )

“Cd_

 from (2117 ([2.120).

Example A.1.11. The matrix representing A relative to the basis € is

The matrix representing A relative to the basis B is

ag bp 0 0 0|0 O O
¢ ag by 0 0[O0 O O
0 ¢ as b 0] 0 0 O
0 0 ¢3 a3 bg| 0 0O O
0 0 0 ¢ ag| 0O 0 O
0 0 0 0 0a by O
0 0 0 0 0 |ct ar bt
0 00 0 00 ¢ ay

Go—bo+bo b —bo bo 0 0 0 0 0
c1—CG do—c14c| by—b by 0 0 0 0
o Gi—c |G —bi+b bi—b by 0 0 0
0 ) =0 Ai—ca+3 | by —b b 0 0
0 0 Ca Cy — Cy o — by —l—gz by — gz gg 0
0 0 0 G C3—Cy  Ay—C3+Ca|  by—bs by

0 0 0 0 cs Gy—cy |d3—bs+by by — by

i 0 0 0 0 0 G c4—Cy Gy — st Gy




The matrix representing A relative to B,y is

The matrix representing A relative to the basis B is

ap|by 010 00 010
¢ila; 0 |by 0[]0 00
010 at|0 bt]0 01]0
0|lco 0 lag 0 |by 0|0
010 ¢ 0 af |0 b1|O
0[O0 0 |cs 0]az 0 |bs
010 00 c¢|0 af|oO
010 00 0]ci 0 ay
G b 0 0|0 0 0 0
Ga b 00 0 0 0
0 & a by|0 0 0 0
0 0 G a|0 0 0 0
0 0 0 0lat ot 0 0
0 0 0 0| a b 0
0 0 0 0|0 & ar bt
0 0 0 00 0 & at
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The matrix representing A relative to %alt is

a 0 [b O0]0 O0]0 O

We are done with A. We now consider A*. Recall from the formula
07 =0+ h*(1—q)(1—s¢" g™, (A.11)
for 0 <7< 4.
Example A.1.12. The matrix representing A* relative to the basis C is

dlag(037 9{7 QI’ 0;7 9;7 8;7 0;7 02)‘

The matrix representing A* relative to the basis B is

diag (5, 01,05, 05, 03, 07, 03, 05).

The matrix representing A* relative to the basis B is

dia’g(087 0{7 QT’ 0;7 0;7 6;’ 0;7 91)‘



The matrix representing A* relative to the basis B is
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Gl g 0 0 | @nlfD g 0 0
—T0 70
0o AmE g 0 0 anllm g 0
T1 T1
05 —720% Coma (05 —07%)
0 0o LA 0 o ent)
0 0 0  Hmi 0 0 e
1—73 1—73
0% 0 700%—0 ’
] E)TO 711) 0 0 0 — 0 0 0
9* 03 0% 6z
0 S o 0 0 %5 0 0
0503 0% — 0%
0 0 S o 0 0 ol 0; 0
0503 305 —0;
i 0 0 0 oD 0 0 0 =l
where {07}3_, are from (A.11)) and {¢;}2_,, {7}, are from (A.4). Moreover,
3\
05 =105 e, h*s*q i TL(1—q)(1—rigtt)(1—rogitl)
1—7; - 9'5 + s*—rire ?
CiTi(g;‘,gLrl) . h*s*qui*l(l—q)(Tl—s*qi+1)(T2—S*qi+1)(l—rlqi+1)(1—T2qi+1)
1—7; - s*—rire ) (A 12)
065 _ ha'(q) '
Q(Tifl) - rirg—s* 7’
7'1'6;_6;-5-1 _n* h*s*q 71 (1—q)(1=r1g*tH)(1—ra2q*t1)
T - 9i+1 + r1r9—S8* ’ )
The matrix representing A* relative to the basis %alt is
981__’:(_)091‘ COTOI(ﬁé; :9{) 0 0 0 0 0 0
0507 o0 — 07
St 0 0 0 0 0 0
05 —105  C1r(07—03)
0 0 % anli-g 0 0 0 0
%03 0% 03
0 0 5 (lﬁ }1) — 0 0 0 0
05 —120%  Com2(05—6%)
0 0 0 0 S TE— 0 0
0503 05— 0%
0 0 0 0 Ga(m2—1) T2—1 0 0
0 0 0 0 0 0 | EDk Gni-d)
T3 T3
01—0; 305 —07
| 0 0 0 0 0 0 ¢3(3—1) 73—1 i




Each entry is from .

We are done with A*. We now consider A*. Recall from the formula
6; =05+ 1" (1—q)(1—s7¢)g ",

for 0 <1 < 4.

Example A.1.13. The matrix representing A* relative to the basis € is

diag(6;, 05, 67,07,65, 05,05, 63).

The matrix representing A relative to the basis B is

diag(6y, 07, 65,05, 65,067,035, 65).

The matrix representing A* relative to the basis %alt is

diag (65, 05, 01, 01, 03, 03, 03, 05).

The matrix representing A* relative to the basis B is

-éé 0 0 0 0 0 0 0 |
0 Al 0 0 aa@i 0
B N L
0 0 0 % 0 0 0 63536(35§ -73)

0 0 0 0 6 0 0 0
0 Bl o 0 0| %ak 0 0
0 0 A% o o| o Oty 0
| 00 0 E:?(; 1_—55;) 0 0 0 ity
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(A.13)



where {67}3_, are from (A.13) and {&}2_,, {e;}2_, are from (A.3). Moreover,

_~* _~*
€ty —0;

€;—1

€07 1=07) _ hrg'=%(1—q)(1—¢)(1

J— ~*
=07,

AL

gt ) (1-s*qi )
1—g*
(

)

b

—q174)(1—s*qi+l)(1—s*qi+5)
q

)

Y

h*(g=1)(1=¢*"")(1=s"g""")

€;—1
07 1-0; _ h*¢*(1—q)
§i(l—e 1—¢*
0% —e;0 ~ h
1—1 Y4 *

1—¢; - 01 +

1—g*

The matrix representing A* relative to the basis B 1s

g1 0 0 0 0 0 0

0 elzs_—fr elslﬁ ;59 0 0 0 0

0| J0L el | 0 0 0

0| 0 0 ofili 9eliB) | 0

0] 0 0 | Gk g 0

0| o 0 0 0 i B b0
0 0 0 0 0 . 5(51—_ 553) 5;1—_653%
0] 0 0 0 0 0 0

Each entry is from (A.14)).

We are done with A*. We now consider the map p.
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(A.14)



Example A.1.14. The matrix representing p relative to the basis € is

110 0 0 0 0 0 |0

ol L1 0 01| 0 010

0 |- |0

ez3—1 1—e3

e3—1 1—e3

0] 0O 0 0 0 0 0 |1

where {¢;}3_, are from (A.3). Moreover,

1 _ g*(l=g"H(1=s"¢") 6 _ (1=g")(1=s*¢""5)

¢ (- D(-sg+) > a1 (I—qH(l-sgoi)

for 1 <q¢<3.

The matrix representing p relative to the basis B is
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(A.15)



The matrix representing p relative to the basis B, is
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0 010 0 010
1 0]0 0 010
0 01]0 0 01]0
0 01 0 010
0 010 0 010
0 010 1 0]0
0 010 0 010
0 010 0 01
The matrix representing p relative to B is
1—e;(1—70) T CoT —roril
(1—70)(1—¢€1) (1—7’0)(%—61) O 0 (1—7'0(])((1)—61) (1—7’00)(11—161) O
=2l 1—extmiea(l—e1) -7 0 —Coe1 Gri(l—eiez) 0
(1-71)(1—e1) (1-71)(1—€1)(1—e2) (1-71)(1—e2) (1-m)(1-e1)  (I-7)(1—e1)(1—€2)
0 —e 1—es+mes(1—€2) —7p 0 —Cieo —T273(3
(1—72)(1—€2) (1—72)(1—€2)(1—e3) (1—72)(1—e3) (1—72)(1—€2) (1—72)(1—€2)(1—e€3) (1—72)(1—e3)
e 1+73(e3—1) (3T3€3
0 0 ) (=) (1=cs) 0 0 =r)(1-)
-1 1 To(e1—1)—e1 (1T
Co(1—70)(1—€1) Co(1—70)(1—€1) 0 0 (1—70)(1—€1) Co(1—70)(1—€1) 0
€1 —1+teren 1 0 Coe1 T1(e2—1)+ea(e1—1) 0
G(1-m)(1—e1) Ci(1—71)(1—e1)(1—e2) ¢ (1—-m1)(1—e2) G(l=m)(I-e1) (1-71)(1—e1)(1—e2)
0 € —1+4eges 1 0 Cien T2(e3—1)+e3(e2—1) (373
G(1-72)(1—e€2) G(I-m2)(1—€2)(1—e3)  C2(1-T2)(1—e3) C(1-m2)(1—€2) (I-m2)(1—€2)(1—e3)  C2(1—72)(1—e3)
0 0 =<3 0 0 1-73—€3

€3
¢3(1—73)(1—€3)

¢3(1—73)(1—€3)

where {¢;}3_; are from (A.3) and {(;}2_,, {7:}7_, are from (A.4).

(1-73)(1—e3)




The matrix representing p relative to @alt is
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1—e1(1—70) CoTi -7 —7071¢
(1—=70)(1—€1) (177'0(;([1)751) (177‘0)(3761) (177’0(])(11:61) 0 0 0 0
1 To(e1—1)—e1 1 ar
Qi) (-wi-a) | G- Go—ro) () 0 0 0 0
—€ —Coet 1—eatmiea(l—e1) Gri(l—eie2) -7 —T172C2 0 0
(1=71)(1—€1) (1=71)(1—€1) (1=71)(1—€1)(1—€2) (I=71)(1—€1)(1—e2) (1=71)(1—€2) (1=71)(1—€2)
€1 Co€l —1+eje T1(e2—1)+e2(e1—1) 1 (%P 0 0
G-m)(-ea) G@A-m)(A-e) | GI-m)(A-ea)(l-e) (A-71)(I1-e1)(1—e2) G (1-71)(1—€2) G (1-71)(1—€2)
0 0 —€ —Cieo 1—e3+maes(l—ea) G2 (1—€ae3) —7p —7273(3
(1-72)(1—€2) (1-72)(1—€2) (1-m2)(1—e2)(1—e3)  (1-72)(1—e2)(l—e3) | (1—T2)(1—e3) (1-72)(1—e3)
0 0 €2 Crea —14eoes T2(e3—1)+ez(e2—1) 1 (373
G (1—m2)(1—€2) G2(1-72)(1—e€2) G(1-72)(1—e2)(1—e3) (1-72)(1—e€2)(1—€3) | Ga(1-72)(1—€3) Ca(1—72)(1—e3)
—e: —(ae: 1+73(e3—1) (373€
0 0 0 0 T (—a) Toie) | Gmi-e (a0
0 0 0 0 C2€s —€3 1-73—€3

€3
¢3(1—73)(1—€3)

(3(1—73)(1—€3)

where {¢;}2_, are from (A.3) and {¢;}2,, {7 }5, are from (A.4)).

We are done with p. Finally we consider the map p.

Example A.1.15.

The matrix

representing p relative to C is

where {7;}?_, are from (A.4)). Moreover,

1-7

for 0 <1 < 3.

(rirg—s*)(1—s*q?*+2)

[ 1 T T
1—79 7'0_31 0 O O 0 0
L =10 0|0 0 0
0 0 &% 50 o0 0
0 0 | =50 o0 0
0 0 0 0 1*17'2 TzT_il 0
0 0 0 0 1—17'2 7'27-_31 0
0 0 0 0 0 0 1—73 %

L 0 O 0 O O 0 1—73 % |
(ri—s*¢"!)(ra—s*g't") i s (l=rig"t)(1—ragitl)

Ti—1

(s*—rir2)(1—s*q2it+2)

(3(1—73)(1—e3)

(1—73)(1—€3)

(A.16)




The matrix representing p relative to B is

1 000

0

0

1

0

0

1

0

0

1

0

0
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The matrix representing p relative to B is
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1 T( T0& 1
. o 0 0 0 mey 0 0
—€ e1mo(T1—1)+10—1 -7 0 0 S1e1(1—7o71) —711&2 0
(1—70)(1—€1) (r0=1)(11—1)(e1—-1) (1—€1)(1—71) (1—70)(1—71)(1—€1) (1—e1)(1—71)
0 —e eati (Ta—1)4711—1 —7> 0 —&icie §2e2(1-T172) —T263
(1—m1)(1—e€2) (11=1)(r2—1)(e2—1) (1—e2)(1—72) (1-m)(1—e2)  (I-m)(1-72)(1—e2) (1—e2)(l—-72)
0 0 —€3 e3a(m3—1)+12—1 —T3 0 —{a€2€3 E3e3(1—7273)
(1-72)(1—e3) (ra—1)(m3—1)(e3—1) (1—e3)(1—73) (I-m)(1—e3)  (1—72)(1—73)(1—e€3)
1 . &3€:
0 O 0 1—73 7’331 0 0 11‘:3
1 ToT1—1 71 0 0 To(ri—1)+e1(r0—1) T1é2 0
&1(e1—1)(10—1) &1 (1—€1)(1—71)(1—70) &1 (1—e1)(1—m71) (1—e1)(1—71)(1—70) &1(1—e€1)(1—T71)
0 1 TiT2—1 T2 0 (3131 T1(r2—1)4ea(r1—1) 723
S(e2—1)(m1—1)  &(l—e2)(1-m2)(1-71)  Ea(l—e2)(1-T2) S(l-e2)(1-m1) (1—e2)(1-72)(1-71) &(1—e2)(1—-72)
0 0 1 ToT3—1 T3 0 [ To(m3—1)+e€3(m2—1)
&(es—1)(r2—1)  &3(1—e3)(1-73)(1-72) €3(1—e3)(1—73) &(1—e3)(1-72) (1—e3)(1—-73)(1-72) |

where {&}?_,, {e;}}_; are from (A.3) and {7;}}_, are from (A.4).

The matrix representing p relative to By is

1 T T0& )
0 0 0 0 0
— e17o(mi—1)+70—1 &ie1(1-7o71) —71 —T1&2 0 0 0
(1=70)(1—€1) | (ro—1)(r1—1)(e1—1) (1—70)(1—71)(1—¢€1) (1—e€1)(1—71) (1—€1)(1—71)
1 ToT1—1 To(T1—1)+€1(r0—1) 1 T1&2 0 0 0
Si(ei—1)(ro—1)|&1(1—er)(1—71)(1—70) (1—er)(I—71)(I—70)| &1 (1—e1)(1—71) S1(l—er)(1—71)
0 —€ —&ieien eami(m2— 1)+ —1 S2e2(1—-7172) -7 —T2&3 0
(1—71)(1—€2) (1=71)(1—€2) (r1=1)(m2—1)(e2—1) (1—71)(1—72)(1—€2) (1—e2)(1—72) (1—e€2)(1—72)
0 1 (3131 T2 —1 71 (r2—1)+e2(m1—1) T T2€3 0
&2(e2—1)(m1—1) S2(l—e)(1—71) |E2(1—e2)(1-72)(1—71) (1—e2)(1—72)(1—71)| E2(1—€2)(1—T2) §2(1—e2)(1—72)
0 0 0 —e3 —&2e2e3 €37a(13—1)+72—1 €3e3(1—7a73) —73
(1-72)(1—e3) (1-72)(1—e3) (r2=1)(13—1)(e3—1) (1—72)(1—73)(1—e3)| (1—e3)(1—73)
0 0 0 1 [ TaT3—1 T2(r3—1)+es(m2—1) T3
&3(es—1)(r2—1) &(l—e3)(1-m2) |&3(1—e3)(A-73)(1-72) (1—e3)(1—-73)(1—72)|&3(1—e€3)(1—T3)
1 £3€ T
0 0 0 0 0 f—— ﬁ m—jl |
where {&}2_,, {e;}3_; are from (A.3) and {7;}2_, are from (A.4)
ifi=15 1% Si=1 . i Ji=0 ).
A.2 The matrices from Chapter 3
Consider the basis € from ({A.2]). Recall that for d = 4 this basis consists of
—- At - At - At A At
0> CO ) 1 Cl ) 2 C12 9 3 03 . (A17)
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In this section, for each element

3 +1 +1 to—ky * ty—kyt
{tn}n:m X 9 Y ) Av B7 BT) ko—k%1 ) kl—krlfl

of H, we give the matrix representing that element relative to the basis (A.17).

The matrix representing ¢, relative to (A.17)) is block diagonal:

to(0) 0
to(1)
0(2) ’
0 to(3)
where for 0 <1 < 3,
i (L= | ) -/ i)
to(i) =
I - BTy
The matrix representing ¢; relative to is block diagonal:
[ 4(0) 0o |
t1(1)
t(2) )
t1(3)
| 0 t(4) |
where for 1 <1 < 3,
q2(17({::*)§;sl*qi+l) 4 q% qQ(qiffisl*)é;;si*qi“)
ti(i) =
et aptany



and

t:(0) = [C]_Z] ;

t1(4) = [q—z} .

The matrix representing ¢, relative to (A.17)) is block diagonal:

£(0)

ta(1)

where for 1 <i < 3,

S*qS

1 (qifl)(lfs*ths)
X S 1—s*q2itl

and

S5 (1—gt) (1—gi—4
1 ( q(ll_;()zgzlﬂq )+1)

0

t2(4)

¢V P g (st

T—_s*q2i+1

st (UL 4 1)

o= |

The matrix representing t3 relative to (A.17)) is block diagonal:

where for 0 <1 < 3,

_ (=rmgth(1—rag™th)

1
T s ( 1—s*q2it2
tg(’l) =

qz‘+1 (Tl—S*qi+1)(T‘2—S*qi+1)

Jrira 1—s*q2i+2

1 (1=r1¢" ) (1—rag**th)

T rirs 1_s*q2ite

1—5*q2i+2

VTiT2

qi+1 ((rl_s*qi+1)(r2_s*qi+1) i S*)
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So the matrix representations of ¢y, 3 and the matrix representations of ¢1,t, take the

form

and ,

respectively.

The matrix representing X relative to (A.17)) is diagonal:

diag | Lo, Vs, he VS S 0V e

The matrix representing X! relative to (A.17)) is diagonal:

: * 1 2 * 1 3 * 1 4 * 1
diag [gv/5", Lo, VS, Ao, oVE, A gtV ]

The matrix representing Y relative to (A.17)) is ‘;*q4 times
172
aq bo 0
a; by
ag b2
0 as b3
where
(ri—s*q)(r2—s*q) * (1—r1g*)(1—raq*)
Sieg s — A
1
a0 = s*q* 7 Ps = ’
(r1—s*q)(ra—s*q) 1 (A-rig")(1—raq?)
1_8*(12 q4 q4(1_8*q8)
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and for 1 <17 < 3,

a; =
(1-g"Y(1-s*¢"t%) ((r1—s*¢"t!)(ra—s*¢'t") (1-g")(A-s*¢"*5) | ( (r1—s*¢"!)(ra—s*¢"t1)
1= g2t 1% 2172 + " 1- I—sq2itl I—sq2it? + s
1
s*q4
(1—qi)(1—8*qi+5)(7‘1—S*qi+1)(1"2—s*qi+l) 1 . (1—qi)(1—s.*qi+5) (’r‘1—s*qi+1)(’r‘2—s*qi+1)
(175*q2i+1)(175*q2i+2) 175*q21+1 1*5*!12"*'2
and for 0 <17 < 2,
bi -
_(=ng ™ (1oryg™*) (=g (A-s"¢™*?) | -4 (=g~ ) (1-s"¢"?)(1=r1g"t ) (1-rag*t!)
1—s=q2it? 1_sq2it3 q (15273 (1_s*q2+2)

(1 _ (lirlqi+1)(177ﬂ2qi+1)) ((17(1%3)(175*(1“2) n q74> (17[1%3)(175*(1#2) ((lirlqi+1)(1ir2qi+1) _ 1)

1_s*q2i+2 T—s*g2it3 T_s*q2i+3 1_s*q2it2

The matrix representing Y ! relative to (A.17)) is % times
_ . . -
Ci a4
Co QA2 )
C3 asg
L 0 C4 .

where

1—s*q? 1—s*q q 1—s*q? 1—s*q

ag = { (1 _ (1*1"111)(1*7"2(1)) ((1,q-4)(1,s*q) 4 %) (1=r1g)(1—rzq) <(1,q_4)(1,5*q) 4 q%) } :

1—8*(]8 1—8*(19 1—8*(]8 1—8*(]9

Cy = 8*1q4 [ (r1—s*q")(ra—s*q*) ((1*q4)(178*q9) _ 1) ((r178*q4)(r2*8*q4) + s*) ((q4*1)(175*q9) + 1) ],



125

and for 1 <17 < 3,

(l—qi_4)(1—s*qi+1) 1 (1—T1qi+1)(1—7‘2qi+1) (1—qi_4)(1—s*qi_H)(1—T1qi+1)(1—7"2qi+1)
T_gr g2t - s q2it2 (1—s* @ 1) (1—_s* g2 +2)
a; =
1_ (1=r1q+1) (1—raqi*l) (1—gi—)(1—s*qi+1) 1 (1=r1q+ ) (1—raq ) ((1—gi—)(1—s*qi+1) L1
I—s*q2it? T—sg2it1 pe 1—s=q2it? T—sq2it1 p
(r1=s*q")(ra—s*¢) ((1=¢")(1-s*¢"*5) (r1—s*¢")(r2—s*q") «\ ((=1)(A-s"¢""5)
. T—s7q% I—s g2itl -1 T—sq% +s T—s g2itl +1
C; =
8*(]4
(1=¢")(1—s*¢"+%) (r1—s"¢") (r2—s%q") (@ =D)(-s"q™0) ((r=s*q)(r2a—s"a") | o«
(175*q21)(175*q21+1) 175*q2z+1 175*(121

Thus the matrix representations of Y, Y ! take the form

* k% * ok
* ok ok * ok ok ok
* ok ok ok * ok ok ok
* ok ok ok * ok ok ok
9
* ok ok ok * ok ok ok
* ok ok ok * ok ok ok
* ok ok * ok ok ok
* ok ok * ok

respectively.
The matrix representing A relative to (A.17)) is 24 times
rir2
aq bo 0
ci a; by
c2 ax by
0 C3 ag




where for 0 <1 < 3,

a; =

14 mrz _ (1=g)(0=s"g"P)(r—s"q"" )(ra—s"g"")
* 44
s*q

S*q4(178*q2'i+1)(175*q21+2)

(=g~ (A=s"¢"™)(1-r1g")(1-r2g" ")

(I—s g2 1) (1—s*q2i+2)
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(1=r1g" 1) (1-raq't?)

1% g2 %2
« (=g =H0=s"¢"") _ (1=¢'"*)(1—s"¢""?)
l_s*q2z+1 1_s*q21+3

(r1—s*q+ 1) (ra—s* g t1)
s g (1—s*q2i12)

X ((17[1”1)(178*‘1”6) _ (1*qi)(1*8*q"+5))

T_s*q2it3 1—s*g2iT]

and for 0 <17 < 2,

(1—gi 1) (1—s*gi10) (ry —s* g+ 1) (ra—s* 1)
s g (1—sq2iT2)(1—s*q2iT3)
(1-¢' =3 (1=s"¢*2)(1=r1g™*) (1—raqit?)
(1—s5*q2+2) (1—s*q2i+3)

rira __
]- + 8*(14

(1=g'=%)(1=s"g"2)(1=rg" 1) (1=raq' ) 0

(178*q2i+2)(175*q2i+3)

b, =

(l—qi73)(l—s*qi+2) <(1—T1qi+1)(1—7“2qi+1) _ (1—T'1qi+2)(1—7"2qi+2)> (1—qi73)(1—s*qi+2)(l—qui+2)(l—T2qi+2)

1_s*g2it3 1_s*g2it2

and for 1 <17 < 3,

(1-¢")(1—s*¢"T5)(r1—s*q") (r2—s*q")

1—s*q2i+a (I—s*q2iT3)(1—s*q2itd)

s*q4(1—s*q2i)(1—s*q2i+1)

C;, =

s g (1—s*q2itT)

(7‘1 —s*qi+1)(rg—s*qi+1) . (rl—s*qi)(rg—s*qi)
1_3*q2i+2 1—s*q2i

(1=¢")(1=5*¢g"T5) (r1—=s*¢" 1) (ro—s*¢' 1)
S*q4(1_s*q2i+l)(1_s*q2’i+2)




127

Thus the matrix representation of A takes the form

The matrix representing B relative to ({A.17)) is diagonal:

diag | 7= + V", = +aV's, mi= + CVS, s + VS

VS e 1 VS eV e Y

The matrix representing BT relative to (A.17) is diagonal:

diag | s + VS0 ks + AV e VI e 0V

P OV 7 OV gy T VS e Hd V)

to—k ! . .
0= _ relative to (A.17) is
ko—kg

L © o 0 0 0 0 0

1—70 T0—1

L © o 0o 0 0 0 0

1-79 70-—1

0 0 L 9 0 0 0

1—71 T1—1

The matrix representing

o 0 —+— = 0o 0 0 0

1—71 T1—1

= mo1

l—-m79 12—1

1—73 T73—1

1—-73 m3—1



Each entry is shown in (A.16]).

The matrix representing

1

tlfk‘l
ki—ky !

0

_€1
e1—1

_€1
e1—1

0

0

Each entry is shown in (|A.15)).

relative to

0 0

5 0

g 0
(S
0 35
0 0
0 0
0 0

A 17

18

128
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