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Abstract

I present two research directions in this dissertation. The first direction is on further
properties of viscosity solutions to geometric equations, a part of which is about the
mean curvature motion with the simultaneous effect of a forcing term and a contact angle
condition. The interaction of the two effects is analyzed during the estimate with a new
method. In conclusion, a sufficient condition on the forcing term to be coercive is provided
[66] (joint work with Dohyun Kwon, Hiroyoshi Mitake, and Hung Vinh Tran) for the right-
angle condition and [64] for the nearly right-angle condition.

The remaining part of the first direction is devoted to periodic homogenization of
geometric equations with the theory of viscosity solutions. I present results on qualitative
homogenization of general geometric equations and on quantitative homogenization of
forced mean curvature flows [65], obtained by using perturbed approximate correctors.
Also, an improved rate of convergence is given in the laminar setting by directly using
correctors [63].

The second direction of this dissertation is concerned with the study on properties of
viscosity solutions to Hamilton-Jacobi equations. Specifically, an improved homogeniza-
tion rate of multi-scale first-order convex Hamilton-Jacobi equations, which models the
motion of a particle following classical mechanics, in the periodic setting is obtained [57]
(joint work with Yuxi Han). Also, I present results on basic properties of viscosity solu-
tions that describe the minimum eradication time for time-varying SIR models |70] (joint

work with Yeoneung Kim).
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Chapter 1

Viscosity solutions to geometric
equations

The very first development of the viscosity solution theory originates from [26, 27|, where
the theory is considered for first-order Hamilton-Jacobi equations. In these pioneering
works, a given equation is approximated with an additional regularization term with a
coefficient € > 0. The number € > 0 represents the wviscosity, and the idea of finding the
solution from the approximated problems by letting ¢ — 0 is called the vanishing viscosity
technique. The term wviscosity solutions is coined for this reason.

In this chapter, we give a minimal introduction to the theory of viscosity solutions with
emphasis on the existence and the uniqueness. Although the development for first-order
Hamilton-Jacobi equations comes before the case of geometric equations, we consider only
the latter throughout this chapter. This is because this dissertation is primarily concerned
with viscosity solutions to geometric equations. We instead leave |26, 27, 28| 36|, 98] and

the references therein for first-order Hamilton-Jacobi equations.

1.1 Definitions

Let n > 1. Let S™ denote the set of n x n symmetric matrices. Let F' : S™ x (R"\ {0}) — R

be an operator which is continuous on its domain of definition. We consider the following



Cauchy problem with a uniformly continuous datum ug on R™:

us + F (Dzu,Du) =0, in R"x(0,00),
(1.1)

u(-,0) = uo, on R™

Throughout this chapter, the functions F*, F are defined by, for (X,p) € S™ x R",

F*(X,p) = lirzljélp{F(Kq) p (Yog) € 8" x (R*"\{0}), IY — X, l¢g —pl <n},

F.(X,p) =lminf {F(Y,q) : (Y,q) € 5" x R"\{0}), Y = X l¢ —pl < n},
respectively. We similarly define the functions u™*, .

Definition 1.1.1 (Viscosity sub/super/solutions). An upper semicontinuous (lower semi-
continuous, resp.) function u : R™ x [0,00) — [—00, 4+00] is a viscosity subsolution (a vis-
cosity supersolution, resp.) to if u < 400 (u> —o0, resp.), u(-,0) < wug (u(-,0) > ug,
resp.), and if w — ¢ attains a local mazimum (a local minimum, resp.) at Py = (xg,to)

with tog > 0 for some smooth function ¢ = p(x,t) defined near Py, then we have
¢i + F.(D%p, Dp) <0 (p; + F*(D*p, Dp) > 0, resp.) at Py.

We say that u is a viscosity solution to (1.1|) if u* is a subsolution to (L.1) and if u.

is a supersolution to (1.1).

What we are interested in is equations with degenerate elliptic and geometric operators:

Definition 1.1.2 (Degenerate ellipticity, geometricity). A continuous operator F : S™ x

(R™\ {0}) — R is called degenerate elliptic if

F(Y,p) < F(X,p)



for all XY € 8™ with X <Y and all p € (R™\ {0}), and is called geometric if

FOAX 4 pup ® p,A\p) = AF(X, p)

for all (X,p) € 8™ x (R"\{0}) and all A\ >0, p€R.

1.2 Existence and Uniqueness

We present the existence and the uniqueness results regarding viscosity solutions of geo-
metric equations. We remark that [24] and [35], conducted independently and simultane-
ously, are considered as the first level-set approach for mean curvature motions using the
viscosity solution theory. The contents of this subsection are mostly taken from [24]. We

also leave [51] for more comprehensive theory.

Theorem 1.2.1. Suppose that a continuous operator F' : S™x (R™\{0}) — R is degenerate
elliptic and geometric. Suppose that (FF).(£1,p) < c+(|p|) for some c+ € C*(]0,00)) and

ce(0) > co > 0 with some constant ¢y > 0. Suppose that

—o0 < F(0,0) = F*(0,0) < +c0.

Then, for any continuous initial datum wug with compact support, there exists a unique
viscosity u € C(R™ x [0,00)) solution to (1.1) such that its restriction on R™ x [0,T] is

compactly supported for any T > 0.

Depending on the subject, we can think of operators F' with the spatial dependence.
Also, we can also of boundary conditions of various types. In all cases, the existence and
the uniqueness are the first issues to be addressed.

In the following chapters of this dissertation, which are considered to be independent
to each other, the definition, the existence, and the uniqueness of viscosity solutions will be
provided chapter by chapter. We also explore the further properties of viscosity solutions,

such as gradient estimates, the large-time behavior, homogenization, and so on, according



to the subject of the chapter.

Before we move on the next, we remark that the large-time behavior is one of the
most important subjects of study that are beyond the well-posedness. In this direction
for first-order and second-order Hamilton-Jacobi equations, [17] provides the most general

results that can handle the degenerate case.

1.3 The contents of the subsequent chapters

In the following, solutions are understood as viscosity solutions. The characters k, ¢, 2

denote the mean curvature, a given forcing term, a given domain, respectively.
Chapters 2, 3, 4, 5 are concerned with geometric equations.

Chapter 2 studies the propagation of a surface I' C 2 with the normal velocity V = k+c
with the right-angle condition I' 1. 992. The convexity/concavity of 0S2 affects the behavior
of the surface, which is analyzed by finding a role of ¢. The main reference is [66].

Chapter 3 extends the study in Chapter 2 to an angle condition which is not necessarily
to be the right-angle. Gradient estimates, large-time behaviors are analyzed in Chapter
3, as well as in Chapter 2. The main reference is [64].

Chapter 4 provides a convergence rate of periodic homogenization of forced mean
curvature flows in laminated media. The method is based on the regular selection of
correctors, in the framework of the doubling variable method and the perturbed test
function method. The main reference is [63].

Chapter 5 proves the homogenization of general geometric equations in the periodic
setting assuming the solvability of cell problems. A quantitative homogenization of forced
mean curvature flows in general media is also presented. Perturbed approximate correctors

are used for the both cases. The main reference is [65].
Chapters 6, 7 are concerned with first-order Hamilton-Jacobi equations.

Chapter 6 provides a convergence rate of periodic homogenization of first-order convex

Hamilton-Jacobi equations in multiscales. The idea can be seen as the combination of the



separation of scales and the curve cutting technique [97]. The main reference is [57].
Chapter 7 suggests a viewpoint on the minimum eradication time for SIR (Susceptible-

Infectious-Recovered) models with time-dependent coefficients. It turns out that there are

two value functions both describing the minimum eradication time. A sufficient condition

on the threshold for the two functions to agree is also given. The main reference is [70].



Chapter 2

Level-set forced mean curvature
flow with the Neumann boundary
condition

2.1 Introduction

In this chapter, we study the level-set equation for the forced mean curvature flow

ut = |Du|div <£Z|> + c(z)|Du| in Q x (0,00), (2.1)
ou

9 0 on 09 x [0, c0), (2.2)
u(z,0) = up(x) on Q. (2.3)

The domain Q C R™ with n > 2 is assumed to be bounded and C?? for some 6 € (0,1).
Here, ¢ = c(x) is a forcing function, which is in C1(Q2), and 1 is the outward unit normal
vector to 9. Throughout this chapter, we assume that ug € C*(Q), and % =0 on 092
for compatibility.

We first notice that the well-posedness and the comparison principle for f
are well established in the theory of viscosity solutions (see |24} 35, 48, 49| for instance).
Our main interest in this chapter is to go beyond the well-posedness theory to understand
the Lipschitz regularity and large time behavior of the solution. The Lipschitz regularity
for the solution is rather subtle because of the competition between the forcing term and

the mean curvature term together with the constraint on perpendicular intersections of



the level sets of the solution with the boundary of 2. It is worth emphasizing that the

geometry of 0f) plays a crucial role in the analysis.

We now describe our main results. First of all, we show that v is Lipschitz in time and

locally Lipschitz in space.

Theorem 2.1.1. Let u be the unique viscosity solution u of (2.1)—(2.3)). Then, there
exists a constant M > 0 and for each T > 0, there exists a constant Cr > 0 depending on

T such that

lu(z, t) — u(z,s)| < M|t — s, o
forallx,y € Q, t,s €[0,T].

u(e, t) —u(y, t)| < Crlr —yl,

We next show that if we put some further conditions on the forcing term ¢, then we

have the global Lipschitz estimate in x of the solution. Denote by

Cp := max{—X\ : X is a principal curvature of 9 at z¢ for z¢ € 90} € R,

Ky := min{d : d is the diameter of an open ball inscribed in Q} > 0.

Theorem 2.1.2. Assume that there exists 6 > 0 such that

1

2
Ec(x)2 — |De(z)| — 0 > max {0, Cole(x)] + nCo

Ky

} for all xz € Q. (2.4)

Let u be the unique viscosity solution to (2.1)—(2.3)). Then, there exist constants M, L > 0

depending only on the forcing term ¢ and the initial data uy such that

|’LL(£L’,7§)—U(:E,S)| S‘Z\4|t_5|7 _
for allx,y € Q, t,s € [0,00). (2.5)

u(z, 1) = u(y,t)| < Lz —yl,

Let us now explain a bit the geometric meaning of K. For each x € 012, let

K, = max{2r >0 : B(x —ri(z),r) C Q}.



Then, Ky = mingcyq K. We notice next that if Q is convex in Theorem then we
clearly have Cy < 0. In this case, becomes 1 ¢(x)? —|Dc(z)|—8 > 0, a kind of coercive
assumption, which often appears in the usage of the classical Bernstein method to obtain
Lipschitz regularity (see 78] for instance).

In the specific case where ¢ = 0 and ) is convex and bounded, the global Lipschitz
estimate of the solution was obtained in [47]. Moreover, a very interesting example was
given in [47] to show that the solution is not globally Lipschitz continuous if € is not
convex. Motivated by this example, we give two examples showing that u is not globally
Lipschitz continuous if we do not impose . Furthermore, the examples demonstrate
that condition is sharp.

Let us note that the graph mean curvature flow with the Neumann boundary conditions

has been studied much in the literature (see [54, 58| [80] and the references therein).

We next study the large time behavior of u under condition ({2.4)).

Theorem 2.1.3. Assume (2.4). Let u be the unique viscosity solution to (2.1)—(2.3)).
Then,

u(-,t) > v, ast— oo,

uniformly on Q for some Lipschitz function v, which is a viscosity solution to

~(aiv (By) +e@) Dol =0 g,
ov

%Z

(2.6)
0 on Of).

We prove Theorem [2.1.3|by using a Lyapunov function, which is quite standard. We say
that v is the large time profile of the solution u. It is important to note that the stationary
problem may have various different solutions, and thus, the question on how the large
time profile v depends on the initial data ug is rather delicate and challenging. We are
able to answer this question in the radially symmetric setting, and it is still widely open

in the general settings.



Theorem 2.1.4. Suppose that, by abuse of notions,

Q= B(0,R) for some R > 0,
c(x) = c(r) for|z| =r € [0, R], (2.7)

uo(x) = up(r) for |x| =r € [0, R].

\

Here, ¢ € C1([0, R], [0,00)), and ug € C%([0, R]) with uy(R) = 0. Denote by

A= {TG(O,R] : c(r)zn_1}7

r

Ay = {TG(O,R] : c(r)>”_1},

r

A= {re(O,R] : c(r)<n1}.

r
Define d : (0, R] — (0, R] as
r zfr S A,

max (AN (0,r)) ifre A,

min (AN (r,R]) ifre A_ and AN (r,R] # 0,

R ifre A_ and AN (r,R] = 0.

\

Write u(z,t) = ¢(|z|,t) for x € Q@ = B(0,R) and t > 0. Then, the limiting profile

Goo(1) = limy_s00 @(1,t) can be written in terms of uy as: for each ro € (0, R],

Goo(ro) = max {ug(r) : r>d(rg)}. (2.8)

As a by-product, Theorem shows that the solution to (2.1)—(2.3) is not globally

Lipschitz continuous with an appropriate choice of initial data ug.

Corollary 2.1.1. Consider the setting in Theorem [2.1.4 Assume that there exist 0 <

a < b < R such that a,b € A and (a,b) C A_. Assume further that ug is a C* function
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on [0, R] such that

1 forr <a,
uo(r) =4 €(0,1) fora<r<b,
0 forb<r <R.

\

Then, u is not globally Lipschitz, and

1 forr<a,
Poo(r) =
0 fora<r<R.

Lastly, we give another example to show the non global Lipschitz phenomenon in
Theorem Since we deal with the situation where ) is unbounded there, we leave

the precise statement of Theorem and corresponding adjustments to Section [2.6

Our problem f basically describes a level-set forced mean curvature flow with
the homogeneous Neumann boundary condition. If a level set of the unknown u is a smooth
enough surface, then it evolves with the normal velocity V(z) = k + ¢(x), where x equals
(n—1) times the mean curvature of the surface at =, and it perpendicularly intersects 0 (if
ever). What is really interesting and delicate here is the competition between the forcing
term c(x) and the mean curvature term x coupled with the constraint on perpendicular
intersections of the level sets with the boundary. It is worth emphasizing that we do not
assume ) is convex, and the geometry of 02 plays a crucial role in the behavior of the
solution here. Indeed, analyzing the competition between the two constraints, the force
and the boundary condition subjected to 0€), as time evolves in viscosity sense is the main
topic of this chapter.

We now briefly describe our approaches to get the aforementioned results. We use
the maximum principle and rely on the classical Bernstein method to establish a prior:
gradient estimates for the solution. The main difficulty is when a maximizer is located on
the boundary, which we cannot apply the maximum principle directly. We deal with this

difficulty by considering a multiplier that puts the maximizer, with the homogeneous Neu-
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mann boundary condition, inside the domain so that the maximum principle is applicable.
To the best of our knowledge, the idea of handling a maximizer in the proof of Theo-
rem for the level-set equation for forced mean curvature flows under the Neumann
boundary condition is new in the literature.

Once we get a global Lipschitz estimate for the solution, by using a standard Lya-
punov function, we prove the convergence in Theorem Next, the radially symmetric
setting is considered, and f are reduced to a first-order singular Hamilton-Jacobi
equation with the homogeneous Neumann boundary condition; see [46, 45| for a related
problem on the whole space. By using the representation formula for the Neumann prob-
lem (see, e.g., [62]), we are able to obtain Theorem[2.1.4)and Corollary[2.1.1} The situation
considered in Theorem is related to that in [90, Section 4] with no forcing term. As
we have a constant forcing c¢ interacting with the boundary, the construction in the proof
of Theorem [2.6.1] is rather delicate and involved. It is worth emphasizing that Corollary
and Theorem demonstrate that condition , which is needed for the global

Lipschitz regularity of w, is essentially optimal.

We conclude this introduction by giving a non exhaustive list of related works to this
chapter. There are several asymptotic analysis results on the forced mean curvature flows
with Neumann boundary conditions |54} 82, 86, 103] or with periodic boundary conditions
[22], but they are all for graph-like surfaces. The volume preserving mean curvature flow,
which is a different type of forced mean curvature flows, was studied in |68}, 69]. Recently,
the relation between the level set approach and the varifold approach for with ¢ =0
was investigated in [1]. We also refer to [45} |55] for some recent results on the asymptotic
growth speed of solutions to forced mean curvature flows with discontinuous source terms

in the whole space.

Organization of the chapter

The chapter is organized as follows. In Section [2.2] we give the notion of viscosity solutions

to the problem and some basic results. In Section [2.3] we prove the local and global
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gradient estimates. Section [2.4] is devoted to the study on large time behavior of the
solution and its large time profile. We give two examples that the spatial gradient of the
solution grows to infinity as time tends to infinity in Sections and if we do not

impose assumption (2.4]) on the force c.

2.2 Preliminaries

In this section, we recall the notion of viscosity solutions to the Neumann boundary

problem (2.1)—(2.3) and give some related results.

Let S™ be the set of symmetric matrices of size n. Define F': Q x (R"\ {0}) x 8" — R
by

Flz,p, X) = trace ((I - pﬁ’f) X) + c(z)p|.

We denote the semicontinuous envelopes of F' by, for (x,p, X) € Q x R" x 8",

F(z,p,X) = liminf F(y,q,Y), F*(z,p,X)= limsup F(y,q,Y).
(¥,¢,Y) = (2,p,X) (¥,¢,Y) = (2,p,X)

Definition 2.2.1. An upper semicontinuous function u : Q x [0,00) — R is said to be a

viscosity subsolution of ([2.1)-(2.3) if u(-,0) < ugp on Q, and, for any p € C?*(Q x [0, x0)),

if (#,1) € Q x (0,00) is a mazimizer of u — @, and if & € Q, then
@i(2,1) — F*(&, Dp(&,1), D*¢(, ) < 0;

if & € 0L), then

Similarly, a lower semicontinuous function u :  x [0,00) — R is said to be a viscosity

supersolution of [2.1)-(2.3) if u(-,0) > ug on Q, and, for any ¢ € C?(Q x [0,00)), if
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(#,1) € Q x (0,00) is a minimizer of u — p, and if € 2, then
if £ € 09, then

Finally, a continuous function wu is said to be a wviscosity solution of (2.1)—(2.3) if u is

both its viscosity subsolution and its viscosity supersolution.

Henceforth, since we are always concerned with viscosity solutions, the adjective “vis-

cosity” is omitted. The following comparison principle for solutions to (2.1)—(2.3) in a

bounded domain is well known (see, e.g., [48]).

Proposition 2.2.1 (Comparison principle for (2.1)—(2.3))). Let u and v be a subsolution
and a supersolution of (2.1)-(2.3), respectively. Then, u < v in Q x [0, 00).

To obtain Lipschitz estimates, it is convenient to consider an approximate problem of

(2.1)—(2.3) by considering, for ¢ > 0, T' > 0,

Ui = \/62 =+ ‘Du5|2div <\/%> + C(l’)\/€2 + ’DUEP n Q X (O,TL

3
g on 0Q x [0,7], (2:9)
on
uf(z,0) = up(x) on Q.

Equation ([2.9) describes the motion of the graph of “?E under the forced mean curvature
flow V = Kk + ¢ in  with right contact angle condition on 0f2. The following result on a

priori estimates on the gradient of u® plays a crucial role in our analysis.

Theorem 2.2.1 (A priori estimates). Assume that 9 is smooth and ¢ € C*(2). For

each ¢ € (0,1) and T > 0, assume that u* € C®(Q x (0,T]) N CL(Q x [0,T)) is the unique
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solution of (2.9). Then, there exist a constant M > 0 and a constant Cp > 0 depending

on T such that
HuiHLm(ﬁx[QT]) <M and ||D“€||L°°(§x[0,T}) < Cfr. (2.10)

Here, M and Cr are independent of € € (0,1).

The proof of Theorem [2.2.1] is given in the next section. The a priori estimates then

allow us to get the existence and uniqueness of solutions to (2.9).

Proposition 2.2.2. For eache € (0,1) and T > 0, equation (2.9) has a unique continuous
solution u®. Furthermore, u¢ € C*1(Q x (0,T]) NCH(Q x [0,T]) and ([2.10)) holds.

Proposition can be obtained by the classical parabolic PDE theory. For instance,
we refer to [86] for a similar form of Proposition [2.2.2] The proof of this proposition is
quite standard, and hence, is omitted here.

Once we get (2.10), by the standard stability result of viscosity solutions, and the

uniqueness of viscosity solutions to (2.1)—(2.3), we imply that

u® —u ase— 0 uniformly on Q x [0,7]

for each T' > 0. Moreover, Theorem[2.2.1]and Proposition[2.2.2]give us right away Theorem
2111

2.3 Lipschitz regularity

In this section, we prove Theorems[2.1.1] [2.1.2], and[2.2.1] As noted, it is actually enough to

prove Theorems and First, we prove that the time derivative of u® is bounded.

Lemma 2.3.1. Assume that 9 is smooth and ¢ € C*(Q). Suppose that u® € C*(2 x
(0, T))NCY(Q % [0,T)) is the unique solution of [2.9)) for each e € (0,1) and T > 0. Then,

there exists M > 0 depending only on the forcing term c¢ and the initial data ug such that,
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fore e (0,1),

[ || oo @axo,rp) < M1tz (5 0] ooy < M.

Proof. Set b(p) = I, — p® p/(e + |p|?). Then (2.9) is expressed as

up — bij(Due)ufj —c(x)\/e2+ |Duf|?=0 in Qx (0,T]. (2.11)

Here, we use the Einstein summation convention, and we write f; = % and f;; = %
] T J

fori,j=1,...,n, where f = f(x,t) is a given function. We now show that
s oz < 1055 O) ey (2.12)

To prove (2.12)), it is enough to obtain the upper bound

“max uj = maxug(-,0)
Qx[0,T] Q

as the lower bound can be obtained analogously.

Differentiating (2.11]) with respect to t yields

y y (u§) 1§
EN B (,,EY.. _ (KUY € _ _ L =
() = 09 i = (7)o — elo)— s =0
where
() gus us (uf); 2ufuGuf (ug);

(b7) =

S 24+ |Du2 24 |Duf? T (€2 4 |Duff?)2”
Suppose, on the contrary, that uf(z,t) > maxgu(-,0) for some (z,¢) € Q x (0,77
Then, there exist a small number § > 0 and (xg,t9) € Q x (0,7T] such that (zg,tg) €

argmaxg o 71 (uf — 0t).
At (zo,to), we have Duj = 0, and note that the boundary case z¢ € 02 is included

due to the homogeneous Neumann boundary condition. Thus,

(uf)t - b”(uf)” = O, at (1’0, to). (2.13)
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On the other hand, (uf — &t); > 0, —b¥(uf);; > 0 at (zo,to). Note that the Neumann
boundary condition is used for D?uj < 0 at (o, o) as well. Since (u$); > § > 0, we arrive

at a contradiction in (2.13). Thus, (2.12) holds. Choose
M = ”QHDQUOHLoo(ﬁ) +llevl+ ’DUOPHLOO@)

to complete the proof. O

We are now ready to prove Theorems and using the classical Bernstein
method. It is important emphasizing that the boundary behavior needs to be handled

rather carefully. We first give a proof of Theorem [2.1.2

Proof of Theorem[2.1.3. Assume first that 9§ is smooth and ¢ € C*°(f2). For each ¢ €
(0,1) and T > 0, let u® € C>(Q2 x (0,7]) N C*(Q x [0, T]) be the unique solution of ([2.9).

Let w® = /2 + |Duf|?. In view of Lemma we only need to show that

“max w® <C (2.14)
Qx[0,T]

for some positive constant C' depending only on [[uo||c2q), llcllcr gy, the constants n, Co,
Ky, and 0 from (2.4). The crucial point here is C' does not depend on T and e. Fix

(xo,t0) € argmaxg, (o 7 we. If g = 0, then

“max w® < w(xp,0) < HDUOHLoo(ﬁ) +1,
Qx[0,T

and (2.14]) is valid. We next consider the case ty > 0.
We write u = u®, w = w® in this proof for brevity. Differentiate (2.11)) in zj and

multiply the result by u; to get

uptge — (Dpb" - Dug)upui; — b7 upuri; — upcpw — kT,

w



17
Substituting ww; = upur, wwy = wuy and ww;; = Ugjug + bklukiulj, we get
ww; — w(prij - Dw)uyj — wbijwij + bijbklukiulj —wDu-Dc—cDu-Dw=0. (2.15)

We divide the proof into two cases: ¢ € €2 and xy € 0.

Case 1: the interior case zy € 2. We follow the computations of [44, Lemma 4.1]. At

(wo,t0), we have w; > 0, Dw = 0, D*w < 0, and thus
wDu - De > bijbklukiulj.
We then use the Cauchy-Schwarz inequality
(traB)? < tr(a®)tr(8%)

for all o, B € 8", and put o = A2 BAz, B = I,,, where A = (b)), B = (uy), I, the n by
n identity matrix to get tr(AB)? > (trAB)?/tr(1,,).
Therefore, at (xq, to),

(trAB)* 1

|De(z0)| w? > wDu - De > b6y up; = tr(AB)? > w7

(ur — c(xo)w)”

Since 1¢(2)? — |De(z)| > 6 > 0 by ([2:4), we imply that at (o, %),

sw? < Lttc(mo)w = w< 72MHCHLOO@)
- n - né ’

which confirms ([2.14)).

Case 2: the boundary case zy € 9. As 9Q is C%? we assume that n is defined
as a C'! function in a neighborhood of 9. Note that the Neumann boundary condition

Du -1 = 0 gives (Dguﬁ + DﬁDu) -v =0 for all v € R™ perpendicular to i on 992 x [0, 7.
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Thus, on 9Q x [0,T7,

ow  D?uDu DnDu - Du | Du|?
S = ‘n=-—- < Cy
on w w w

)

where Cp = sup{—A\ : A is a principal curvature of 902 at z( for xy € 0Q}.
If Cy < 0, then % < 0 on 99 x [0,7T], and hence w cannot attain its maximum on
0 x [0,T]. Therefore, Cy > 0. We consider the case when Cy > 0 first, and deal with the

case when Cy = 0 later. We note that if Cy > 0, then

0 Dul?

‘g;§C%LJﬂ*<(%w.

on w

Take z. € Q so that B := B(z., Ko/2) is inside € and tangent to the boundary 09 at

xgo. Consider a multiplier

C CoK; _
pla) = -z —z )P+ 2241 forze
Ky 4

Q

Then, p>1in B, p=1o0n 8B, and p <1 on Q\ B. Besides, Cop(zo) + 55(z0) = 0.
Denote by 1) = pw. Then, at (zg, o),
oy 9(pw) ow

_ 9p I\ _
95~ om —paﬁ—l-waﬁ<w<(]0p+aﬁ,> =0. (2.16)

By the choice of p, it is clear that

P(z,t) <w(z,t) < w(xo,to) = Y(xo,t9) for (z,t) € (ﬁ\ B) x [0,T],

and, by (Z-16),

“max pw = max pw > P(zo,ts) = w(xo,to). (2.17)
Qx[0,T] Bx[0,T]
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Let (x1,11) € argmaxg, (7 pw- If 1 = 0, then for all (z,7) € Q x [0,77,

w(z,t) < w(xo, to) = p(zo)w(zo, to) < p(z1)w(z1,0)

CoKy
< (2 1) (1wl +1).

and we are done. Thus, we may assume that ¢; > 0. In light of (2.16)—(2.17), we yield
that 1 € B C Q. At this point (x1,t1), we have ¢y > 0, D) = 0, D?¢) < 0. Consequently,
as Yy = pyw + pwy, DY = wDp + pDw, and ¢;; = w;jp + wip; + w;p; + wp;;, we have at

(xlatl)u

Wy 2 _%w =Y,
Dw = —%Dp,

wij = 5 (Yig — wipj — wipi — wpij).

Therefore, at (x1,t1), by (2.15)

Pt o2 w? ij W, 4
e + 7(pr 7 Dp)uij + ;bj(wipj + w;jpi + wpij)

+ b6 g — wDu - De + S Du- Dp < 0.
P
Now,

o _ 5iluj o 6jlui 2uiujul
T2+ |Duf 2 +[Duf? T (2 +|Duf?)?’

and thus,

B Pill;jUij PjUitiy 2ugt;upivij
D bl] . D L= — -
U)( D p)uU w < 62 + |Du’2 52 + |Du!2 + (52 + ’DU|2)2>

2(Du - Dp)(Du - Dw)
w?

=—2Dw-Dp+
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Hence,

w(prij - Dp)uij + bijwipj + bijwjpi

2(Du . Dp)(Du . Dw) _ Ui U5 W5 P4 _ U U W5 P -0

w? w? w?

All in all, at (21,t;) € argmaxg, ) pw With z; € B C 0, the inequality

P2 + Pig gy, 2 + bijbklukiulj —wDu - Dc+ “Cpu- Dp<0 (2.18)
p p p

holds. Note that p; = 0 here, but we keep this term in the above formula for the usage in
the proof of Theorem later.

Using the Cauchy-Schwarz type inequality as in the above, we obtain

1 2 _ pijpkl w? i cw
—(ug — c(z1)w)” < V70" uyup; < ——bYp;j +wDu - De — —Du - Dp
n p p

2CH w? | Du|? 9 9
ey P el N T C
<% <n =+ [Dup? + | Dejw® + Colclw
2nC
< ( O 1 |De(an)] + C’o|c($1)|> w?.
Ko
By (2.4),
1 2nC _
—c(x)? = |De(z)| — Cole(z)| — neo >6>0 for all x € Q
n Ko
2M |||l oo g
for some § > 0, we see that w(xy,t1) < w. Thus,

2M|lell s oo
CoKy 1 el @
4 no

w(zo,to) < plan (e, tr) < (

Now, we handle the case when Cy = 0. We consider a multiplier

01

plx) = ——|z — z* + +1 forzeQ,
Ko

01 Ko
4
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where
)
oh=————-—>0
2(llcll e + #2)
Then, at (xo,to),
2
oo gy Pul
on

and

oY I(pw) ow dp dp
— = = p— +w-—b < w—— )
o A pr= w5 <w—=<0

Following the same argument as above with §; in place of Cy, we see that

%(ut — c(z)w)? < <2.Zi1 + |De(z1)| + Co|c(x1)|> w?.

This inequality, together with the fact that

1 26, 1.1 _
— —|D - ——2>0—=0== for all Q
nc(x) |De(x)| — d1|e(x) K, = 4] 25 25 >0 or all z € Q,
implies ([2.14)).
By (2.14) and Lemma [2.3.1} Du® and u§ are uniformly bounded in Q x [0,7] for all
e € (0,1) and T > 0. Note that the bound depends only on Huo||02(§), ||CH01(§), the
constants n, Cy, Ko, and ¢ from (2.4). By approximations, we see that the same result

holds true in the case that 9Q € C2? and ¢ € C1(Q). From the uniform convergence of u®

to the unique viscosity solution u of (2.1))—(2.3]), we conclude that u satisfies (2.5)). O

We remark for later usage that for any smooth function p > 0, (2.18) is valid at

(z1,t1) € argmax (pw) N (2 x (0,T7]).

Remark 2.3.1. Let us discuss a bit the case where ¢ = 0 and ) is convex and bounded.

Then, w satisfies

ww, — w(Dpb¥ - Dw)uzj — wbw;; + b6 g = 0.
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And, on 09 x [0,T],

ow D?*uDu DnDu - Du
— = n=—-———<0.
on w w

By the usual mazimum principle, we yield that

“max w =maxw(-,0) <C.
Qx[0,T] Q

We thus recover the gradient bound in [47]. It is worth to note that in this specific situation,

condition (2.4) is not needed.

Proof of Theorem[2.2.1. Let v = u® and w = /2 + |Duf|? as in the proof of Theo-
rem As above, we may assume 9 is smooth and ¢ € C*°(Q). Pick

2n(]00| + 1)

M
> o

+ D¢l oo @y + (IC0| + Vel oo )

and (zo,%p) € argmaxg,, 0,7] e~ Miyw(z,t). If tg = 0, then we have that for (z,t) € Qx[0,T],
w(z,t) < M (HDUOHLOO@) + 1) :

Consider next the case that to > 0. If zg € Q, then by [2.18) with p = e=™M*  at (z0, o),

Muw? + bijbkluilukj —wDu - Dc <0.

As Mw? — wDu - Dc > 0 by the choice of M and bijbkluilukj > 0, we arrive at a contra-
diction. Thus, zg € 0.
We repeat the proof of Theorem Since xg € argmaxgw(-,to) N 0L), we see as

before that Cy > 0. We use a new multiplier

1 1)K, _
p(z,t) = e Mt (— COK+ |z — z)? + % + 1) for (z,t) € Q x [0,00).
0
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Here, B = B(xz., Ko/2) is inside 2 and tangent to the boundary 92 at x.

Mt

Put wyr = e”"*w and note that war (o, to) = maxgwar, % < Cowpy on 002 x [0, 77,

and

1 1)K
Ko 4

Observe as in the proof of Theorem that agﬁv) (z0,t0) < 0, pw < wpr on (Q\ B) x
[0,T7], and therefore, argmax (pw) C Bx[0,T]. Then, thereis a point (z1,1) € argmaxg, ) 1) pw
with (z1,t1) € B x [0,T]. Consider the case t; = 0. For all (x,t) € Q x [0,T],

wp(2,t) < war(zo, to) = (pw)(wo,to) < (pw)(21,0)

(Co + 1)Ky
< <4 +1 (HDUOHLw(ﬁ) + 1) .

Thus, for (z,t) € Q x [0,T],

Co + 1)K,
w(a. 1) < MT <(02)0 + 1) (HDuOHLw@) + 1) . (2.19)

Next, we consider the case t; > 0. At (x1,t1), thanks to (2.18)), we have
2 | Pijyij. 2 | pijpkl cw
Mw* + —=b"w* + b 0" ug;uy; — wDu - De+ —Du - Dp < 0.
P p

From this, recalling the choice of M, we obtain, as before,

2n CQ+1)

0 < b9 gy, < <—M + (K + |De(z1)] + (Co + 1)|c(a:1)\) w? <0,
0

which is absurd. Thus, the case t; > 0 does not occur, and (2.19)) holds true. Lemma

and (2.19)) then complete the proof.
O

Remark 2.3.2. We note that Theorems [2.1.1] and |2.1.9 are still valid when 02 € C?,

c € CYQ), and ug € C*(Q) by approzimations as the Lipschitz bounds depend only on
Hu0||02(§), Hc||01(§), the constants n, Cy, Ko, and T > 0 in case of Theorem and §
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from ([2.4)) in case of Theorem[2.1.9 .

2.4 Large time behavior of the solution

In this section, we prove the large time behavior of u, which is globally Lipschitz continuous
thanks to Theorem [2.1.2 Let L be the spatial Lipschitz constant of u¢ for € € (0, 1) given
by the proof of Theorem [2.1.2]

Proof of Theorem[2.1.5 Although the proof is almost same as that of [50, Theorem 1.2],
we give it for completeness.

We consider the following Lyapunov function

IF(t) = / Ve2+ |Duf|? dx.
Q

By calculation,

Dut - Duég Dut
d/ Ve?2+ |Duf|?de = uutd:v:/ufdiv __ dz,
dt Jo 0 /€2 + |Duf|? Q Ve + |Du|?

and thus,

d e ug
— | Ve +|DuPde = — | uf | ———x —c(x) | dz

1

Rearranging the terms,

d 1
— Ve + |Duf|2d —/ Ed>§—/ )? da.
dt (/Q [Due d Qc(x)u ! €2+ L? Q(ut) !
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Integrating the inequality above, we have

/T / (uf)?dzdt < e2 4+ Lz/ c(x)(u®(z, T) — u®(x,0)) dx
0 Q Q
+ Ver+ L2/Q <\/62 + | Due|2(z,0) — /2 + \Du5\2(x,T)> dx.

Note that [[ull e @x[0,00)) < U0l 0 (q)- Therefore,

T
lim sup/ /(ui)2 dxdt < C,
0 Q

e—0

where C'is a constant independent of € € (0,1) and 7" > 0. Hence, we get that uf — u;
weakly in L2(Q x [0,T]) as € — 0 for each T' > 0.

By weakly lower semi-continuity,

T T
/ / (us)? dzdt < liminf / / (uf)* dxdt < C.
0o Jo =0 Jo Ja

Since the constant C' is independent of €, T', we see that

/Doo/Q(ut)zdxdt <C. (2.20)

For every {t;} — oo, by the Arzela-Ascoli theorem, there exist a subsequence {#;;} and a

Lipschitz continuous function v such that
ug; (7,t) = u(w,t +tg,) — v(w,t),
locally uniformly on Q x [0, 00). In particular,
ug; (7, t) = u(w, t + ty;) = v(x,t), (2.21)

uniformly on € x [0,7], for every T > 0. By stability results of viscosity solutions, v
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satisfies
vy = |Dv|div <|gz|) + ¢|Dv| in Q x (0, 00),
%:O on 99 x [0, 00).

Thanks to (2.20]), we have

1 L+,
/ /(ukj)f dxdt = / /(ut)2 dxdt — 0,
0 JQ tkj Q

as j — oo. This shows that

(uk]- )t - 07

weakly in L2(Q x [0,1]) as j — co. On the other hand, (2.21)) implies that
(uk]')t — Ut,

weakly in L?(2 x [0,1]) as j — co. Consequently, v; = 0 weakly, and v is constant in .

Thus, v is a solution of (2.6]), that is, v solves

| Dol div (L) +e(@)|Du|=0 inQ,

|Dv
o _
on

0 on Of).

Equation has many viscosity solutions in general. For example, as v is a solution,
v + C is also a solution for any C' € R. Therefore, v may depend on the choice of
subsequence {t}.

At last, we prove that v is independent of the choice of subsequence {tx};. Since Uk
converges uniformly to v on Q x [0, 1], for every € > 0 there exists j large enough such
that

lug, (2,t) —v(x)] <e, forall (z,t) € @ x[0,1].

In particular, v(z) —e < ug, (z,0) = u(x, ;) < v(x)+¢ for all 2 € Q. By the comparison
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principle,
v(z) —e <u(z,t) <v(x)+e  for (x,t) € QX [ty;,00).

This implies that u(-,t) converges uniformly to v on 2 without taking a subsequence. [J

2.5 The large time profile in the radially symmetric setting

In this section, we study the radially symmetric setting and illustrate some examples of
multiplicity of solutions to the stationary problem ([2.6). We always assume here (2.7)),
that is,

= B(0, R) for some R > 0,

c(z) = ¢(r) for |z| =r € [0, R],

uo(x) = ug(r) for |z| =r € [0, R].

Here, ¢ € CY([0, R],[0,0)), and ug € C?([0, R]) with uj(R) = 0 are given. In this

setting, (2.6]) reduces to the following Hamilton-Jacobi equation with Neumann boundary

condition
_n;1¢r - C(T)|¢T| =0, in (07 R)7
(2.22)
or(R) = 0.
It is worth noting that no boundary condition is needed at r = 0, and that the

Hamiltonian is concave and maybe noncoercive. Clearly, every constant is a solution to
(2.22)). Also, if ¢ is a solution to (2.22]), then so is C'¢ for any given constant C' > 0.

We have the following proposition.
Proposition 2.5.1. Let A= {r € (0,R] : ¢(r) = =-1}. Denote by
min{r : re A} >0 if A#0D,

Tmin =

R if A =0,

Let ¢ be a Lipschitz solution to (2.22). Then, ¢ is constant on each connected component

of (0, R) \ int(A). In particular, ¢ is constant on [0, ryin].



28

Proof. Factoring (2.22)) into (—"T_l + ¢(r)) ¢r(r) = 0, we see that either —”T_l +te(r)=0
or ¢,(r) = 0 at each point of differentiability of ¢.
Take (a,b) C ((0,R) \ int(.A)) for some a < b. By the above, we have that ¢,(r) =0

for a.e. r € (a,b), and thus, ¢ is constant on [a, b]. O

Example 2.5.1 (A toy model). We consider the case that c¢(r) is of the form

3
_
o
VAN
<
8

el

Q
—~
=
~
I

i
Ju
S
IN
<
IN A
=

<

3
L
S
A
=
IN
&

for some 0 < a < b < R, then the stationary problem (2.22)) admits multiple solutions of

the form
c1, 0<r<a,
o(r) =4 glr), a<r<b,
ca, b<r<R,

where ¢y > co are constants, g(r) is any nonincreasing function on [a,b] with g(a) =
c1, g(b) = co. Here, the function g can be discontinuous if we extend the definition of

viscosity solutions to discontinuous functions (see [51)] for instance).

Example shows further the multiplicity of solutions to (2.22)) besides the constant
functions noted above. Thus, it is important to address how the large-time limit ¢, de-
pends on the initial data ug. In this radially symmetric setting, we are able to characterize

the limiting profile and specify its dependence on the initial data.

Equations (2.1)—(2.3)) become

¢ — " b — c(r)|¢n| = 0 in (0, R) x (0, 00),

or(R,t) =0 for t >0,

o(r,0) = up(r) for r € [0, R].

Here, u(x,t) = ¢(|z|,t) for (x,t) € B(0,R) x [0,00). Note that this is a first-order
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Hamilton-Jacobi equation with a concave Hamiltonian. The associated Lagrangian L =

L(r,q) to the Hamiltonian H(r,p) = —2%Lp — c(r)|p| is

T

2v0) = inf fp-a - (-"Lp— ol )}

:zi)g&{(ﬁ nrl> p+6(?“)|p\}

0, if ‘q—i—"T_l‘ < ¢(r),

—00, otherwise.

Therefore, we have the following representation formula for ¢ = ¢(r, t)

¢(r,t) = sup {uo(7(0)) : (7,v,1) € SP(r, 1)},

where we denote by SP(r,t) the Skorokhod problem. For a given r € (0, R], v € L*°([0,]),

the Skorokhod problem seeks to find a solution (v, 1) € Lip((0,t)) x L*°((0,t)) such that

V(t) =, (10, t]) < (0, R],
0 for almost every s > 0,
) =0 if4(s) £ R,
+

2| < etn(s),

and the set SP(r, t) collects all the associated triples (v, v,1). Here, n(R) = 1 is the outward

normal vector to (0, R) at R. See [62, Theorem 4.2] for the existence of solutions of the

Skorokhod problem and [62, Theorem 5.1] for the representation formula. See [46] for a

related problem on large time behavior and large time profile.
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Example 2.5.2. Consider Ezample|2.5.1. To recall, c(r) is defined in the following way

3
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for some 0 < a < b < R. We analyze the velocity condition ‘ﬁ(s) +

n—1

Note that c(r) is less than "7_1, equal to *—=, and greater than "T_l in the written order,

respectively. In each case, then, the velocity condition becomes

~n—1_n-—1 SV(S)SL_l_n_l <0’ 0<’7(8)<a7

a 7(s) a v(s)
— 2 <4(s) <0, a<(s) <b,
—”Tfl—:(sﬁgﬁ(S)S”f;l—Z(j, b<~(s) <R

a i b "
boe(r)
a b i

Figure 2.1: Stationary solution of 1)

Focusing the right hand side in each case, we see that the point v(s) must move left as

time s increases, can stay still, and can go right in the written order, respectively. This

point of view in terms of the Lagrangian L(r,q) and Proposition explain the limit

Poo(r) of G(1,t) as t — oo in the above illustration of Figure[2.1]
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The description in Example shows how to formulate and write the limit ¢, in
terms of the initial data wg in full generality. We note one more thing on the boundary.
If ¢(h) < %L for all h € (0, R], then the reversed curve n(s) := (¢t — s) of an admissible
curve v must go right, and it stays on the boundary » = R once it reaches there. This
is where the effect of the Skorokhod problem comes in, and it means that the solution
¢(r,t) needs to be understood in the sense of viscosity solutions. We also note that in this
setting, we can prove that ¢ is same as the value function of the state constraint problem.
Together with this observation on the boundary, analyzing curves v(s) explains how the
limit ¢, depends on the initial data ug, and indeed the analysis of admissible curves yields

the proof of Theorem [2.1.4

We now give some preparation steps in order to prove Theorem Let n(s) := y(t—
s), s € [0,t], be the reversed curve of a curve v € AC ([0, ], (0, R]) with (vy,v,l) € SP(r,t).

Then, we have the following velocity condition for n

n—1 . n —
) + " <) < elnls)) + s

for a.e. s € [0,t] with n(s) # R.  (2.23)

The following lemma is a direct consequence of the comparison principle.

Lemma 2.5.1. Let ro € (0, R). Let 1 € AC([0,00), (0, R]) be a curve satisfying

n(s) = —c(m(s)) + 7’711_31), for s > 0 provided that n1(s) < R,

m (0) =T0.

If n1(so) = R for some sg > 0, then we set n1(s) = R for all s > sg.
For each t >0, let n € AC (]0,t], (0, R]) be the reversed curve given above with n(0) >

ro. Then, m(s) < n(s) for all s € [0,¢].

Lemma 2.5.2. Assume the settings of Theorem |2.1.4) and Lemma|2.5.1. Then,

lim 7 (s) = d(ro). (2.24)

5§—00
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Proof. 1If ry € A, then n1(s) = ro for all s > 0, and hence holds.

Next, we only need to consider the case that rqg € Ay as the proof of the case that
ro € A_ follows analogously. It is clear that 7; is decreasing, and by Lemma [2.5.1
n(s) > d(rg) for all s > 0. Therefore, lims_, 71(8) exists, and

lim 71(s) =71 > d(ro).

S§—00

This yields further that

limsup 7 (s) = 0.

§—00

Hence,

n—1
—c(ry) + =0,
1

which implies that r; = d(r9).

Proof of Theorem[2.1.4 For (rg,t) € (0, R) x [0,00), we have

6(ro. 1) = sup{uo(n(t)) : (v,v,1) € SP(ro,1), n(s) =1t — s), s € [0,4]}.

We say that n € AC(]0,¢], (0, R]) is admissible if n(s) = v(t — s), s € [0,t] for some ~
with (v,v,1) € SP(ro,t). Let 11 be the curve given in the statement of Lemma [2.5.1] By
Lemma n(s) > m(s) for s € [0,¢] for any admissible curve n. From this fact, we see

that

¢(ro,t) < sup{uo(r) : v > m(t)},

and therefore, by Lemma [2.5.2

lim sup ¢(ro,t) < max{ug(r) : r > d(ro)}.
t—o00
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In order to complete the proof, it suffices to show the other direction
ligti)gf &(ro,t) > max{ug(r) : > d(ro)}. (2.25)
To show this, let 71 € [d(ro), R] be such that
uo(r1) = max{ug(r) : r > d(ro)}.
We consider first the case rg € A. Then, r1 > rg. Let 19 solve

12(s) = c(n2(s)) + 772?51), for s > 0,

72(0) = 7o.

Note that ¢(r) + (n —1)/r > (n —1)/R > 0 for all » € (0, R]. Then, there is a unique

number ty > 0 such that n2(t2) = r1. Now, for t > t9, let ) be defined as

To, ifsgt—tg,
n(s) =
na(s — (t —t2)), if s>t —to.

Then, n is admissible, and ¢(rg,t) > uo(n(t)) = up(r1). Thus, holds.

Next, we consider the case rg € Ay. If 1 > rg, then we repeat the above process to
conclude. If 1 < rg, then 71 € [d(rg), ro) necessarily, and in this case, we use the curve 7;.
We note that if r1 > d(rg), then there is a unique number ¢; > 0 such that n;(¢1) = r1.

Now, for t > t1, let n be defined as

To, ifsﬁt—tl,
n(s) =
m(s—(t—ty)), ifs>t—t.

Then, the curve 7 is admissible, and ¢(rg,t) > ug(n(t)) = uo(r1). If r1 = d(rg), we take

n = m and recall that lim_, 11 (t) = d(rg), which gives ¢(ro,t) > uo(n(t)) — uo(ry) as
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t — o0o. Therefore, (2.25)) holds.
Finally, we study the case ro € A_. Let 12,2 be defined as above. There exists a

unique t3 > 0 such that ny(t3) = d(r¢). In this case, 1 > d(rg) and to > t3. For t > to,

define
n2(s), if 0 <s<ts,
n(s) =4 d(ro), if tg <s<t—(ty —t3),
\ng(s—(t—tg)), ift—(ta —t3) <s<t.
Then, 7 is admissible, and 7(t) = ry, which yields (2.25)). O

Next, we prove Corollary and discuss the sharpness of condition ([2.4)).

Proof of Corollary[2.1.1 The values of ¢o are computed directly from Theorem [2.1.4]
This tells us the fact that the solution u = u(r,t) is not globally Lipschitz because if it

were globally Lipschitz, then the limit ¢, would be as well. O

Corollary 2.1.T]realizes a jump discontinuity in the limit, which indicates that condition
, which is needed for the globally Lipschitz continuity of u, is almost optimal. As the
domain Q = B(0, R) is convex, Cy < 0, and becomes Zc(z)? — |Dec(z)| — 6 > 0. Let
us now assume that ¢(r) touches "T_l from below at a. Then,

n—1
2

-1
cla) = n - and c(a) = — -

At r = a, we see that

1 5 n—-1)% n-1 n—1
= - = - =— 0.
—c(a)” —|c(a)| e " 3 <

Moreover, we see that condition ([2.4) is essentially optimal if we seek to find sufficient
conditions on the force ¢ that are uniform in dimensions n and in R because the left hand

side of the above goes to zero as a — oo.
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2.6 The gradient growth as time tends to infinity in two

dimensions

Let n = 2. Let the forcing term c¢ be a positive constant in €, that is, ¢(z) = ¢ for all

x € Q for some ¢ > 0. Consider the following nonconvex domain,
0= {(.%'1,.7}2) € RQ : |.T2| < f(xl)}, (2.26)

where f(z) = %a? + k for fixed m > 0 and k > 0. Here, Q is unbounded.
In this unbounded setting, let Ry > 0 be a sufficiently large constant. Let Q C R" be

a bounded C%? domain such that
QN B(0,Ry) c QC Q.

We say that u is a solution (resp., subsolution, supersolution) of (2.1)—(2.3)) on Q x [0, 00)

if there exists o € R such that
u—a=uy—a=0 on (Q2\ B0, Ry)) x [0,00), (2.27)

and wu is a solution (resp., subsolution, supersolution) of f with Q in place of Q.

Let u be the solution to f. If a level set of u is a smooth curve, then it is
evolved by the forced curvature flow equation V = k + ¢, where V is the normal velocity
and k is the curvature in the direction of the normal. Then, the classical Neumann
boundary condition becomes the right angle condition for the level-set curves with respect
to 0L, that is, if a smooth level curve and 0f) intersect, then their normal vectors are
perpendicular at the points of intersections.

We show that if ¢ is too small and fails to satisfy , then there exist discontinuous
viscosity solutions to . In particular, we find that one such discontinuous solution of
is stable in the sense that the solution of f with a suitable choice of initial

data converges to this discontinuous stationary solution as time goes to infinity. This
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implies that the global Lipschitz estimate for the solution of (2.1)—(2.3)) does not hold.
The following is the main result of this section.

Theorem 2.6.1. Let Q be the set given by (2.26), and c(z) = ¢ for all x € Q for c €

(0,7.%), where Tmin is defined by [2:32). Let u € C(Q x [0,00)) be the solution of ([2-1))-
[2.3) with the given initial data ug € C*%(Q) satisfying that % =0 on 90 and there exist

constants l1,la,  and B such that Iy € (0,a1), Iz € (0,a2 —ay1), a < S,

wole) B forx = (x1,22) € U(ay — l1), (2.28)

a forz=(z1,722) € Q\ Ulas +l2),

and o < ug < B, where U(a) is defined by (2.31)) for a > 0, and 0 < a1 < ag is given in
Theorem |2.6.2. Then,

B ifxeU(ar),
lim u(x,t) =

t—o00 P

a ifzeQ\U(ay).

2.6.1 Set-theoretic stationary solutions

For a > 0, consider a family of curves with constant curvature in €2,

X(a,0) = (X1(a,0), X2(a,0)) = p(a) + r(a)(cosb,sinh), |0 < arctan(ma),  (2.29)
where we choose p(a), r(a) so that the curve
I':={(Xi(a,0), X2(a,0)) : |0] < arctan(ma) }U{(—X1(a,0), X2(a,0)) : |0] < arctan(ma)}

has a constant curvature, and is perpendicular to the boundary 0f2. Indeed, set
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Then, we see that the tangent line for {(z1,z2) | z2 = f(x1)} at 1 = a goes through p(a).

Moreover, setting

r(a) ==

(a, mT‘ﬁ + k) — p(a)

k
= (ﬂ+_) m2a® + 1,
2 ma

by elementary geometry, we can check that
r1Lo9Q.

The parameter a will be specified so that

in Lemma [2.6.1]

/ X(a,0)

Figure 2.2: Illustrations of (2.29)) and (2.31))

The following definition is taken from Definition 5.1.1].

Definition 2.6.1. Let G be a set in R™ x J, where J is an open interval in (0,T). We

say that G is a set-theoretic subsolution (resp., supersolution) of

V=kr+c onT; with T;109Q (2.30)
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if X5 is a viscosity subsolution (resp., (xG)« is a viscosity supersolution) of f
in R™ x J, where xg(z,t) = 1 if (x,t) € G, and xg(z,t) = 0 if (x,t) € G, and x¢, and
(xG)« denote the upper semicontinuous envelope and the lower semicontinuous envelope
of xa, respectively. If G is both a set-theoretic subsolution and supersolution of , G
1s called a set-theoretic solution of .

Set
U(a) :=={(x1,22) € Q: |z1] < X1(a,8), |z2| < X2(a,0),|0| < arctan(ma)}, (2.31)

and

Tmin := inf{r(a) : a > 0}. (2.32)

Then, ryiy is positive since 7 is a continuous positive function in (0, c0) and

lim r(a) = lim r(a) = . (2.33)

a—0 a—00
Moreover, by direct computation, we have

1 1 k
r'(a) = e ( m?a® 4 - — — ).
m2a? + 1 2 ma?

Therefore, r has only one critical point a, = ﬁ\/—l + V14 16mk in (0,00) and ryin =

r(as). In addition,
r'(a) < 01if a < as, and 7'(a) > 0 if a > a,. (2.34)
Lemma 2.6.1. Ifc= ﬁ for some a > 0, then U(a) is a set-theoretic stationary solution

of 2.1)-2).

Proof. As a consequence of the nice characterization of set-theoretic solutions in |51}, The-
orem 5.1.2], U(a) is a set-theoretic stationary solution of (2.30)) if and only if 0 = k + ¢

on AU (a) N Q and the right angle condition holds. The equality follows from the fact
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that OU(a) N contains two arcs of two circles of the same radius r(a) and curvature

k=—r(a)"! = —c.
On the other hand, these arcs intersect with 02 at four points (a, £f(a)), (—a, £f(a)).

By symmetry, it suffices to prove the right angle condition at (a, f(a)). Notice that

r(a)

(a, f(a)) = (X1(a,arctan(ma)), X2(a, arctan(ma))) = p(a) + W—i—l

- (1, ma).
Therefore, the line joining (a, f(a)) and p(a), the center of the arc, is tangent to 0 at
(a, f(a)). Thus, OU (a) N Q) satisfies the right angle condition at (a, f(a)). O

Theorem 2.6.2. Ifc € (0, ), then there exist two positive constants ay < as such that

Tmin

U(a;) is a set-theoretic stationary solution of (2.30) for i =1,2.

Proof. Thanks to (2.32)—(2.34]), there exist two positive constants a1, as with a1 < a. < ag

such that
1
r(a1) =r(a2) = o (2.35)
By Lemma [2.6.1} U(a;) is a set-theoretic stationary solution of (2.30) for ¢ =1, 2. O

2.6.2 Stability

Let a; be the constants given by Theorem for ¢ = 1,2. In this section, we prove that
U(ay1) given by (12.31) is a set-theoretic solution which is stable in the sense of Theorem
26Tl

Lemma 2.6.2. Let l; € (0,a1), Iz € (0,a2 —a1) and § > 0. Set a(t) := a1 — l1e™% and
a(t) := a1 + lae™0t. There exists 5o = do(m, k,l1,12) such that U(a(t)) and U(a(t)) are a

set-theoretic subsolution and supersolution to (2.30) for all § € (0,0dy), respectively.

Proof. We only prove that U(a(t)) is a set-theoretic subsolution, since we can similarly

prove that U(a(t)) is a set-theoretic supersolution. Let X(t) := X(a(t),f). From the
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characterization of set-theoretic solutions in [51, Theorem 5.1.2], it suffices to show that

for t > 0,

dX 1
— . n< - forall t >0 2.36
R @) +c¢ forallt>D0, (2.36)

where 1 is the outward normal vector ii of U(a(t)), that is, i = (cos#,sin6).

Note that

Also, for any constant L > 0, there exists C' = C(m, k, L) > 0 such that

% (00) 5= f(a) -5+ () < (@) + ()

mk

+ + <C
2 m2a?+1  m2a®+1+vVm?2a® +1

1 m2a? + %

for all a € (0, L) and 6 € (=7, §). Therefore,

S

d 0X

5 =0(a1 —a(t)) 5 -1 < Cd(a1 — at)).

Oa

=

The observation (2.34) implies that r(a(t)) > r(a1) = ¢! for all t > 0, and thus we get

dX 1 -1 ay — a(t)
(dt”“> (Fam ) =t

r(a1)  r(a(?))
Thus, (2.36)) holds for § € (0, dp), where

-1
do:=|C sup h(a) .
ac [a1 -1 ,a1 +l2}
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Here the function h : [a1 — l1,a1 + l2] — R is given by

16117:01 for a € [a1 —l1,a1 + 12] \ {a1},
r(a1) r(a)
h(a) ==
2
r“(a1) for a = ay.
' (ay)

Since a1 + 2 < as, by we have r(a) # r(a1) in [a1 — l1, a1+ 2] \ {a1} and 7/(a1) < 0.
Therefore, h is well-defined and continuous in [a; — l1,a; + lg]. Thus, h is bounded in
[a1 — l1,a1 + l2], and hence, §y > 0 is well-defined, which implies that holds for all
0 € (0,0p). O

Proof of Theorem [2.6.1. We let @ =0 and = 1 for simplicity. Set
w(@,t) = Xgay@)  and (1) = xu@e) (@)

for (x,t) € Q x [0,00), where a and @ are the functions defined in Lemma By
Lemma [2.6.2] we see that u and u are a subsolution and a supersolution of (2.1)—(2.2),

respectively. Due to (2.28]), we get

u(-,0) = Xgrgmy < o < Xu(a(o)) = (-, 0) on €.
In addition, since
Ula) C V(a) = [=(Ip(a)| + (), [p(a)] + r(a)] x [=[f(a), f(a)]
by construction for p(a) and r(a) given in and f(a) = %a® + k, we obtain

supp(u) C U V(a) x [0,00) and supp(u) C U V(a) x [0,00).

a€lar—l1,a1] a€lay,a1+12]

As |p(-)] + r(-) and f are continuous on [a; — l1,a;1 + l2], there exists a constant Ry > 0
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satisfying (2.27]).
By the comparison principle for ([2.1)—(2.3]), Proposition we get

u(,t) <u(t) <u(-,t) onQ forallt>0.

On the other hand, since both a; — lie7% and aq + lye % converge to a; as t goes to

infinity,

lim u(z,t) = lim u(x,t) =1 for x € U(ay),

t—o00 t—o00

and

lim u(z,t) = lim u(z,t) =0 for 2 € Q\ U(ay),

t—00 t—o00

which finish the proof. O
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Chapter 3

Capillary-type boundary value
problems of mean curvature flows
with force and transport terms on
a bounded domain

3.1 Introduction

In this chapter, we study the following two problems

,

\/1+|Du\2d1v<m)+cazu\/1—|—|Du2 flz,u)  inQx(0,7),
ggz(ﬁ(x)(\/l—f—]l)u\ )= on 9 x [0,T),
u(z,0) = up(x) on ,

(3.1)

and

= |Dul div (‘D ‘) c(a,w)| Dul — f(z,u) inQx (0,T),
@
i
u(z,0) = up(x) on Q,

= ¢(x) on 9Q x [0,T), (3.2)

\

where ¢ > 0 in (3.1) is a fixed positive number, and 7" > 0 denotes values in (0, c0].
Solutions of (3.2)) are understood in the viscosity sense. A forcing term ¢ = ¢(x, z) and

a transport term f = f(z,z) depend on the spatial position x €  and the value z € R,
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and they are functions in C1%(Q x R) for a fixed a € (0,1). The functions ¢ and f of
(z,2) € Q x R are assumed, throughout this chapter, to be C1® functions and to satisfy,

for some constant C,

le| <C, |Dyc| <C, ¢, <0, (3.3)

and

fl<C, [Dofl<C, f220, (3.4)

for all arguments (x,z) € Q x R. The vector &i denotes the outward unit normal vector to
0Q, and ¢ = ¢(x) € C3(Q). Throughout this chapter, we assume that the domain Q c R”
is bounded and C3-regular. We also assume that ug € C%%(Q) with the same a € (0,1)

as above, and we say the initial condition ug is compatible with the boundary condition if

% = ¢(x)(\/1 + |Dupl2)} 7 on 9Q

in (3.1) and

Ouo _
on

¢(z) on 0N

in (3.2)), and we always assume the compatibility in this chapter. Next, we consider the

following forced mean curvature equations

— 2=t (‘W - %) wij — c(x)\/T+ [Dw2 + f(z) = -\  inQ,

(3.5)
O — (@)1 ¥ [Du)t on 92
with general capillary-type boundary conditions and
=S (09 — B ) wis — ef@) | Duwl + f(z) = =2 in Q, -

ow
e o(x) on 0f),
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with Neumann boundary conditions. Here, u; = ug;, %ijj = Uz, (and the same for w)
denote the partial derivatives of u in x;, z; and x; in order, respectively. The term 54
is the (i,7)-entry of the n by n identity matrix for i,5 = 1,--- ,n. Equation is
understood in the viscosity sense. Equations and correspond to and ,
respectively. A is a real number, and it is called an eigenvalue. The stationary problems
and are also considered as additive eigenvalue problems.

The four equations above, , , and , will be studied by obtaining a

priori O estimates for

.
= /n? +]Du\2dlv<\/m>+cxu\/n + |[Dul]?2 — f(z,u) inQx(0,T),
ou 1—q
i o(z)v on 09 x [0,7T),
u(z,0) = up(z) on Q,
(3.7)

and a priori C°, C! estimates for

— =1 (5’7‘ - %) ugj — c(x)\/n? + |Dul? + f(z) = —ku in Q,
@
on

(3.8)
= ¢(z)v' 1 on Of)

where v = y/n? 4+ |Du|? and k > 0. The choices n =1, ¢ > 0and n =0, ¢ =1 in (3.7)
yield (3.1]) and (3.2)), respectively. The same choices in (3.8) correspond to (3.5 and (3.6} .,

respectively after letting & — 0. In the choice of n = 0, ¢ = 1, we first take n € (0, 1], and

then we let 7 — 0, considered as a vanishing viscosity parameter. Whenever we discuss

the vanishing viscosity parameter n € (0, 1], especially obtaining estimates uniform in
€ (0,1], we refer to the case ¢ = 1.

We note that if ¢ = 0, is the capillary problem, and is the capillary problem
formulated as the level-set equation. If ¢ = 1, and are Neumann boundary
value problems. We investigate the well-posedness and the large time behavior of the
forced mean curvature flow on a C3 bounded domain with general capillary-type boundary

conditions, i.e., ¢ > 0.
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The novelty of this chapter is threefold; first of all, the multiplier method in [66]
can be combined with the method in [101] in order to get a priori gradient estimates
of uniform in 7 € (0,1]. The combination of the methods allows us to handle the
difficulties coming from the nonconvexity of 2, a forcing term ¢, a transport term f, a
nonzero boundary condition with ¢ # 0 at the same time. By using the two methods
simultaneously, we get a uniform a priori gradient estimate, and therefore, we get quite
general results. This is the main contribution of this chapter. In the gradient estimate, we
derive a sufficient condition on a forcing term c¢ to ensure the global Lipschitz regularity,
which we call the coercivity assumption on c. Second of all, we keep the force term c
coercive during the interpolation, while we apply the Leray-Schauder fixed point theorem,
so that a uniform gradient estimate is maintained. This extra care on the force c is a
new step, not arising in [101], and it is necessary and natural since we observe that the
coercivity condition is crucial to study the large time behavior. We accordingly are able to
study the mean curvature equations and . Finally, by adopting the approaches
in [66, |46], we discuss the optimality of the coercive condition on ¢, and compute the
eigenvalue, the large time profile based on the optimal control formula in the radially
symmetric setting of . We also give a dynamics proof in order to deal with the
boundary, which does not appear in [46], when we study the asymptotic behavior.

The multiplier method in [66] has been considered new and devised only recently,
and it successfully treats the homogeneous Neumann boundary condition. The method
is natural, and it explains how the geometry of 02 affects gradient estimates, which turn
out to be sharp. This chapter presents as a new contribution that the multiplier method
can be generalized to deal with general capillary-type boundary conditions by combining
with the method that has been established in [101]. The result is general because
and cover a wide range of equations on a general bounded domain. The process
of combining is linear and natural, which justifies that each of the methods is natural.
Moreover, the multiplier method highlights the coercivity assumption on the force ¢ with

the right angle condition. Another observation of this chapter is that we can study the



47

additive eigenvalue problem with this coercivity condition.

We first discuss the literature, which is not an exhaustive list at all, on the capillary
problem and the Neumann boundary value problem of mean curvature flows in Subsection
Next, we provide the main results in Subsection|3.1.2] and we outline the approaches
of this chapter in Subsection [3.1.3]

3.1.1 Literature

The capillary problem has been an important subject for decades because of motivations
and applications in physics, such as wetting phenomena |18, |42], behaviors of droplets [2,
15) 130, 93]. It also has been investigated with emphasis on obtaining gradient estimates.
For instance, [100} |95, 43, [75] study gradient estimates of the mean curvature equation
with test function technique. In 1975, the maximum principle was first used to get gradient
estimates [96], and |72, |75] are based on the maximum principle. Paper |75 also deals with
boundary conditions ¢ = 0 and ¢ > 1, and in these cases, boundary gradient estimates
have been shown [102] recently with a new proof using the maximum principle. The
results when 0 < ¢ < 1 have been obtained in [101]. For the mean curvature flow, the
well-posedness and the large time behavior of solutions has been studied in [3, 54]. In
particular, [3] deals with the case when ¢ = 0 in the dimension n = 2, and the questions
about the well-posedness and the large time behavior in higher dimensions are still open.
The vertical capillary problem, i.e., when ¢(x) = 0 and thus when the problem is also the
homogeneous Neumann boundary problem, has been investigated [58].

The mean curvature flow with Neumann boundary conditions has been of significance
on its own. Paper [4] investigates the mean curvature equation with the homogeneous
Neumann condition on a convex domain in the graph case. Recently, the mean curvature
flow with general Neumann boundary conditions has been studied [103], and a uniform
gradient estimate has been obtained for Neumann boundary conditions on a strictly convex
domain [80]. Also, [86] studies gradient estimates with Neumann boundary conditions.

The level-set formulation of the mean curvature flow with the homogeneous Neumann
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boundary condition, understood in the viscosity sense, has been studied [47] on a smoothly
bounded convex domain, based on the maximum principle. Paper [47] also contains an
illustration where we lose a global gradient estimate on a nonconvex domain. Note that
the illustration justifies the necessity of a nonzero force term in order to have a global
gradient estimate on a nonconvex domain. In this context, the results on the forced mean
curvature flow with the right angle condition have been obtained [66] recently, which
explains the effect of the constraints by the forcing term and by the geometry of the
boundary. However, there are no results on the forced mean curvature flow and the forced
mean curvature equation with more general boundary conditions on a general bounded
domain, for neither the graph case nor the level-set case.

In the context of the above, the main goal of this chapter is to study the well-posedness
and the large time behavior of solutions of capillary-type boundary value problems, i.e.,
q > 0, of the mean curvature flow with a forcing term and a transport term for the
graph case, and to study Neumann boundary problems, ¢ = 1, for the level-set case,
on a bounded domain with C® boundary, which is not necessarily convex. It generalizes
[101] to capillary-type boundary value problems on a nonconvex domain with a force, and

generalizes |66] to nonzero Neumann boundary value problems with a transport term.

3.1.2 Main results

We first list the main results of this chapter, and then discuss the main difficulties and
the approaches to overcome.

We start with a local gradient estimate.

Theorem 3.1.1. Let Q be a C3 bounded domain in R™, n > 2. Suppose that ¢ and
f satisfy and . Then, for each T € (0,00), there exists a unique solution
u € C?7(Q x [0,T]) N C3(Q x (0,T]) of for some o € (0,1), and there exists
a unique viscosity solution u of . For both and , moreover, there exists

a constant M > 0 such that and for each T € (0,00), there exists a constant Rp > 0



49
depending only on T, Q, ¢, f, &, q, ug such that

‘u(x’t)_u($a5)‘ §M|t_3|a _
for all z,y € Q, t,s € [0,T].

‘U‘(‘T7t) - U(y,t)’ < RT|$ - y|7

For each z € R™, r > 0, we let B(x,r) denote the open ball centered at x with a radius
r. We recall that for y € 99, 1ni(y) is defined to be the outward unit normal vector to 02

at y. For each y € 09, we define the number Ky(y) by
Ko(y) =sup{r > 0: B(y — rii(y),r) C Q}.

Note that the domain  satisfies the uniform interior ball condition since Q is a C® bounded
domain. Therefore, there exists a number 7 > 0 such that B(y — ri(y),7) C Q for all
y € 09, which implies Ko(y) > 7 for all y € 92. We also note that for each y € 99,
B(y — Ko(y)ii(y), Ko(y)) € Q, and B(y — (Ko(y) + €)ii(y), Ko(y) +¢) € Q for any & > 0.

For each y € 09, we define the number Cy(y) by
Co(y) = max{A : \ is an eigenvalue of — Kk},

where k := (nzj )Z]_:ll is the curvature matrix of 92 at y.
Next we show that a solution u is globally Lipschitz under further conditions on the

forcing term c.

Theorem 3.1.2. Let Q be a C3 bounded domain in R™, n > 2. Let

Co = sup{Cy(y) : y € 09},

Ky =inf{Ky(y) : y € 009}.
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Suppose that ¢ and f satisfy (3.3) and (3.4]). Suppose that there exists § > 0 such that

1
n—1

c(x,2)? — |De(z, 2)| — & > max {O, Cole(z, z)| + (n_Kl)CO
0

+ 1+ gsenCo)ch |
(3.9)
for all (z,2) € QxR, where sgn(Cy) is the sign of the real number Cy. Let T € (0,00), and
let u e C*7(Q x [0,T]) N C*7(Q x (0,T)) be the unique solution of (3.1), o € (0,1), and
with abuse of notations, let u be the unique viscosity solution u of . In both cases,

there exist constants M, L > 0, depending only on 2, ¢, f, ¢, q, ug such that

’u(xvt)—u($as)’§M|t_5|a _
for all z,y € Q, t,s € [0,T].

lu(z,t) —u(y,t)] < Ll —yl,

We can relax the conditions (3.3]) and (3.4)) quite a bit if we have a priori CY estimate

on u. For instance, f(x,z) = f(x)+ kz, k > 0, is not bounded as z runs over R. However,
if we know that a solution u is bounded a priori, then f(x,u) = f(x) + ku is bounded
as well. Therefore, once we get a priori C¥ estimate on u, we can drop the assumptions
le| <C, |f| <Cin (3.3), (3-4), respectively, for Theorem and Theorem

The condition serves as a coercivity assumption, which appears in the classical
Bernstein method. In this sense, we sometimes call the forcing term ¢ coercive if ¢ satisfies
. One more remark is that the coercivity condition is an open condition, in the
sense that it remains true even if we perturb the force ¢ a little bit.

When the domain € is convex so that Cy < 0, the condition is equivalent to
taking only zero on the right hand of into account. On the other hand, if the domain
) is nonconvex so that Cy > 0, the condition considers only Cople(zx, 2)| + % +
(1+ q)sgn(Cy)C3, and moreover, this condition is stronger than the convex case. In other
words, we require a stronger coercivity condition on the force to deal with the nonconvex
boundary 9€2. We may refer to the example on a nonconvex domain suggested in [66,

Section 6].

The condition (3.9) is slightly better than the one given in |66, Theorem 1.2] in the
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case when ¢ = 0 so that the boundary condition is the homogeneous Neumann boundary
condition, or the right angle condition equivalently. More precisely, when ¢ = 0, one can
see easily that the condition (3.9) with ¢ = 0 follows from the condition in |66, Theorem
1.2]. Thus, the condition in |66, Theorem 1.2] is assuming more. We also note that the
condition with ¢ = 0 works as a sufficient condition by following the proof of Theorem
0. 1.2

We note that Cy measures the curvature on the boundary 0f2, and Ky measures the
width of the domain €2 with inscribed balls. The appearance of the fraction % in
reflects the battle of the two constraints, namely, from the normal velocity V = ki1 + ¢
and from the boundary condition 9% = ¢(z)v!~9, where k; is (n — 1) times of the mean
curvature of a level-set of w.

We also note that if Q is strictly convex, then Cy < 0 so that Cple(x, 2)| + % -
2(1 + q)C3 < 0. This implies that there is a room for improvement of estimates if § is
strictly convex, and indeed it turns out that we can recover a global gradient estimate if

c(x,z) = 0. We state the following corollary for ¢ = 0, which is [101, Theorem 1.1] for
(3.1), together with the corresponding conclusion for (3.2)).

Corollary 3.1.1. Let Q be a strictly convex C3 bounded domain in R™, n > 2. Let

= 0. Suppose that the term f satisfies . Then, for each T € (0,00), there ezists a
unique solution u € C*°(Q x [0,T]) N C37(Q x (0,T)) of for some o € (0,1), and
there exists a unique viscosity solution u of , with abuse of notations. In both cases,
moreover, there exist constants M, L > 0 depending only on QQ, ¢, f, ¢, q, up such that

|U(l‘,t) - U($,8)| < M|t - S|} |U($,t> - U(y,t)| < L|$ - y| fOT all T,y € ﬁ’ t,S € [OaT]

As we have obtained gradient estimates, we next study the additive eigenvalue problems
and under the assumption on the forcing term c. In the additive eigenvalue
problems, we will consider the terms ¢ = ¢(x) and f = f(x) that depend only on z € Q.
That being said, the z-dependence in the estimates obtained so far plays a role in the
additive eigenvalue problems.

Before we introduce the next results, we explain how the additive eigenvalue problem is



52

approached briefly. First of all, we get uniform C° a priori estimates of |ku| in by the
maximum principle. Then, we establish uniform C! a priori estimates of . Applying
Leray-Schauder fixed point theorem (see [74]), we get the existence of solutions of (3.8§).
Finding a pair of an eigenvalue and an eigenfunction of and is called additive
eigenvalue problems, which have been extensively studied. The problems naturally appear
in ergodic optimal control theory, in the homogenization of Hamilton-Jacobi equations, in
the large time behavior of the Cauchy problem of Hamilton-Jacobi equations and in weak
KAM theory. See [8, |39, 98] [77] and the references therein. We also leave the references
[29, 39, 38, 62] for the Aubry set, as it is treated separately as an important set in this

chapter.

Theorem 3.1.3. Let Q be a C°° bounded domain in R™, n > 2, and let ¢ > 0. Suppose

that ¢ = c(z) satisfies (3.9). For ¢ € C*(2), there exists a unique A € R such that there
exists a solution u € C*(Q) of (3.5). Moreover, a solution u is unique upto an additive

constant.

Moreover, we get the following result on the large time behavior of solutions of (3.1))

by following the argument in [80, 101} 94].

Theorem 3.1.4. Let ) be a C*° bounded domain in R™, n > 2, and let ¢ > 0. Suppose

that c, f, ¢ € C>(Q), and that ¢ satisfies (3.9)). Let u’, i = 1,2, be the solution of

ur = /1 + |Dul? div <\/1+DIUW> + c(z)\/14 |Dul®> = f(x) in Q x (0,00),
28— o)/ T+ D) on 92 x [0,50), (3-10)

u(z,0) = uf(z) on Q,

with initial data uly compatible with the boundary condition, respectively for i =1,2. Then
limg oo [ut — UQICOO@) = 0. In particular, for the solution u of (3.1) and the solution
(A, w) of (3.5), it holds that lim;_yo0 |u(z,t) — At — w(x)|Coo(§) =0.

We also study the large time behavior of solutions of (3.2). We go though the same

procedure as we do in Theorem During the limit process in which we send k to 0,
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the gradient estimates remain uniform in the viscosity parameter n € (0, 1], which allows

us to find a viscosity solution of the stationary problem ([3.6)).

Theorem 3.1.5. Let ) be a C*° bounded domain in R™, n > 2. Suppose that c satisfies
(3.9). For ¢ € C>®(Q), there exists a unique A € R such that there exists a viscosity
solution w of (3.6). Moreover, X\ = limt_mo@ and the convergence as t — o0 1is

uniform in x € Q, where u is the unique viscosity solution of (3.2]) with T = cc.

The questions on classifying viscosity solutions w of , and on whether or not
u(x,t) — At converges to a stationary solution w as ¢ — oo are challenging, and they are
still widely open. For partial resolutions, we refer to [47, 66|, where a Lyapunov function
is used.

In the radially symmetric setting, we can prove the convergence of u(x,t) — At to a
stationary solution w as t — co. Moreover, we are able to compute the eigenvalue A and
the large time profile w of the solution u based on the optimal control formula. We will
see in Chapter [3.4] that the curves ¢(r) and “>! meet at most one point on [0, R] because
of the coercivity assumption on c. This fact allows us to follow the argument in [46]
overall, with the dynamics suggested in [62], called the Skorokhod problem.

We also note that the eigenvalue A = lim; o uzd) 5 constant in € Q, but this

t

is under the condition (3.9). We will find an example in the radially symmetric setting,

where the limit lim;_ oo @ is not constant, which thus disobeys (3.9). It turns out this

example demonstrates that the condition (3.9)) is optimal, which we will discuss in Section
3.4

Theorem 3.1.6. Assume the radially symmetric setting . Assume . Let
u = u(r,t) be the unique radial viscosity solution of , and let (A\,w) be a pair of
a real number and a Lipschitz continuous function satisfying in the sense of viscosity
solutions. Then,

(i) u(r,t) — Xt — w(r) as t — oo uniformly in r € [0, R], and

(ii) the asymptotic speed \ and the asymptotic profile w are described as follows; if the

curves r +— c(r) and r— =1 cross at r € [0, R], then such numbers r are unique, which
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we call rep. If the curves do not cross on the interval [0, R]|, we let rep := co. Then,

n—1

A= sup{—fm +3(r— R)O(R) ( +sgn<¢<R>>c<R>) P orr= R},

(3.11)
where § is the function on R having its value 1 at the origin, 0 elsewhere, and the asymp-

totic profile w is given by
w(r) = max {d(r, s)+wo(s): s € ,1} . (3.12)

Here,
dtro.rs) = s { [ =706 — o io)ds  £20. ) €Oy} @19

for any ro,r1 € [0, R], where we set

C(0,8;r0,m1) := {(n,1) € AC([0,#]; (0, R]) x L=([0,1]) :

n(0) = ro, n(t) =11, (n,v,1) € SP(ro)},
and SP(r) denotes the Skorokhod problem, and

wo(r) := max {d(r, p) +uo(p) : p € [0, R},

A= {r >re o the supremum of (3.11)) is attained} if T < 00.

If rep = o0, we let A :={R}.

3.1.3 Discussions and our main ideas

In the following, we first discuss the necessity of a nonzero force in order to get a global
gradient estimate and its geometric interpretation. Next, we outline the approaches taken

to obtain the results of this chapter.
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We start with the special case of when ¢(z,2) =0, f(z,2z) =0, ¢(x) =0, which
corresponds to the homogeneous Neumann boundary problem with zero force. Paper [47]
obtains a global gradient estimate for the problem on a convex domain, and additionally,
[47] describes an example, which is constructed rigorously in [90] as well, on a noncon-
vex domain where the global gradient estimate fails. In this context, [66] provides the
computation realizing the description, which means we need a nonzero force on a non-
convex domain to get a global estimate. Also, [66] studies the problem with a nonzero
force ¢ = ¢(x), and it generally investigates the competition between the two geometric
constraints, one from the normal velocity V' = k; 4+ ¢ where kj is (n — 1) times of the
mean curvature, the other from the right angle condition of surfaces and 9€) given by the

boundary condition.

We now describe the approaches of this chapter. We overall rely on the maximum
principle to get a priori gradient estimates. The difficult case is when a maximizer is on
the boundary, where we cannot expect the maximum principle to hold as it is inside the
domain. In |101], the difficulty is overcome by considering a slanted gradient in order to
get rid of wu,,, the second derivative of a solution in the normal direction, which is hard
to know from the maximum principle. In [66], the difficulty is handled by considering a
multiplier which allows us to put the maximizer inside, so that we can apply the maximum
principle. This idea is the crux of the multiplier method, which plays a main role in the
estimates in [66]. Moreover, the multiplier method explains how the geometry of the
domain affects the estimates, which is natural and geometric. It ultimately enables us
to generalize the results of |[101] on nonconvex domains in a natural way for a wide class
of equations and . This is how we overcome the difficulty, and it is the main
novelty of this chapter.

To outline the structure of gradient estimates, we start by observing that both of the
methods are relying on the same major term coming from the square norm of the second
fundamental form. This is the reason why it is possible to apply the two methods at

the same time, and why the process of mix is linear and natural. The whole chain of
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inequalities starts with applying the maximum principle, and is basically an expansion of
a polynomial in v = \/m . Finally, we focus on the coefficient of the highest power
of v, which yields the coercivity condition on c¢. We also note that we can get rid of
bad terms in the linearized equation.

After we get a global gradient estimate, we next study the mean curvature equations
and the large time behavior, as suggested in [101]. The part different from [101] is where
we apply Leray-Schauder fixed point theorem for the mean curvature equations. As we
deal with the additional term concerning a nonzero force, we interpolate (3.8)) with a
carefully chosen equation so that we keep the force ¢ coercive during the interpolation. A
force that is being kept coercive yields a uniform C' estimate by the gradient estimate
obtained above. As an exchange for keeping coercivity in the interpolation, we change the
transport term f, and this is allowed as long as it is a priori bounded. We then follow [101]
to verify the asymptotic behavior for the graph case, and go through vanishing viscosity
process as n — 0 for the level-set case.

For the level-set mean curvature flow, we compute the eigenvalue and the large time
profile, and prove the asymptotic behavior in the radially setting. Equation is reduced
to a first-order singular Hamilton-Jacobi equation with Neumann boundary conditions.
Based on the optimal control formula [62], we are able to compute the eigenvalue. By
providing an example where the eigenvalue is not constant, we discuss the optimality of
the condition , which serves as the most important condition to ensure global gradient
estimates. The use of the optimal control formula for computing the limit and for an
example in this way follows [66], and it is extended to an equation with a transport term
and nonzero boundary conditions. Then, by observing the monotonicity on the Aubry set
as in [46], we prove the asymptotic behavior. To deal with the boundary, which does not
appear in [46], we instead give a dynamics proof for the monotonicity, written in the style

of |29].



57

Organization of the chapter

In Section we prove the existence of solutions of and by giving a priori local
and global gradient estimates. We also recover [101, Theorem 1.1] and the corresponding
result for (3.2) when the domain € is strictly convex. In Section we prove the existence
of solutions of and through homogenization. In Section we compute the
eigenvalue and the large time profile, and prove the asymptotic behavior of the solution of
in the radially symmetric setting. In Appendix, we provide the definitions and the

results on the comparison principle and on the stability of viscosity solutions of (3.2)).

3.2 Gradient estimates

In this section, we give a priori local gradient estimates of , and under the condition
(3.9) on the forcing term ¢, we prove a priori global gradient estimates. Throughout this
section, we assume that the conditions and hold, and that €2 is bounded with
C3 boundary.

We leave a remark that for the choice n =1, ¢ > 0 in , the function ug serves as
an initial data that is compatible with the boundary condition. In , by setting ¢ = 1,
we see that the function wg, which is independent of n € (0, 1], serves as an initial data
that is compatible with the boundary condition even if n € (0, 1] varies. We understand
its viscosity solution as the limit of solutions of as 7 — 0. We also note from the
compatibility condition that |¢pv~?| < 1 on the boundary 9f.

The following lemma states that the time derivative of a solution of (3.7)) is bounded.

Lemma 3.2.1. Suppose that u" is the unique solution of (3.7) for each n € (0,1]. Suppose
(13.4) and (3.3). Fiz T € (0,00). Then, there exists M > 0 depending only on , ¢, f, ¢,

q, ug such that

16 1] oo @xoy) < Ntf (5 0) | ooy < M-
Proof. The proof follows the argument in [101, Lemma 2.1]. O

Now we state a priori gradient estimates.
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Proposition 3.2.1. Let T € (0,00), n € (0,1]. Suppose that a solution u" of (3.7)) exists
and it is of class C%*°(Q x [0,T]) N C37(Q x (0,T]) for some o € (0,1). Suppose that the
force ¢ satisfies (3.9)). Then u" satisfies that

”DUnHLoo(ﬁx 0.1]) = R,

where R > 1 is a constant depending only on Q. ¢, f, ¢, q, ug.

Once we prove Proposition (and Proposition introduced later), we obtain
the existence of solutions u = u to (3.7) with the bound || Du"|| |« g9 77) < R (and there-
fore prove Theorem , due to the standard theory of quasilinear uniformly parabolic
equations, for which we refer to [73]. See [86} Section 5] for the usage of [73], |76, Theo-
rem 8.8]. We also briefly describe the existence from a priori estimates in Appendix for
completeness.

Before getting into the proof of Proposition[3.2.1], we introduce the notations for scalars,
vectors, and matrices. After that, we state Lemma and Lemma for later use,
whose proofs are provided in Appendix.

We set notations. Let p,q € R™ be column vectors and M be a symmetric n by n
matrix. A real number p - ¢ is the scalar obtained from the standard inner product of R",
and we let [p| = /p-p. A vector Mp is the vector obtained from the standard matrix
product. Let a = (aij)zjzl , 8= (ﬂij)zjzl be two n by n matrices that are not necessarily
symmetric. We let a8 denote the matrix obtained from the standard matrix multiplication
of o in the left and 3 in the right. We write tr{a31"} = doij=1 a3 where tr{-} denotes
the trace, and Tr denotes the transpose. We let |laf = v/tr{aaT}.

For a C! function p in = (x1,--- ,2,), we let u; denote the partial derivative pi,
of p in x; for each i = 1,--- ,n, and we let Dy = (uq,--- ,,un)Tr be the gradient of pu.
For a C? function, say p again, in z = (21,--- ,2,), we let fij denote the second order
partial derivative piz,.; of p in x; and z; in order for each i,j5 = 1,---,n, and we let
D%y = (HU)Z]':I be the Hessian of yu. For a C3 function p and a vector & = (£1,--- &)™,

we let jip;; denote the third order partial derivative p,z,z; of p in x¢, x; and z; in order
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n

for each £,i,5 = 1,--- ,n, and we let D3y ® £ denote the matrix (Z?Zl /mjgf) For

ij=1"
v= ' -, v v a C! function for each i = 1,--- ,n, we let Dv denote the matrix
<V;j):tj=1. Then, for a C? function p, we check that D%y = D(Dp).

We define the matrix a = a(p) by a(p) = I, — %, where p ® p denotes the matrix
(pipj)zjzl for p = (pl, e ,p”)Tr, and I, denotes the n by n identity matrix. We let
p ® q denotes the matrix (piqj)?’j:1 for p = (pl, e ,p”)ﬂ,q = (ql, e ,q”)rﬂr € R™. For

a vector £ = (&1, &M we let Dya ® € denote the matrix

n

Dpa® & = (Z a;@ﬁ) )
=1

ij=1
where a;j;g = a;i (p) is the partial derivative of a”/, the (i, j)-entry of the matrix a for
i,j =1,---,n, in its f-th variable p’ of p = (p,--- ,p™)™.

Now, we give the setup for Lemma Suppose that zg = (0,---,0) € 01, and that
i(zg) = (0,---,0,—1). Then, there exist an open neighborhood U; of zy in R” and a C?
function ¢ defined on {2’ = (x1,--- ,xp—1) : (¢/,0) € Uy} such that = = (2/,x,) € 00 if
and only if z,, = ¢('). The eigenvalues k1, - - - , p—1 of the matrix D%p(x}) are called the
principal curvatures of 9Q at z(, where z; = (0,---,0) € R""! and the corresponding
eigenvectors are called the principal directions of 02 at xg.

By applying a rotation of coordinates to 2’ = (x1,- -+ ,2,—1), we may assume that the
x¢—axis lies along a principal direction corresponding to kg, £ = 1,--- ,n — 1, respectively.
We call such a coordinate system a principal coordinate system of 92 at zy. The Hessian
matrix D?p(xq) with respect to a principal coordinate system of €2 at x is given by the

diagonal matrix, as
K1 0

D*p(x0) =

0 Rn—1

We state Lemma which provides a local parametrization v = (y1, -+ ,Yn—1)

of the surface 9 around (0,---,0) and the derivatives of C! (or C?) functions in y =
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(Y1, ,yn). See [52, Lemma 14.16] for the reference of Lemma [3.2.2]

Lemma 3.2.2. Let xg € 0. For a coordinate x = (x1,--- ,xy) of R™, suppose that
xo = (0,---,0), and that fi(xg) = (0,--- ,0,—1). Suppose also that ' = (x1, - ,Tn_1) 1
a principal coordinate system of 0S) at xq, i.e., the xp—azxis lies along a principal direction
corresponding to a principal curvature kg of 02 at xg, £ =1,--- ,n — 1, respectively.

Then, there are open neighborhoods U,V of (0,---,0) in R™ and a C? diffeomorphism
g:U =V, and there is a number o > 0 satisfying the following properties;

(i) It holds that g(0,---,0) = (0,---,0), and that
{g(v/,0): || <o} €O and {9, yn) : Y|+ |yn| < o, yn >0} C Q.

where y' = (y1,- ,Yn—1) € R" ! and
(1) g is the identity function on the line {(0,---,0,y,) : |yn| < c}.
If we write x = g(y), y € U, x €V, then
(iii)
96 _

¢
]‘ - n)ao_ - 17 tee ) bl
e ( Key )8336 for £ n

on the line {(0,---,0,y,) : |yn| < o}, which is a subset of U. Here, ( = ((x) is a C!
function defined on V', ((y) is the C' function defined by ((g(y)) on U, and k, is set to

be 0. The number o > 0 satisfies 0~ > max{|r1|, -, [kn_1|}.

(i)

o ag) o <8g> ke OC
— = )=0-kyn)=— | 5| ——— orl{=1,---,n,
OYn <3ye ( R )8yn Oxy 1 — Keyn Oye 4

on the line {(0,---,0,yn) : |yn| < o} if the functions ¢, given as above are C* functions.

We introduce the following lemma in advance, which will be used in the proof of

Proposition [3.2.1]

Lemma 3.2.3. Let u € C*7(Q x [0,T]) N C3?(Q x (0,T)), and let v = \/n? + |Dul? for
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T € (0,00), n € (0,1]. Let £ € R™. Then,
vtr{(Dpa(Du) ® £)D*u} + 2tr{a(Du)(¢ ® Dv)} = 0. (3.14)

Proof of Proposition[3.2.1] The proof of Proposition follows the classical Bernstein
method by applying the maximum principle to the function w := v?*! — (¢4 1)¢.Du - Dh,
where v 1= \/m .

Let T € (0,00), n € (0,1]. Let u = u" € C*7(2 x [0,T]) N C3>7(Q x (0,7T)) be a
solution to for some o € (0,1). We need to show that [|v] ;e o 7p) < R for some
constant R > 1 independent of T' € (0, 00) and of n € (0,1]. Throughout the proof, R > 1
will denote constants which vary line by line and which do not depend on T' € (0, c0) and
also on n € (0,1]. Note that n is fixed to be 1 when ¢ > 0, and n € (0,1] when ¢ = 1.
Accordingly, n € (0,1] in all cases. Also, C' > 0 will denote constants which vary line
by line throughout the proof and also which do not depend on T' € (0,00) and also on
n € (0,1].

We drop the super and subscript regarding n, but we are still dealing with together
with the n-dependence when ¢ = 1, which is of importance for . Once we obtain

bounds uniform in 7 € (0, 1], we also drop the n-dependence throughout the estimate.

Let h be a function in C3(Q) such that h = C, Dh = ii on the boundary 9 for some
constant C'. Let

w = v — (¢ +1)¢Du - Dh

on Q x [0,T]. The reason why we choose this w instead of v = /52 + [Du|? is that we
want to cancel out terms involving %, the second derivative of u in the normal direction
on the boundary. The reason will be explained with more details when the cancellation
occurs.

Fix (zo,f0) € argmaxg,mw. The goal is to show that v(zo,f9) < R for some

constant R > 1 independent of T € (0,00), n € (0,1]. Once it is shown, then we obtain
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101l oo @@x[o,77) < B> which completes the proof. This is seen by the fact that
w < v 4+ (g + D¢l colhller @
at (zg,tp), and by the fact that
o — (g D0l oo Inlloray < w < wlzoto) < R

at (z,t) € Q x [0,T].
If tp = 0, we get a uniform bound v(xg,ty) < R, so we are done. It remains the case
when tg > 0, and we divide the proof into two cases: xg €  and xg € 0.

Case 1: zq € .

Step 1. We apply the maximum principle at (xg, tp) and simplify the resulting inequal-
ity.
As zg € Q, tg > 0, the maximum principle yields D?w < 0, w; > 0 at (zo,%o).

Therefore, together with the fact that a(p) > 0 as a matrix, we obtain

0> q—1Fl (tr{a(Du)D*w} —w;)  at (wo,to). (3.15)

This is the point where we start a chain of inequalities.

Write u; = G + cv — f, where G := tr{a(Du)D?u}, so that (3.15) becomes

1
0> P (tr{a(Du)D*w} — wy)
= tr{a(Du)D(v'Dv)} — tr{a(Du)D*(¢Du - Dh)} — (viv; — ¢Duy - Dh)
= tr{a(Du)D(v'Dv)} — tr{a(Du)D?*(¢Du - Dh)}

+ (=09 'Du+ ¢Dh) - DG 4 (—v? ' Du+ ¢Dh) - D(cv — f)  (3.16)

at (zg,tp). Here, we have used the fact that vv; = Du - Duy.

For the first term tr{a(Du)D(viDv)} of (3.16)), we substitute D(viDv) = qui~ 1 Dv ®
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Duv +v1D?v to get
tr{a(Du)D(v1Dv)} = qvi~'tr{a(Du)Dv ® Dv} + vitr{a(Du)D*v}.

We first check that vD?v = Qa(Du)D?*u + D3u ® Du with Q = D?u. Differentiating

vDv = D?>uDu, and using the fact that p ® ¢ = pg™™ for two vectors p, q, we get

vD?*v = D3u ® Du + (D*u)? — Dv® Dv

D?*uDu - D?*uDu

= (D?u)? + D3u® Du

v
D D
=QLQ—-Q (;L@U“) Q+ D*u® Du
= Qa(Du)Q + D*u ® Du.
Therefore,

tr{a(Du)D(vIDv)} = v? "r{(a(Du)D*u)?} + qV + X1, (3.17)

where V := v? 1tr{a(Du)Dv ® Dv} and X; := v? 'tr{a(Du)(D3u ® Du)}.
To compute the second term of (3.16]), we expand D?(¢Du - Dh) so that

D?*(¢Du - Dh) = (Du - Dh)D?*¢ + (D*uDh + D*hDu) ® Dé + D¢ @ (D*uDh + D*hDu)

+ ¢(D*u ® Dh + D*uD?*h + D*h ® Du + D*hD?u).

Since tr{a(p)(¢ ® r)} = tr{a(p)(r ® q)}, tr{a(p)AB} = tr{a(p)BA} for p,q,r € R",

symmetric matrices A, B, we obtain
tr{a(Du)D*(¢Du-Dh)} = 2tr{a(Du)(D¢® (D*uDh))} + 2¢tr{a(Du)D*uD?*h} + Xo+.J1,
where X3 := ¢tr{a(Du)(D3>u ® Dh)} and

Jo := (Du - Dh)tr{a(Du)D?*¢} + 2tr{a(Du)(D¢ @ (D*hDu))} + ¢tr{a(Du)(D3*h ® Du)}.
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Applying Cauchy-Schwarz inequality to the terms of Jy, we see that there exists a constant

C > 0 independent of T' € (0,00), 1 € (0,1] such that

Jo = (Du - Dh)tr{a(Du)D*¢} + 2tr{a(Du)(D¢ @ (D*hDu))} + ¢tr{a(Du)(D*h © Du)}
< | Dul|Dhl|lall| D*¢]| + 2||all| DS||D*hDu| + [¢|[lall| D°h © Du]

< Cv|af
02
<C ( +v>

1/2
We have used the fact that ||a|| = ( T4y — 1) < Zé +n —1, that ||p ® g|| = [pl|g| for

p,q € R™. We also have used the fact that, seen again by Cauchy-Schwarz inequality,

\D*hDu| = \/|(D*hDu) ® (D2hDu)|| = \/ | D2h DuDu™ D2LTx |

= \/\\D2h||HDuDuTrlHIDQhTfII = |D?h|[| Dul < ||ID?h]v,

and

ID*h @ Dul| = Z (Zhwzue) < Z (th> (fy;) < C|Du| < Cw,

,j=1 1,j=1 =1

where C' > 0 is a constant depending on ||h|]03(§). Since ) € (0, 1], we see that there exist

constants R > 1, C' > 0 independent of T' € (0,00), n € (0, 1] such that
J(] < Cv
whenever v > R, and therefore that

—tr{a(Du)D*(¢Du - Dh)} > —2tr{a(Du)(D¢ & (D*uDh))} — 2¢tr{a(Du)D*uD*h}

— Xy — Cw. (3.18)

whenever v > R.
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We compute the third term (—v?~'Du + ¢Dh) - DG of (3.16). By differentiating

G = tr{a(Du)D?u} and taking inner product, we obtain

Du - DG = tr{(Dpa(Du) ® (D*uDu))D*u} + tr{a(Du)(D*u ® Du)}

= vtr{(Dpa(Du) ® Dv)D*u} + tr{a(Du)(D*u ® Du)}
and
Dh - DG = tr{(Dpa(Du) ® (D*uDh))D*u} + tr{a(Du)(D3*u ® Dh)}.
Therefore,

(—v?" 'Du+ ¢Dh) - DG = —v%r{(Dpa(Du) ® Dv)D?u}

+ ¢tr{(Dpa(Du) ® (D*uDh))D*u} — X1 + X2, (3.19)

Recall that X; = v9~tr{a(Du)(D3u ® Du)} and Xo = ¢tr{a(Du)(D3u ® Dh)}.
Now, we compute and estimate the fourth term (—v?~'Du+@Dh)-D(cv— f) of (3.16).

By expansion,

(—v*"'Du + ¢Dh) - D(cv — f) = (—c;v + f.)(v7|Dul? — ¢Du - Dh)

+ (="' Du + ¢Dh) - (vDec — Df) + cDv - (=09 Du + Dh).

Since 7 € (0, 1], there exist constants R > 1, C' > 0 independent of T' € (0,00), n € (0, 1]

such that
Uq_1|DU’2 — ¢Du - Dh > vt — Pyt — ||¢||00(§)Hh||cl(§)v >0
if v > R, and therefore that

(—cv + £.) (W Dul? — ¢Du - Dh) >0
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if v > R. Here, we have used the assumption that ¢, <0, f, > 0 from (3.3)), (3.4). Also,
again by (3.3), (3.4), there exists a constant C' > 0 independent of T' € (0,00), n € (0,1]

such that

(="' Du + ¢Dh) - (vDe — Df) = —v?|Du||De| — o7 [Dul[|[ D | oy

— Rl gy Dl = 1ll s gy 1D F oy

> —|Dep?™ — C(v 4 v7).

Therefore, there exist constants R > 1, C' > 0 independent of T' € (0,00), 1 € (0, 1] such

that at (zo, o)

(=09 Du+ ¢Dh) - D(cv — f) > —|Dc|v?™ — C(v + v9)

+ cDv - (—v? ' Du + ¢Dh) (3.20)

whenever v > R. We will give a bound of the term cDv - (—v9~1Du + ¢Dh) at (x,tg)

later.

All in all, by the estimates (3.17)), (3.18), (3.19), (3.20), we obtain that there exist

constants R > 1, C' > 0 independent of T € (0,00), n € (0, 1] such that at (zo,to),

1
0> i1 (tr{a(Du)D2w} — wy)

> J1 + Jy — |Defp™ 4 (g+1— )V — C(v +07) (3.21)
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if v > R, where

1= (1= e)ot te{(a( Du)D*w)?} — %vqtr{(Dpa(Du) © Dv)D%u}
+ ¢Dv - (—v? tDu 4 ¢Dh)
Jo = eo" Y (a(Du) D)} — équtr{(Dpa(Du) © Dv)D%u}
— 2tr{a(Du)(D¢ ® (D*uDh))} — 2étr{a(Du) D*uD?*h}

+ ¢tr{(Dpa(Du) ® (D*uDh))D*u}.

Here, € € (0,1) is a number to be determined, and we have used the fact, from Lemma

with € = Dw, that

1
—ivqtr{(Dpa(Du) ® Dv)D?*u} = v? Mr{a(Du)Dv ® Dv = V.

Step 2. We estimate J;.

We first write, with Q = D?u,

tr{(a(Du)D*u)?} = tr { (In - D“S’f“) Qa(Du)Q}

D?uDu - D2UDU) }

v v

= tr{a(Du)Q*} — tr {a(Du) (

= tr{a(Du)(D?*u)?} — tr{a(Du)Dv ® Dv}.

Apply Cauchy-Schwarz inequality ||c||?(|8]|? > tr{aB8™}? for tr{a(Du)(D?*u)?} with a =

VvaD?u, B = \/a to obtain

tr{ap™r}? G?
tr{a(Du) (D) = ol > i E -
B v2
1 7]2 2
- - (e —cv 4 f)
n—1 v%nl)(nl—l—ﬁi))
1
> 2 — Cv




68

for some constant C'> 0 depending only on ||| co@xr) ¢llco@xr) @2nd M > 0 in Lemma

We have used Lemma the assumptions (3.3), (3.4) and the fact that n € (0, 1].

Therefore, there exist constants R > 1, C' > 0 independent of T' € (0,00), n € (0,1] such

that
1
tr{a(Du)(D*u)?} > *v? — Cv
n p—
if v > R, and thus such that
1—
(1 - e)v? "tr{(a(Du) D*u)?} > %C%QH —(1-e)V —Cvt (3.22)
”’L fR—

if v > R, e €(0,1). The number ¢ € (0,1) will be explicitly chosen later. We note that
the term tr{(a(Du)D?u)?} is used to derive the term —-c?v?™ as a lower bound, which

is crucial to obtain the bound v < R.

For the third term of Jy, we claim that at (xg, %), it holds that
lcDv - (=07 'Du + ¢Dh)| < Cv (3.23)

for some constant C' > 0 independent of T' € (0,00), 1 € (0,1]. Note that Dw = 0 at

(0, t0), so that

1
0=——=Dw:Du
q+1

=v%Du - Dv — (Du - D¢)(Du - Dh) — ¢(D*uDu) - Dh — ¢(D*hDu) - Du.
This implies that at (zo,to),

¢Dv - (—v?" ' Du+ ¢Dh) = —= ((Du - D¢)(Du - Dh) + ¢(D*hDu) - Du) ,

C
v
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and thus that at (zo,to),

. 1
cDv - (=%~ Du + ¢Dh)| < ||CHCO(§xR) (H¢||cl(§)Hthl(§) + Hthz(ﬁ)||¢”00(ﬁ)) ;|DU’2

< Cw

for some constant C' > 0 independent of T' € (0,00), n € (0,1]. We have used the fact

that |Du| < v and the assumptions (3.3)), (3.4).
Together with the fact that

1
—ivqtr{(Dpa(Du) ® Dv)D*u} = v? tr{a(Du)Dv ® Dv} =V,
and with (3.22), (3.23]), we conclude that there exist constants R > 1, C' > 0 independent
of T € (0,00), n € (0, 1] such that

1—
Jp > nf_iczv‘”l +eV —C(v+v9) (3.24)

if v > R.
Step 3. We estimate Js.

Before we start the estimate of Jo, we rotate the axes at xy and compute the second

derivatives of u with respect to these axes. Take axes at xy such that
uy = |Dul, up=0,1=2,---,n, (uij)2<ij<n is diagonal. (3.25)
Then, a” = a*(Du) is simplified as

all = = at=1,i=2,---n, ¥ =0, i#]. (3.26)
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Using Dw = 0 at (zg, to), we obtain, at (xg, to),

n
qulululi - (bZUgihg = (¢zh1 + ¢h1i)u17 1=1,--+,n.
(=1

For ¢ > 2,
v gy — duiihy — dughy = (¢ha + dhi)ur, i=2,--- ,n,
and thus,
w1 = Fur + Fiug, 1=2,---.,n, (3.27)
where
E; = m, = vqlzihi—gbhl’ 1=2,--,n. (3.28)
For:=1,

v ugugy — ghyugy — ¢Z heure = (p1h1 + dha1)us.

(=2
As above, we get
n
u11 = Fhrup + Z nguég, (3.29)
=2
where
$1h1 + dhiy ¢ .
FEy = heEjy. 3.30
! vi—ly; — ohy + vi—ly; — oh1 Zz—; et ( )

Now, we write Jy = ev? 1tr{(a(Du)D?*u)?} + S1 + Sz, where

Sy := —2tr{a(Du)(D¢ @ (D*uDh))} — 2étr{a(Du)D*uD?h},

Sy 1= —%avqtr{(Dpa(Du) ® Dv)D?u} + ¢tr{(Dpa(Du) ® (D*uDh))D*u},
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and we bound S1, So.

We start with S7. By expansion,

Sh ( ~¢1Duy - Dh + Z d¢Dug - Dh + ¢Du1 Dhi + ¢ Z Dy - Dm)

(=2 =2

2 n
=2 (ZQDul - (¢1Dh + ¢Dhy) + Y Dug - (¢¢Dh + ¢>Dhg)> .

Let Hy; := ¢ph; + dhy; for each £,4 =1,--- ,n. Then,

(=1 (=2

2 2 n
— Ui
=-2 ( ui Hi + E Uiy <02H1e + Ha) + ;2 uzeHez> :

(=2

2 m n
S; = -2 (ZQ Z ueHyp + Z(UlfHél + UMHM)>

Using (3.27)), (3.29), we get
S1=— (( Hyi1 Ey +Z < Hlé“‘Hél) Ez) u

(=2

2
+Z ( H F? + (ZQHM + Ha) Fy+ Hee) uee)

Note that since n € (0, 1],

n? = (>
UjH11E1 + Z <v2

(=2

Hyp+ Ha) E) <Cvf,

n? n?
72H11F£2 + <2Hlé + Hg1> Fg +HM < C
v v

for v > 1, for some constant C' > 0 that depends only on ||¢|| 1@ 1Rl c2(m)- Therefore,

there exist constants R > 1, C' > 0 independent of T' € (0,00), n € (0, 1] such that

S > -C <Ulq + Z ‘ugg|) (3.31)
(=2

for v > R.
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Now, we estimate So. Applying Lemma with € = Dv and with ¢ = D?uDh, and

by expansion, we see that

Sy = ev? Yr{a(Du)Dv @ Dv} — %tr{a(Du)(D%LDh ® Dv)}

I PR 20 (n? ;
= v ?vl —|—Zve —7 ﬁ’l}l(Dul Dh)“‘ZUZ(Duth) :
(=2

(=2
Let Ky := ¢v=Y(Duy - Dh) for each £ = 1,--- ,n. Then,

2 n
n —1.2 -1,2
Sy = = (ev? — 2K + E q — 2K
2= 5 (ev? toy 101) Z72(51} vy 7Ug)

2 2 2 n 2 2
_n g—1 _ K; _ K7 g—1 _ Ky _ Ke
=2 (sv <v1 qul) qu1> + ;; <5v Uy i1 o

n
—e TR et E K}
=2

v

In the last inequality, we have used the fact that n € (0,1]. By expansion and (3.27)),
(3.29), we have

n n
Ky =¢v <h1u11 + Z hzuw) = Kju + ZKMU%
=2 £=2
where
n
Ky = ¢o ! Zthg, K= ¢v Y (M F} + heFy), forl=2--- n. (3.32)
=1
Then, by Cauchy-Schwarz inequality,
n 2 n
—K12 = — (Kllul + Z Kuua) > —nK%lu% — ZRKIQZU%Z'
=2 =2

Similarly, it holds that, for £ =2,--- | n,

Ko = ¢vt (hyuye + houp) = Kouy + Kopug,
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where

Ky = ¢v 'hEy, Ky:=¢v Y(hiFy+hy), forl=2,--- n, (3.33)

and, by Cauchy-Schwarz inequality, for £ =2,--- | n,

~K} = — (Kpui + Kpug)® > —2K3u — 2Ku,.

Therefore,
n
Sy > —Eflvfl’qu — eIyl Z ng
(=2
n
-1 2 -1 2
> —¢ Sglul — & Z SQ(UN, (3.34)
=2
where

n
So1 = nv UK 4 20171 Z K}, Sop:=nv "IKE, + 20 TUKE, for £=2,--- n.
(=2

(3.35)

By (3.31)), , we see that there exist constants R > 1, C' > 0 independent of
T € (0,00), n € (0,1] such that

n n n

—1 2 1- —1 2 _—1 2

Jy > evt ZW@‘C(U q—i—Z\uM) —& “Sqjuf —¢ ZSgguM
(=2 /=2 (=2

for v > R. Note that there exists a constant C' > 0 that depends only on [|¢|[ o1 @), (12l c2(q)

such that, by (3:28), (3:30),

n n
Eil+ ) |Ed + ) |F| < Co,
=2 =2
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for v > 1, and in turn, by (3.32]), (3.33)

\Klll+Z\K1£|+Z\K61!+Z|Kal < Cv 'Y,

(=2

for v > 1, and thus such that, by (3.35))

n
[So1| + ) [ Sae| < Co~t 75
(=2

Therefore, there exist constants R > 1, C' > 0 independent of T' € (0, 00), n € (0,1] such

that
n n n
Jo > ev?! Z uz, — C(v' ™7 4 Z luge|) — Ce™ w31 — Ce™! Zv_l_‘gquﬁg
(=2 (=2 £=2
n
> —Cvl1 — Ce ! 3 4 Z (vIt (e — Ce™ ™) g, — Clug))
(=2

for v > R.

For a given € € (0,1), choose R. > 1 that may depend on ¢ € (0,1) but not on

T € (0,00), n € (0,1] such that Ce~'v™ < £ if v > R.. Then, for v > R,

Jo > —Cv'1 — Cem ol 3Q+Z( vl™ 1u@@—C’|ugg|>
=2

2
O _ eyl 3q+z € a1 |W,_L _ o .
gve—1 2ev1-1

All in all, for each ¢ € (0,1), there exist a constant C' > 0 independent of T' €
(0,00), n € (0,1] (also of € € (0,1)) and a constant R, > 1 that may depend on € € (0,1)

but not on 7' € (0,00), n € (0,1] such that
Jo > —Co'™9(1 471 (3.36)

for v > R..
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Step 4. We finish Case 1.

We come back to the maximum principle (3.21)) applied at (xg,ty). By (3.24] - -,

we see that there exist a constant C' > 0 independent of 7' € (0,00), n € (0,1] (also of
€ (0,1)) and a constant R. > 1 that may depend on e € (0,1) but not on 7" € (0,00), n €

(0, 1] such that

1—
0> ( icZ - |Dc\) v (g + 1)V = C(v +v9) — Col 97!
n

for v > R.. Now, we apply the condition (3.9); take

o 1mi { (n-1)8 }
el
For this choice of e € (0,1), it holds that 2=5¢* — |Dc| > 16, and R., ¢! are fixed.

Therefore, by taking this choice of € € (0, 1), we see that there exist constants R > 1, C' > 0

independent of T' € (0,00), n € (0,1] such that at (xo, to),
0 g1
0251)‘1 —C(v+v7)

if v > R. Here, we have used the fact that V' > 0. On the other hand, there is also a

constant Ry > R independent of T € (0,00), n € (0,1] such that
0 q4+1
0<§vq — C(v+07)

if v > Ry. Therefore, it must hold that v = v(xg,ty) < Ry, which completes Case 1.
Case 2: zg € 0.
Step 5. We bound the normal derivative of w at (xq,ty) with a geometric constant.

Recall that Cpy(zg) = max{\ : A is an eigenvalue of — k}, where k := (méj)?]_.:ll is the
curvature matrix of 9§ at zg, and that Cy = sup{Co(y) : y € 9Q}. For ¢g € (0,1), we let

L = (q+1) (Cy 4 €p). The goal of this step is to prove that for any given number gy € (0,1),
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there exists a constant R., > 0 which depends on €p but not on 7' € (0,00), n € (0,1]
(also not on z € 012) such that w > 0 and g—%’ < Lw at (xo,tp) whenever v > R, .

Changing a coordinate on R", we may assume without loss of generality that xy =
0,---,0), f(xg) = (0,---,0,—1), and that 2’ = (21, -+ ,2,—1) is a principal coordinate
system of 9 at xg. We may assume that the xy—axis lies along a principal direction
corresponding to kg, £ = 1,--- ,n — 1, respectively. By Lemma there are open
neighborhoods U, V' of (0,---,0) in R® and a C? diffeomorphism g : U — V, and there is
a number o > 0 satisfying the properties (i), -- -, (iv) of Lemma For each function
¢ = u,v,w,¢,h on VNQ, we define the function ¢ on U N g1 (Q) = {y = (y1, -+ ,yn) :
yeU, y, >0} by ( = Cog. Welet yo = g~'(x). The different characters g, yo are
used to distinguish where they belong to, i.e., the domains V, U of definitions, respectively,
though the both are the origin.

We introduce notations to denote vectors and derivatives in y = (y1,-+- ,yn). For a

C' function ¢ defined on U, let

_ T _ _
VC::<8C-' 8C> , V'C::<ac’...7 8<> ’

oy’ ' " Oyn,

and for the C! function ¢ := Cog~! on V, let

_(0¢ o\ (8¢ a¢ \"
DC_<8J;1778.IH> ) DC'_(a:Ulf"aaxn_l) .

If ¢ is a C? function on V, we let

% :
50~ (3 () - (35))
i 0= (o () (o))
ain (D¢) = <a§n (fifl) ’5‘3“ (;;))Tr,
200 (8 (%) ()"
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We use the same notation, -, for the inner product in R", now including the vectors in R™
just introduced above. By abuse of notations, we use the notation, -, for the inner product

in R"~!, also including the above vectors in R”~! just introduced. We write the curvature

K as
K1 0
K= ,
0 Rn—1
and we let _ )
K1 0
K= ,
Rnp—1
0 Kn

with x, = 0 for convenience for later.

With the above notations, Lemma [3.2.2| states that

VZ = (In - ynE)DC7

and

5.-(70) = (I = ) 3. ~(DO) = (I = ) 'R

on the line {(0,---,0,y,) € U : 0 <y, < o}, in the setting of Lemma

We start the estimate of g—“l(xo, to). In order to estimate g—%’(xo,to)( 83: Y (0, t0) =
—%(ym to)), we first compute , Vo, V'u - 8 (V'w) in turn. Note that for the normal
derivatives, we have the additional negative sign, since n(zy) denotes the outward unit
normal vector at xg, while the inward unit normal vector at xg and the inward unit normal
vector at yg lie on the positive x, —axis and the positive y,, —axis, respectively.

To compute , we differentiate 72 = 52 + |Du|? on the line {(0, - ,0,9,) : 0 < y, <
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o} in y, to obtain

21)(;1 28; (I = yoR)"1VT) - (I, — yuF) "' VT
3~ g O
=2 ((I, — ynk) *&VT) - VT + 2 ((In — ynR) 2 9 (Vu)) Bvrs

on the line {(0, 0,yn) : 0 <y, < o}. Since l = —¢v' 7 at (yo,t0) and Kk, = 0, we
obtain

61} 1 8 J— f_q 627 /— /—

ayn 58 (V') - V'u — ¢v 2 + U(KV u) - V'a. (3.37)
at (yo, to)-

We compute V'D at (yo,t0). Since yp is a maximizer of w(-,to) on U N g~1(dQ) =

{y = ,0) € U:vy = (y1,--+ ,yn—1)}, it holds that V'w(yo,tp) = 0. Note also that

w=v""" — (g + 1)52@1*‘7 on (UNg 1(09)) x {to}. Hence, at (yo,to),

0= H—lv’ =TIV'T — 2677V p — (1 — q)$2ﬁ‘qv’@,

which gives

2hoi—4 _
VT = il v'é (3.38)

71— (1— ) o1

2q
at (yo,t0). Here, we are assuming (0(yo,tg) =)v(zo,to) > <|1 —qlll®llZo 89)) so that

1/
1 —(1-— q)¢ v~7 > 0. In the other case when v = v(xg,ty) < <|1 . Q|||¢||Co am) q, we

already achieve our goal.

We compute V'u %(V’ﬂ) before getting into the estimate of g% at (zo,to). We

differentiate % = —¢v'"% on (U N g_l((?Q)) x {to} inyy, £=1,--- ,n— 1, to have

0 ou ) =7~ (1—q)pv V.

V') = V' (
o, VI =V'{5,
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By (3.38]), we obtain

_ — T2 _
v 2 (v = v v 20T o o
OYn v —(1—¢q)p v ¢
1— —2q _
e Gl s (3.39)
vl —(1—q)p v~
We now estimate % at (xo,tp). On the line {(0,---,0,y,) : 0 <y, < o}, we have

1L ow_ 1 90 (o7 —

¢+10y,  q+19y,
ov ob

(q+ 1)@(In — ynk) >V - Vh)

= @qa—yn — 8—%(1,1 — ynR) 2VU - Vh — 2¢(I,, — yuR) KV - Vh
— (I, — %)—Qi(vu) Vh — oI, — yuR) "2V - 0 —(Vh)
" Sy, o Oy
Note that s, = 0 and that V'A = 0, dayh = —1 at (yo,tp). Also, V' (%) = 0 on

UNg='(09) since gh = —1on UNg 1 (09Q). Therefore, at (yo,to), we get

1 ow g OV 0 Ou —0*u® - Ou 0%h

qg+1 aiyn - 8yn " oyn &yn ayn * (b ay% ¢8yn ayn

By (3.37)), (3.39) and the boundary condition that 6‘972 =—¢v'"%on (UNg 1 (09)) x{to},

we obtain, at (yo, to),

1 ow 0 —0%u
- 77 51 1 I— /— A v v B e
1oy, <V o0, —(V'u) + (kV'u) -V u) ¢6y%
op ou —0’u® — Ou 0*h
* S P oE Vo ot

—q . *277[1 B
v+ Q)ﬂv V- V'¢+vT 1 (kV'a) V'

71— (1—q)pv1

508 1, 5000

8yn 8yn aiy% (3.40)

—¢

At this point, we emphasize the cancellation of the terms i&% while we compute the

normal derivative gTﬁn at (yo,to). The term g% is the hardest term to get information

among the terms in the Hessian D% of .
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We recall the definitions of Cy(zg), Co;

Co(zg) = max{—A\ : X is an eigenvalue of k at z¢},
Co = sup{Cop(zp) : xo € ON}.
- 2 /24 2, 2 1
Also, if v > (2|1 - q’Hd)HCO(aQ)) =: Ry, then |(1 — q)¢*v™21| < 5 at (z0, %), and thus,

1 vi4(1—q)p*v 1
- 10) < 3.
3% v (1 gz )

Note that Ry is independent of T' € (0,00), n € (0,1], zo € 9. Lastly, we check that

giyé(yo) = g%‘(xo) since the coordinate change g : U — V is the identity on the line

{00, ,0,yn) : |yn| < o}

Finally, if v = v(z,%0) > Ro, and also if n € (0, 1], then

< 3|Du(wo,to)| |De(z0)| + Cov(zo,t0)? ™| D'u(wo, to)|*

+ (o) || Do) [v(zo, to) ™ + [é(z0) [ Duzo, to) || D*A(xo)l,

fI"OIn the faCt that Laif _ZUO’ to g _Laj y07 tO and 340 . By the boundary Condition
g+1 on q+1 Oyn
% = —¢v'™7 at (wo,t0), we see that

) 2 _
|D'u(xo,t0)|* = v(zo,t0)* — <8;(%’0,t0)> —n* = v(z0,t0)* — ¢(z0)*v(z0, t0)* > — °.

Together with the fact that n € (0,1] and that

Cov(zo, o) (—(z0)*v(20, t0)* > — 0*) < |Coll|DlI70 50 v (@0, t0) % + |Colv(zo, o),
(09)
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we obtain that

< 3|[Dg | co a0y v (o, to) + Cov(o, to) ™ + |Col 6] 20 (a6 v (0, to) '~ + |Colv(wo, to) ™"

+¢llco@a) 1Dl coaa) v(o, to) ™ + [0l oo Pl c2 o0y v(x0, to)
Therefore, if v = v(xzg,tg) > Ry, and also if n € (0, 1], then

1 ow
— < Lyttt
g+1om =1

at (zo,to), where

Ly := Co + 3[|[ Dol coaayv™ + \CO|H¢||2CO(BQ)U_2q + [Colv™?
+ 19l cogany 1Dl co ooy ™4 + 19l coany 1Pl c2an)v ™7,
with v = v(xg, to).
Note that for a given ) € (0,1), it holds that 1 —ef, < 1—(g+1)¢*v 29 < 1 +¢{, when
o> max {1 Ro. (0 + Dolngey ) )
R > 1 that may depend on gp but not on T' € (0,00), n € (0,1], zo € 0N such that

}. Thus, for a given ¢}, € (0,1), there exists

Co<Li<Co+eh,and 1 —ef <1—(qg+1)p?v ™27 <1+ ¢f, and that (14%13% < Lyvtt!

whenever v > Ry . Also, w = v7™ — (¢ + 1)¢*0' ™% > (1 — gf)v?*! > 0 on IQ x {to}
whenever v > R

For a given ¢ € (0,1) and for v = v(20,t9) > Ry, 1 € (0,1], we have

L@i} < lequl
g+ 10n
q+1
Ll Y w
Vit = (g + 1)g?01
Ly

T—(g+ D221
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at (Io,to). If Cy + 66 >0,

Ll Co + 66
l—(g+1)¢?v=20 = 1—gp’

and if Cy +66 <0,
Ly < Co+ 86
L= (g+1)p*v=20 = 14¢; "

For a given g € (0, 1), there exists ¢, € (0,1) that depends only on ¢y such that

C ‘ C f
O+fO<C’0+€0 and 0+f0
1—¢ 1+¢

< Cy + €.

Therefore, for a given ¢g € (0, 1), there exists a constant R., > 1 that may depend on &g

but not on T' € (0,00), 1 € (0,1] and also not on zy € I such that at (zg, ), w > 0 for

v > R, and
1 ow
g+1os < (Gote)w,
or
ow
— < L 41
95 < Lw (3.41)

for v > R.,, where L = (¢ + 1)(Cp + £¢). Note that we relied on the fact that zg is a
maximizer of w on 9 x {to}, and this condition will be emphasized in future applications
in the estimate on the boundary.

We claim that if Cy < 0, then v(xg,t9) < R for some constant R > 1 that does not
depend on T € (0,00), n € (0,1] and also not on zy € 9. This is because if we choose
€g = %min{ %, —%C[)}, then there is a constant R = R, which is now fixed by the choice

of g, such that w > 0 and

1 ow
m% < (CO+€0)IU
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if v(xg,t0) = v > R = R.,. If it really were that v(zg,t9) > R = Re,, then we would have

1 ow
q—’—ilﬁ < (CO+EO)1U<O.

However, this is a contradiction, since xq is a maximizer of w on Q x {to}, it must hold
that g—’ri: > 0 at (zg,tp). Therefore, v(zg,tg) < R for some constant R > 0 that does not
depend on T' € (0,00), n € (0,1] (also not on zp € 92). Since our goal is to prove the
bound v(xg,t9) < R, we are done in the case when Cy < 0, and this argument verifies
Theorem in the case when Cy < 0 under the assumption with Cpy < 0.

It remains the case when Cy > 0. From now on, we assume that Cy > 0, and thus that

L >0.

Step 6. For a new function ¢ := pw, we get a new maximizer (z1,t1) of 1 with
x1 € Q,t1 > 0 by choosing a specific multiplier p. We apply the maximum principle to ¥

at (z1,t1) in order to bound v(z1,t1).

Let ¢ := pw with a multiplier p = p(z) that is smooth on R™. We require that p(z¢) =
1, %(mo) = —L. Let B = B(xz., Ky) be the open ball with the center x. := xy — Koni(zg)

so that B C Q and BN (R"\ Q) = {x¢}. Choose

L

LK,
p(x) == —2—K0|a: —x)? + ?0 +1.

Since we assume L > 0, it holds that p > 1 in B. Also, p is a quadratic function in |z —z.|,

and p(z) = 1, 54(w) = —L. Then, by (3:41),

oY ow dp Ow

A A B t (xo,t

o8~ "am TVeR ~or T D=0 at(aot)
if v(xo,to) > Re, for a given gg € (0,1).

For a given g9 € (0,1), assume v(xg,t9) > Re,. Say the maximum of ¢y = pw on
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B x [0,T] occurs at (x1,t1) € B x [0,T]. If t; = 0, then
w(xo,to) = p(zo)w(zo,to) < p(z1)w(z1,t1) = p(x1)w(z1,0) < R,

for some constant R > 1 independent of T" € (0,00), n € (0,1]. Thus, it proves that
w(zg, tp) < R in this case. Using the fact that 1+t — Cv < w for some constant C' > 0
depending only on [|¢[|coq), [[7llc1 (@) We see that v(zo, %) < R, and we reach our goal.
Therefore, we now consider the case when t; > 0, and we assume t; > 0 from now on. If

x1 € OB, then p(x1) = p(xp), and thus,

p(z1)w(zy,t1) < p(zo)w(zo, to)-

However, p(zo)w(xo,t0) < p(x)w(x,tg) for some x € B since 8(8’)%”) (zo,t0) < 0. It contra-

dicts with the choice of (z1,t1) € argmaxg, 1o 7 1. Therefore, z1 € B, and it suffices to
consider the case (z1,t1) € B x (0,T].

For a given ¢ € (0,1), we always assume from now on that v(zg,?9) > R, so that
w > Oand are valid. Also, we assume that a maximizer (z1,t1) € argmaxg, (o P
happens in B x (0, 7], since we achieve the goal, i.e., to prove v(xg,tp) < R, in the other
cases from the above argument. Fix (z1,t1) € argmaxg, o ) ¥ N (B x (0,77).

Before we move on the next step, we check that there exists a constant C' > 0 depending
only on [|¢[|co)s lIAllcr gy such that the condition v(xo,to) > Re, with Re, > (8C')q%
implies the condition v(z1,t1) > (%)qTll R., =: R.. This is because there exists a

constant C' > 0 depending only on [|¢|[cog): |7llc1 ) such that
U(xo, to)q+1 - C’U(xo, to) < w(xo, to) < p(.%'l, tl)w(:cl, tl) < C(U(l’l, tl)q+1 + v(xl, tl)).
_1
Moreover, if v(zg,ty) > Rs, with Rz, > (8C)a+1, then

1 1
§Rgo+1 < 51’(9507’50)(”1 < v(zo, t0) " — Cv(wo, to) < C(v(z1,t1)" + v(x1, t1)).
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If v(z1,t1) < 1, then we would have %Rg;rl < 2C, which contradicts to R, > (SC)qul.
Thus, v(z1,t1) > 1, which gives %jol < 2Cv(w1,t1)7"! and the conclusion that v(xy,t1) >
RL,. We note that this is true whenever we replace the constant C' > 0 by a larger one.
Writing R, = (%)qﬂ%1 Ry, Rey, = (40)# R., (and also for R, R’ similarly), we can
state the above equivalently that if v(z1,t1) < R, then v(zg,t9) < max {REO, (SC)q%}

Accordingly, we change our goal from verifying v(xg,t9) < R to proving v(z1,t;) < R'.

By the maximum principle, D%y < 0, 1y > 0 at (x1,t1), and thus,

1
0> @;Iijg(u{a(Du)D2¢}——wg (3.42)

at (x1,t1). Substituting the derivatives of 1 with those of p and w, we obtain, at (x1,t1),

ptr{a(Du)Dw ® Dp} + qil(tr{a(Du)D2w} — wy).

w 2
0> ﬁtr{a(Du)]_ﬁp} + W

“(¢+1)
(3.43)

Following the computations up to (3.21]) in Step 1, we see that there exist a constant
C > 0 independent of T' € (0,00), n € (0,1], o € (0,1) and a constant R. > 1 that may

depend on gy € (0,1) but not on T € (0,00), n € (0, 1] such that, at (x1,t1),

1
0> i1 (tr{a(Du)D2w} — wy)

> Ji 4 Jo — | Dot + (g + 1 —g0)V — C(v +v9) (3.44)

if v =wv(z1,t1) > R,

€07

with the same definitions of J;, Ja (¢ replaced by ).

We check for a moment that, at (z1,¢1),

V>V + (3.45)
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where

im0 (™) © (G ™) )

Vo = —20 T 1y {a(Du) (Mm) ® ((Du- Dh)D¢ + ¢D*uDh + ¢D2hDu)} .
At (z1,t1), we have that Dy = wDp + pDw = 0 so that
~YDp=(q+1)®'Dv — (Du- Dh)D¢ — ¢D*uDh — $D*hDu).
p

By putting

vIDv =~ Dp+ (Du- Dh)Dé + $D>*uDh + ¢D2hDu
(g+1)p

into V = v? Ytr{a(Du)Dv ® Dv} = v~ 9 Ytr{a(Du)(viDv) ® (v1Dv)}, we obtain (3.45)).

By (3.43), (3.44)), (3.45)), there exist a constant C' > 0 independent of T' € (0,00), 1 €

(0,1], €0 € (0,1) and a constant R., > 1 that may depend on go € (0,1) but not on

T € (0,00), n € (0,1] such that, at (x1,¢1),

0>

tr{a(Du)D?*p} + ( tr{a(Du)Dw ® Dp} + (¢ + 1)V1>

w 2
(g+1)p (g+1)p

+ J| + Jb— | Dot — Cv+v9)  (3.46)
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if v =wv(z1,t1) > R._, where

€07

Jii=J1 — eV
= (1 — 0)v? Yr{(a(Du)D*u)?} — %vqtr{(Dpa(Du) ® Dv)D?u}
+ ¢Dv - (—v?7Du 4 ¢Dh) — 4V,
Jy:i=Jo+ (¢+1)Va
= cou M tr{(a(Du) D)’} — Jeovttr{(Dya(Du) © Dv) D)
— 2tr{a(Du) (D¢ ® (D*uDh))} — 2¢tr{a(Du) D*uD?h}

+ ¢tr{(Dpa(Du) ® (D*uDh))D*u} + (q + 1)Va.

Step 7. We estimate the terms of (3.46]).

We start with the first term of (3.46)). By the fact that D?p = —K%)In and p > 1in B,

we see that

w 9
e 1>ptr{a(Du)D p}
B w L n?
" (g+1)p <_K0> <v2 e 1)
> —#(vq“ + (¢ + Do)l com 1l o @yv) <772 +n— 1) .
= (g+ 1)Ko co@lMler @) | 2

Therefore, there exists a constant C' > 0 independent of T' € (0,00), n € (0,1], g9 € (0,1)

such that, at (z1,t1),

W fa(Du) D _(n—l)(CO‘f'EO)qu_
G a2 X

Cv+v?) (3.47)

if v =wv(x1,t1) > 1. Here, we have used the fact that n € (0, 1].
We bound the second term of (3.46)). Since Dw = —5Dp at (x1,%1), we obtain

—l=a _ 9 D D
tr{a(Du)Dw ® Dp} + (¢ + 1)V1 = Wtr {a(Du)pp ® p/)}

2
(@+1)p
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at (x1,t1). From

v = (g + DIl cop IRl crgyr < w <o+ (g + Dl coggy IRl

we see that there exists a constant Rfc.o > 1 that may depend on gy € (0,1) but not on
T € (0,00), n € (0,1] such that [wv™9! — 1| < g for v > R, . Using the fact that
2
o, 001 Do

0<tr {a(Du) ® —
p " p p

and the fact that

w < 0T+ (g + D)l cog 1ll o1 @y v

once again, we see that there exist a constant C' > 0 independent of 7' € (0,00), n €
(0,1], €0 € (0,1) and a constant R, > 1 that may depend on gy € (0,1) but not on

€ (0,00), n € (0,1] such that, at (z1,1),

2

mtr{a(Du)Dw ® Dp} + (¢ + 1)V > —(q+ 1)(Co + €0)*(1 + g0)v? ™ — Cv. (3.48)

if v =w(x1,t1) > R

We give an estimate of the term Jj of . Following the same computation of .Ji,
we have with ¢ instead of €, and thus, we see that there exist a constant C' > 0
independent of T' € (0,00), 1 € (0,1], €9 € (0,1) and a constant R, > 1 that may depend

on gg € (0,1) but not on T € (0,00), 1 € (0,1] such that

1
(1 — 0)v? *tr{(a(Du)D*u)?} — §vqtr{( Dpa(Du) ® Dv)D*u} > 610 AvIt 4 ggV — O,

(3.49)

: /
ifv> R .
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We claim that at (z1,¢1), it holds that, for v > 1,
|cDv - (—v? ' Du 4 ¢Dh)| < Cv + (Co + £0)|c[v?™! (3.50)

for some constant C' > 0 independent of 7" € (0,00), n € (0,1], €9 € (0,1). Since Dy =0

at ($1,t1),

1
0= mmp - Du
=v?Du - Dv — (Du - D¢)(Du - Dh) — ¢(D*uDu) - Dh — ¢(D*hDu) - Du
w

This implies that at (z1,¢1),

cDv-(—v" ' Du+¢Dh) = — <(Du - D¢)(Du - Dh) + ¢(D*hDu) - Du —

C
Z — — Dp-Du),
v (g+1)p P )

and thus that at (z1,%1),

Lic|
Ko(q+1)

< Cv+ (Co + go)|c|v?tt

eDv- ("' Du+ Dh)| < Cv + 21— 2 (0 + (g + DIl oy 1l )

for some constant C' > 0 independent of T € (0,00), n € (0,1], &9 € (0,1).
By (3.49), (3.50), we conclude that there exist a constant C' > 0 independent of
T € (0,00), n€(0,1], €0 € (0,1) and a constant R, > 1 that may depend on ¢ € (0,1)

but not on 7' € (0,00), n € (0,1] such that

1—
J > < 610 & — (Co+ 80)|c\) vt — C(v +09) (3.51)

if v > RL .
Now, we bound the term J} of (3.46). Taking the axes at x; so that (3.25]) holds, and
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calculating uy;, i = 2,--+,n, w1y using pDw+ wDp =0 at (x1,t1), we obtain
u; = Eyug + Fiug + Giw, 1=2,---,n, (3.52)
where
g OhiEoby L g
v4tuy — dhy viluy — ohy’ 2T
and
Gi= — Pi i=92,---,n.

(g + 1)p(vi=tuy — phy)’

For i =1, we get

n
uiy = Byuy + Y Fiug + G, (3.53)
(=2

where

¢1h1 + ohn o &

Fq = heE
! vq—lul — ¢h1 + Uq_lul — ¢h1 gz_; b

and

p1 ¢ .
G :=— heGy.
LS O T T ) o — gy 2

The definitions of E;’s and F;’s are the same as before, and we display them to recall.
Note that the denominator v 'u; — ¢hq is nonzero for v > R’ for some constant R > 1
independent of T' € (0,00), n € (0,1], 9 € (0,1).

Write

wv

AT
Jh = z—:ovq_ltr{(a(Du)Dzu)2}+Si+S§—Ttr{a(Du)Dp@((Du-Dh)D¢+¢D2hDu)},
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where
—q—1
S1i=51— Mtr{a(Du)Dp ® (D*uDh)}
= —2tr{a(Du)(D¢ @ (D*uDh))} — 2¢tr{a(Du) D?*uD?h}
—g—1
- m:gbtr{a(Du)Dp % (D2uDh)},
Sh:= 8

= —%50vqtr{(Dpa(Du) ® Dv)D*u} + ¢tr{(Dpa(Du) ® (D*uDh))D*u},

with S1, S2 defined as in Case 1 (e replaced by ).

Computing S} in a similar manner as before, we get

2 n 2
'— o (LHE " g, +m, ) E
S ((Ug 11 1+Z<v2 10+ | By | uy

(=2

n 2 2
n n
+) <U2H{1FE + (U2H{4 + Hgl> F+ H@ W)
=2

2 n 2
-2 <ZQH{1G1 + Z Ge <22Hiz + Hé1>> w,
=2

where Hj; := Hy; + w“‘;‘1¢ pohi = dohi + dhy; + w”‘;"1¢ peh; for each £,i =1,--- ,n. Note

that since n € (0, 1],

n? = [’
ﬁHhEl +) <2Hie + H21> Ey

<Cvf,
v
(=2

o o (T
!/ ! !/ !/
L+ (,UZHM + Hel> Fyp+ Hy

<,

< Cv™1

n? & n?
SHL G+ > Gy <U2H{£ + Hé1>
=2

for v > R’EO. Here, R;O > 1 is some constant that may depend on ¢y € (0,1) but not on
T € (0,00), n € (0,1], and C > 0 is another constant independent of T € (0,00), 1 €

(0,1], 9 € (0,1). Using the fact that [w| < v9™! + (g + 1)[[¢]l cogy 1Bl @) v: We see that
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there exist a constant C' > 0 independent of T' € (0,00), n € (0,1], 0 € (0,1) and a
constant R > 1 that may depend on ¢ € (0,1) but not on 7' € (0,00), n € (0,1] such

that

S, > —C (v +) \uze!) (3.54)
(=2

/
for v > R .

Following the same computation of S5, we have
n
Sy > —eg v IKE — g to! e Z K2,
(=2

where Ky := ¢v~!(Duy - Dh) for each £ = 1,--- ,n. By expansion and (3.52)), (3.53), we

have

n
K1 = Kjup + ZKMUM + Myw,
=2

where
n
Ky = gf)vil thEg, Ky = gf)vil(thg + heFy), forl=2--- n.
(=1

and

For¢t=2,--- n,

Ky = Kpnuy + Kgpugy,



where
Koy = ¢ov 'hiBy, Ky:=¢v Y(hE;+hy), forl=2-- n,
and
My :=¢v Gy, forl=2--- n.
Applying Cauchy-Schwarz inequality as before in S5, we obtain
n
Sy > —eq ' Sonuf — g Y Sogufy — 5 Mu?,

(=2

where

n
So1 = v TTUKE 4 2010 Z Kfy, Sopi=nv "IKY, + 20" TUKG, for =2,

(=2

and

M = (n+ )Mo~ 7943079 " M.
(=2
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(3.55)

We note that there exist a constant C' > 0 independent of T' € (0,00), n € (0,1], gg €

(0,1) and a constant R, > 1 that may depend on o € (0,1) but not on T' € (0,00), n €

(0, 1] such that, at (x1,t1),

—mp_q_ltr{a(Du)Dp ® ((Du - Dh)Dé + ¢D*hDu)}

< CllalllDp|(| D|| DRI Dul + |¢]|| D*hl|| Dul)

< Chv.

(3.56)

Here, we have used the fact that [wv™9"" — 1] < g for v > R (making R. > 1 larger if

1/2
necessary), that p > 1 at 1 € B and that ||a|| = (Z—j +n— 1) < Z—z +n—1<C for
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v > 1, n € (0,1]. Also, the constants C' > 0, R;O > 1 can be taken in a way that they

may depend on [|pllcr @y, [[@llcr @y, [1hllcz@), but not on a specific position z; € Q.

By (3.54), (3.55)), (3.56]), we see that there exist a constant C' > 0 independent of

T € (0,00), n€(0,1], €0 € (0,1) and a constant R, > 1 that may depend on ¢ € (0,1)

but not on 7' € (0,00), n € (0,1] such that

n n n
/ ~1 2 —1 2 -1 2
Jy > egu? g ugy — C(v+ E [uge|) — €9 Sa1ui — € E Saeug,
(=2 (=2 =2

forv > R . Asbefore, there exists a constant C' > 0 that depends only on HngCl@), ||h||02(§)
such that, for v > R

n
|Sar| 4+ |Sal + |M| < Co 73,
(=2

Using the fact that |w| < vi+! + (¢ + 1)”¢HCO(§)||h||Cl(§)U’ we see that there exist a
constant C' > 0 independent of T' € (0,00), 1 € (0,1], g9 € (0,1) and a constant R, > 1

that may depend on ¢y € (0,1) but not on T' € (0,00), n € (0,1] such that

n
Jé > —Cv — C&glvl_q + Z (’Uq_l (80 — 05611)_4(1) u%z — C‘U%D
£=2
for v > RL .
As before, by choosing R, > 1 that may depend on gy € (0,1) but not on T' €

(0,00), m € (0,1] such that Cey'v™4 < £ if v > R. . Then, for v > R!

€07

n 0 C 2 02
Jé > —Cv — Céal’Ul_q + Z <2Uq_1 <u£€| - E()’Uq_1> - 2601)q_1> :
(=2

All in all, for each gy € (0, 1), there exist a constant C' > 0 independent of T' € (0, 0), 1 €
(0,1], €0 € (0,1) and a constant R., > 1 that may depend on ¢y € (0,1) but not on

T € (0,00), n € (0,1] such that

Jhy > —Cv— Cegto' ™2 (3.57)
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/
for v > R .

Step 8. We finish Case 2.

All in all, by (3.46), (3.47), (3.48), (3.51), (3.57), we see that there exist a constant

C > 0 independent of T' € (0,00), n € (0,1], o € (0,1) and a constant R, > 1 that may

depend on gy € (0,1) but not on T € (0,00), n € (0, 1] such that, at (z1,t1),

1 — &0 o (’I’L— 1)(00—1—60)
> ——e* — — —
0> (n 1 c |De| — (Co + €0)]c| X

—(g+1)(Co + £0)*(1 + €0)) v — C(v + v9) — Cegtot 4.

if v > R, . From the condition (3.9) and the assumption (3.3), we see that there exists

g0 € (0,1) such that the coefficient of vi*! satisfies

1—50
-1

(n — 1)(00 + Eo)
Ky

1)
¢ = [De| = (Co + &0)|e| — —(¢+1)(Co +€0)*(1 +&0) > 7

Fix such g9 € (0,1). Then, R, , Eal are fixed as well. Therefore, with this fixed g € (0, 1),

there exist constants R’ > 1, C' > 0 independent of T' € (0,00), n € (0,1] such that at

(xlatl)v

0> qu“ — C(v+0?)

if v > R'. There is, on the other hand, also a constant R > R’ independent of T' €
(0,00), n € (0, 1] such that

0
0< §vq+1 — C(v+v7)
if v > R{,. Therefore, it must hold that v = v(x1,¢;) < R{,, which completes Case 2. ]

Next, in order to prove Theorem [3.1.1, we prove a priori local gradient estimates,

namely the following proposition

Proposition 3.2.2. Let T € (0,00), n € (0,1]. Suppose that a solution u" of (3.7) exists
and it is of class C%°(Q x [0, T]) N C37(Q x (0,T]) for some o € (0,1). Then u" satisfies
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that

HDUWHLOO(QX[O,T}) < Rr,
where Ry > 1 is a constant depending only on T, c, f, ¢, q, ug.

Note that no assumption on the forcing term c is made, except for being C1*. In the

following proof of Proposition [3.2.2] we introduce a time-dependent multiplier.

Proof of Proposition [3.2.3. Now we only assume and (3.4). Let T € (0,00), 1 € (0, 1].
Let u = u" € C*?(Q x [0,T]) N C3? (2 x (0,T]) be a solution to for some o € (0,1).
Let w := v4™ — (¢ + 1)¢Du - Dh on Q x [0,T]. Let Ry > 1 denote a constant that may
depend on T' € (0,00) but not on n € (0,1). As before, Ry > 1 may vary line by line.

The goal is to prove that w(x,t) < Ry for all (x,t) € Q x [0,T]. Once we achieve this
goal, we complete the proof of Proposition by using the fact that v4t! — Cv < w for
some constant C' > 0 depending only on [|h]|c1(g): [¢llco) (and ¢ > 0).

Let M > 1 be a constant to be determined. Let (xo,%o) € argmaxg,, (o i e~ Mby(x,t).
We claim that in both cases of tg = 0 and ¢y > 0, v(xg, tp) is bounded by a constant Rp
that may depend on T' € (0, 00) but not on n € (0, 1]. In the case of ty = 0, we readily get

a local gradient estimate. Indeed,
e My (z,t) < w(zp,0) <R for all (z,t) € Q x [0,T]

for some constant 2 > 1 depending only on [lug|lc1 ), 1hllcr @y, 19]lcom)s which proves
our goal. Here, we have used the fact that n € (0, 1].

It remains the case of tg > 0. Let p(z,t) = e Mp0(x), where p°(z) will be chosen

again according to the following cases; again divide into zg € 2 and zg € 0f).

Case 1: zg € .
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Take p° = 1. Since xg € , to > 0, and Dp =0, D?p = 0, we have that

1

— |t"ha u 2 — Yt
0> e (irfa(Du)D*} — )
1 prw
Z ﬁ(tr{a(Du)D%u} - ’U)t) — m

at (zg,tp), where ¢ := pw as before.

Following the same argument in Step 1 of the proof of Proposition we see that
there exist constants R > 1, C' > 0 independent of T' € (0,00), n € (0, 1] such that
holds true at (xg,tg) for v > R. Moreover, since zg € argmaxgw(-,to) N§2 so that Dw =0

at (zo,t0), (3.23) (for some constant C' > 0 independent of T € (0,00), n € (0,1]), (3.27),

(3.28), (3.29), (3.30)) are valid at (zg,tp). Therefore, we can follow the estimates in Step

3, Step 4 of the proof of Proposition to conclude that for a given ¢ € (0,1), there
exists a constant R, > 1 that may depend on ¢ € (0,1) but not on T' € (0,0), n € (0,1]
and a constant C' > 0 independent of T' € (0,00), n € (0,1], € € (0,1) such that (3.24),

(3-36) are valid at (zg,to) for v > R.. We take ¢ = 3, and we note that —(q’fl”)p = f]\i—%’.
Together with the fact that w > v?t — (g +1) 181l co@)llPll o1 @y vs we see that there exists
a constant R > 1, C' > 0 independent of T € (0,00), n € (0, 1] such that

c? M
0> (5 D + ) ottt - O+ 0
—<%n—n | d+q+1)” (vt )

at (xg,t0) for v > R. From the assumption (3.3), we can choose a constant M > 1

independent of T' € (0,00), 1 € (0,1] such that

c(z,2)? M
anE _p B |
stn—1) _ 1Pel@ 2+

for all (z, z) € QxR. Since there exists a constant Ry > R independent of T' € (0, 0), 1 €
(0, 1] such that

0 < v?™ — C(v 4+ v?)

for v > Ry, it must hold true that v(xo,ty) < Ry with the above choice of M > 1. Using
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once again the fact that w < v?*! + (¢ + D]l co 1Pl cr @y, we get
e My (z,t) < e Moy (xg, t0) < R, for all (z,t) € Q x [0,T]

for some constant R > 1 independent of T" € (0,00), n € (0, 1], which proves our goal in

Case 1.
Case 2: x( € 0.

Since xg € argmaxgw(-,t), we have both %’(fﬂo,to) > 0 and z¢ € argmaxyg w(-, to).
From the latter, we see that for a given g9 € (0, 1), there exists a constant R., > 1 that
may depend on g9 € (0,1) but not on T € (0,00), 1 € (0,1] (also not on z¢ € J) such
that w > 0 and holds at (zg, tg) for v > R.,, where L := (¢ + 1)(Cp + o).

As in Step 5 of the proof of Theorem if Cy < 0, we see that, by taking g9 =

1
2

that v(zg,tg) < R. Here, we have used the fact that ‘g—‘g(wo,tg) > 0, as in Step 5 of the

min{1, —1Cy}, there exists a constant R > 1 independent of T' € (0,00), 1 € (0, 1] such

proof of Theorem Using the fact that w < v?*t! + Cv for some constant C' > 0

depending only on ||A]| c @) ¢l co@y)> we consequently see that
—Mt —Mtg re}
e Mw(z,t) <e w(zg,to) < R for all (z,t) € Q x [0,T],

and thus,

w(z,t) < ReMT for all (z,t) € Q x [0,T].

We achieved our goal accordingly when Cy < 0. Now we assume the other case when
Cp > 0.
Let B = B(xz., Ko) be the open ball with the center x. := xg — Koti(zp) so that B C 2

and BN (R"\ Q) = {x0}. For = € B, we let

LK
Px) = ———|z — z|* + TO + 1.

We then extend the function p° on B to a function (keeping the same notation p°) on
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R" satisfying the requirement that p’(z) > % for all z € R", and that p°(z) is C*° on
R", a nondecreasing function in |z — z.|. Then, p°(xq) = 1, %—’ﬁ)(xo) = —L. Hence, for
g0 € (0,1), there exists a constant R., > 1 that may depend on gy € (0,1) but not on

€ (0,00), n € (0,1] such that w > 0 and (3.41)) at (zo, o) are valid if v > R, and thus
pPw)

that 2829 < 0 at (zo,to) if v > Re,.

Since p%(2) = p°(x¢) = 1 for all z € OB, and by the choice of (x,tg), we have

e MO () w(z,t) < e M p0(zg)w(zo, to), for all (z,t) € 0B x [0,T].

0
Since 8(gﬁw) (xo,t0) < 0, we also have

e M 0 (wo)w(zo, to) < e M p°(@)w(z, to)
for some x € B. Combining these two points, we conclude that a maximizer (z1,t;) of
e Mt p0(z)w(x,t) on B x [0,T] occurs only inside B, i.e., 21 must be inside B.

Let (z1,t1) € argmaxpg, (o 1) e Mt p0(2)w(x,t) with x1 € B. If t; = 0, then

“max e M0z w(z,t) = p°(x1)w(z1,0) < R
Bx[0,T)

for some constant R > 0 depending only on [luglcr ), Allcrgy, 19llcogm), €. Here,
we have used the fact that n € (0,1], g9 € (0,1). It consequently yields that for all
(z,t) € Q x [0,T],

%O(m) < R for all 2 € €. Here, constants R > 1 change side

since (zg,tp) € B x [0,T] and e

N
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by side. Then, for all (z,t) € Q x [0,T],

since p%(z) > % for all z € R", which proves our goal. Now it remains the case when
t1 > 0.
We fix (x1,t1) € argmaxg, o 7 e~ Mtp0(x)w(x,t) with z1 € B, t; > 0. Applying the

maximum principle to ¢ = pw at (z1,%1), we obtain

0>+ (tr{a(Du)D*y} — 1)

~(a+1p
= Y tr{a(Du)D? Lra u)Dw
1 Prw
+ qﬁ(tr{a(Du)DQw} —wy) — @+

at (x1,t1). Following the same computations up to (3.46) in Step 6 of the proof of Propo-
sition we see that there exist a constant C' > 0 independent of 7" € (0,00), 1 €
(0,1], ep € (0,1) and a constant R., > 1 that may depend on gy € (0,1) but not on

T € (0,00), n € (0,1] such that, at (x1,¢1),

w 2
OzitraDuD2p +<traDqu®D +(g+1 V)
M
+ J| + Jb — | Deju?™ 4 ﬁyﬁl — C(v+9)

if v = v(z1,t1) > Re,, with the same definitions of Jj, Jj as in Step 6 of the proof
sy __ptw _ Muw
of Proposition Here, we have used the fact that @ il)p = o and that w >

vt = (g + Dlélohllogyv. Note that 52 = 5, 22 = 25, and that ) €

argmaxg p°(-)w(-, t1) NS Therefore, we have wDp®+ p° Dw = 0 at (z1,t1). Consequently,
there exist a constant C' > 0 independent of T' € (0,00), n € (0,1], g0 € (0,1) and a

constant R., > 1 that may depend on g9 € (0,1) but not on 7' € (0,00), n € (0,1] such

that (3.47), (3.48)), (3.50]), (3.52)), (3.53) hold true at (z1,t1) if v > R,,, and thus that
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(3.51)), (3.57) hold true at (xy,t1) if v > Re,.

Hence, there exist a constant C' > 0 independent of T' € (0,00), n € (0,1], o € (0,1)
and a constant R, > 1 that may depend on gy € (0,1) but not on 7' € (0,00), n € (0,1]

such that, at (z1,t1),

1— —1
0> (L2502 _ 1 pej — (Cp + 20) e — = DG+ <0)
n—1 Ky

—(q 4 1)(Co + €0)*(1 + &0) + q]\—l/:[1> VIt — C(v 4 v?) — Cegto! ™2,

ifv > R.,. Now, take g = %, and take M > 1 large enough, possible due to the assumption

B:3), that

M 1 (n—1)(Co+3%) 3 1,
ﬁ—|DC’—(Co+§)\C|— e 5@+ D(C+5)" > 1,

where ¢ = ¢(x, 2), for all (z,z) € Q x R. Since there exists a constant Ry > R independent

of T' e (0,00), n € (0,1] such that
0 < v’ — C(v 4 v?)

for v > Ry, it must hold true that v(z1,t1) < Ro. Consequently, for all (z,t) € Q x [0,T],

1
0 (0

_ 1
<e Mt1p0(x1)w<l'1,t1) O(:L’O

e_Mtw(ac,t) < e_MtOw(:Uo,to) = e_MtOpO(xo)w(mo,tg)

)
~—

<R.

)
~—

Here, we have used the fact that w < v7714(g+1) 11l co 1l o1 @y v so that w(zy, 1) < R.
Therefore,

w(z,t) < ReMT
for all (x,t) € Q x [0,7T], which proves our goal in Case 2. This completes the proof. [

Finally, when Q is strictly convex, we can recover gradient estimates in [101]. The
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following proof uses a strictly convex C? defining function of 2 when we choose a multiplier.

Proof of Corollary[3.1.1. In order to prove Corollary it suffices to verify following,
which is a similar statement to Proposition let Q be a C? strictly convex domain.
Let T € (0,00), n € (0,1], and let u = u" € C?7(Qx [0,T])NC3>?(Q x (0, T]) be a solution
to for some o € (0,1), now with ¢ = 0. Then, it holds that

HDunHLoo(ﬁx 0.7]) S R,

where R > 1 is a constant independent of 7" € (0, 00) and of n € (0, 1].

Let g be a C? defining function of € such that g < 0 in Q, g = 0 on 9%, D?g > koI,
on Q for some ko > 0, supg |Dg| < 1, % = 1lon 00 Let p = vg+ 1, where v €
(O min{1, ||gHCo(Q }) so that 3 < p <1 on (L.

Let (zg,tp) € argmaxg, o ) PW; where w is defined as in the proof of Proposition

Again, our goal is to show v(xg,ty) < R, where R > 1 is a constant independent of

€ (0,00), n € (0,1]. Once it is shown, then we have a global gradient estimate, as

o(@,t) = p(lm)p(x)v(x, 1) < 2p(x0)v(wo to) < R for all (x,¢) € 0 x [0,T],

together with the fact that p > % on Q. In the case of t5 = 0, we readily have that
there exists a constant 2 > 1 depending only on [[uollcr @), 1hllcr @y 19llcom) such that
w(xo,tp) = w(zp,0) < R. Using the fact that v?t! — (¢ + Dléllcoepllrllormv < w, we
see that there exists a constant R > 1 independent of T' € (0,00), n € (0, 1] such that
v(xo,t9) < R, which proves our goal.

We assume the remaining case when ¢y > 0. We again divide the proof into two cases,

but we consider the case xy € 9f first, and the case g € {2 next.
Case 1. zg € 09.

In this case, it holds that zp € argmaxynw(-,tp) since p = 1 on 0f2. Therefore,

by the argument of Step 5 of the proof of Proposition [3.2.1] we see that for a given
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go € (0,1), there exists a constant R., > 1 that may depend on gy € (0,1) but not on
T € (0,00), n € (0,1] such that w > 0 and hold true at (zg,to) if v > R.,. Since
Q is strictly convex, we have Cy < 0. Take g9 = $min{l,—Cp} € (0,1), and choose a
constant R = R., > 1 accordingly. If v(xg,t9) < R, we achieve our goal, and now we
assume that v(zo,t9) > R so that w > 0 and(3.41) are valid at (xo,to). By replacing
R > 1 by a larger one if necessary, we also have that w(xg,to) > 0 if v(zg,t9) > R (from
the fact that w > v9t! — (g + D8]l co@) 1P/l cr@yv > 0)-

Note that L = (¢4 1)(Cp + o) < 3(q+ 1)Co < 0. Since zg € argmaxg p(-, to)w(-, to),

(pw)

we have aaﬁ (zo,to) > 0. However, if we choose v € (0,  min{1, ||g||5;(ﬁ), —L}) so that

v < _L7 thena by ‘ 9

d(pw)  Ow op
o5 —p%+w%<Lw+7w<O.

at (zg,tp), which contradicts to 8(((30111”) (zo,t0) > 0. Therefore, it must hold true that

v(zp,tg) < R, which proves our goal.
Case 2. zq € (.

In this case, a maximizer (xg,%y) of ¥ := pw happens in B x (0,7], and thus we can
apply the maximum principle, which results in (3.42)), at (g, tp). Following the same
computations as in Step 6 of the proof of Proposition we have at (zg,to). Fix
€0 = % Then, there exist constants R > 1, C' > 0 independent of T' € (0,00), n € (0,1]

such that (3.44)), (3.46) are true at (xo,to) if v > R with the same definitions of J{, Jj

1

and €9 = 5, ¢ = 0. Now that we have chosen a multiplier different from the one in the

proof of Proposition we estimate the first term and the second term of (3.46[), which

will replace (3.47) and ({3.48]), respectively.

We start with the first term of (3.46)). Since p = yg +1 and D?p > ~koI,,, there exists
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a constant C' > 0 independent of T' € (0,00), n € (0, 1] such that

w

———1rya u 2
(q+1)pt{ (Du)D"p}

v

1 772 +1
ot (1) @ Dol o @

(n — 1)7k0 Uq—l—l _ C(
qg+1

v

v+ v?) (3.58)

at (20,t9) for v > 1. Here, we have used the fact that 1 € (0,1] and that 3 < p <1 on €.

We estimate the second term of (3.46)). Since Dp = vDg and |Dg| < 1, p > % on (,

we have

D D D
0 Str{a(Du)p@) p} < ’p‘ < 442,
p - p p

Choose a constant R > 1 independent of T € (0, 00), n € (0, 1] such that [wo=9" 1 —1| < %
for v > R. Then, we see that there exist a constant R > 1, C' > 0 independent of

T € (0,00), n € (0,1] such that

tr{a(Du)Dw ® Dp} + (¢ + 1)V}

(g+1)p
“l-q_9 Dp D
_ (w2 {awu)p . p}
q+1 P P
672
—— it _Cw 3.59
T og+1 (3.59)

at (xo, o) for v > R.

Following the computations of Step 7 of the proof of Proposition [3.2.1] we see that
there exist constants R > 1, C' > 0 independent of T' € (0, 00), n € (0, 1] such that ,
hold at (xo,tp) for v > R with g = %, ¢ = 0. Note that the left hand side of
is zero, as ¢ = 0. As pDw + wDp = 0 at (zg,t9), (3.52), are valid at (zg,tp), and
therefore, there exists constants R > 1, C' > 0 independent of T' € (0,00), n € (0, 1] such

that (3-57) holds at (o, to) if v > R with g = 1.

All in all, by (3.46)), (3.51), (3.57), (3.58), (3.59), there exist constants R > 1, C' > 0
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independent of T" € (0,00), n € (0, 1] such that
0> ——((n—1)ky — 67)v?™ — C(v +v9)

at (xo,to) for v > R. Choose v = imin{l, HgHgé@),%} € (0,1) so that 5 ((n —

ko — 67) > 31(2(;}21]30 > 0. Since there exists a constant Ry > R independent of T' €

(0,00), n € (0, 1] such that

160G+ 1) C(v +v?)

for v > Ry, it must hold that v = v(xg,t9) < Ry, which proves our goal in Case 2. This

completes the proof. ]

3.3 The additive eigenvalue problem

In this section, we prove Theorem [3.1.3 Theorem and Theorem [3.1.5] We leave the
main reference [101], and we will highlight details that are different from [101]. We also
refer to [98] Section 7] that go through the limit & — 0 first and 1 — 0 next.

We consider

=2 ij=1 (5” - 7nzﬁlgu|z> uij — c(x)/n* + [Dul? + f(z) = —ku  in &,
Ou _ B(z)vt 1 on 01},

i

(3.60)

where k € (0,1), n € (0,1] and v = /2 + [Du[?. Note that the choices n = 1, ¢ > 0 and
n =0, ¢ = 1 correspond to and , respectively. The case n = 0, ¢ = 1 will be
studied by obtaining estimates uniform in 7 € (0, 1] when ¢ = 1.

First of all, we start with a priori C° and C' estimates and get the existence of

solutions of (3.60|) using the method of continuity with the estimates.

Proposition 3.3.1. Let Q be a C* bounded domain in R"™, n > 2. Assume that

c € C™(Q) satisfies (3.9). Then there exists a unique solution u € C*°(Q) of (3.60).
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Moreover, we have the following estimate uniform in k € (0,1) and also inn € (0,1] when
q=1
sup |ku| + sup |Du| < R,
Q Q

where R > 1 is a constant independent of k € (0,1) and also of n € (0,1] when q = 1.
Proof. We apply Leray-Schauder fixed point theorem to the following family of boundary

value problems, parametrized by 7 € [0, 1],

.

( tr{a(Du)D*u} — c(x)\/n? + |Du|?® + f(z) + k:u)

+(1-7) ( tr{a(Du)D?*u} — c(z)\/n? + |Dul? + ne(z) + k‘u) = inQ, (3.61)
ou
\ O

=T7¢(x ) on 012,

where a(p) := I, — for p € R". When 7 = 0, u = 0 is a solution, and we need

n +|p\2
to find a solution when 7 = 1. By Leray-Schauder fixed point theorem, the existence of
a solution v when 7 = 1 can be shown by establishing a priori C° and C' estimates,

uniform in 7 € [0, 1],

sup |ku| 4+ sup | Du| < R,
Q Q

which is also uniform in k € (0, 1), and also in n € (0, 1] when ¢ = 1.

Let u € C%(2) NC3() be a solution of (3.61]). We first get a priori C° estimate, as it
is used to obtain a priori C! estimate. A C° estimate can be obtained as before. Consider
a smooth function ¢ on € that has a so large positive slope in the outward normal direction
on the boundary that (W) ! % > supg |¢| on 0f). Note again that we are
dealing with n = 1, ¢ > 0 for the graph case and with € (0,1], ¢ = 1 for the level-set
case.

We prove a priori C° estimate, and we first check that g —u attains a minimum inside
Q for a priori C° estimate. Suppose not, and say zg € OS2 is a minimizer of g—wu. Then, at
xo € 0N, we have 0 < ‘99 < 8“ and D'g = D'u. The latter follows from V'g = V'u at xg

and Lemma [3.2.2] in the notations introduced in Step 5 of the proof of Proposition [3.2.1]
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q—1
Using the fact that for a fixed a € R, the function (\/n2 + a2+ b2> b is monotonically

increasing in b > 0 when n =1, ¢ > 0 and also when n € (0,1], ¢ = 1, we see that
=19 q—1 Ju
(ViZ+1DgP)" 5% < (Vig+1DuP)" 5k = é(wo)

at xg € 0€). This contradicts with the choice of a function g.
Let zg € Q be a minimizer of g — u. Applying the maximum principle at x¢ to g — u,

i.e., Dg(xg) = Du(xg), D?g(x0) > D?u(zq), we see that, at xo,

C > tr{a(Dg)D?*g} > tr{a(Du)D*u}
=ku—cyn?+ |Dul2+7f+ (1 —71)nc
=ku—c\n?+|DgP?+7f+ (1 —7)nc

> ku— C,

for some constant C' > 0 depending only on €2, g, f, c¢. Here, we have used the fact that

7,1m € [0,1] and the assumptions (3.3)), (3.4). Therefore, for all z € Q,
ku(z) < kg(z) — kg(xo) + ku(zo) < R

for some constant R > 1 uniform in 7 € [0, 1], k£ € (0,1), and also in n € (0, 1] when ¢ = 1.
Similarly, we can get a lower bound of ku(z).

A C' estimate can be established similarly as in the proof of Proposition but

now with &(z, 2) == c(z), f(z,2) = 7f(x) + (1 — T)ne(z) + kz and ¢(x) = 7¢(x) for
r € Q, z € R. Equation (3.61]) can be written as

tr{a(Du)D?*u} + &(z, u)v — f(z,u) =0 in Q,

gg = ¢(z)v' 1 on 0N.

(3.62)

The force &(z,z) = c(z) is in C1*(Q) and satisfies (3.3), (3.9). Also, ¢(z) is in C3(Q)
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with a C® norm uniform in 7 € [0,1]. Moreover, f(z,u) = 7f(z) + (1 — 7)nc(x) + ku is
a priori in C1*(Q x R) and a priori satisfies with a constant C' > 0 independent of
7 €10,1], k€ (0,1) and of n € (0,1] when ¢ = 1.

We now prove a a priori C estimate. Throughout the remaining part of the proof,
R > 1, C > 0 denote constants, which may vary from line to line, independent of 7 €
[0,1], £ € (0,1) and also of n € (0,1] when g = 1. Let h be a function in C3(€2) such that
h = C, Dh = i on the boundary 99 for some constant C. Let v = /52 + [Dul? and let
w = v?" — (¢4 1)¢Du - Dh on Q.

The proof is similar to that of Proposition [3:2.1] We use the idea and the estimate from
the proof of Proposition and we highlight the difference coming from not having the
time derivative involved.

Let zg € argmaxgw. The goal is to show that v(zg) < R for some constant R > 1
independent of 7 € [0,1], k£ € (0,1) and of n € (0,1] when ¢ = 1. We again divide the

proof into two cases when o € 2 and when xg € 9f2.
Case 1: zg € (.

At xg, we apply the maximum principle to w to obtain

tr{a(Du)D*w},

0> L
q+1

which leads to

0 > tr{a(Du)D(v1Dv)} — tr{a(Du)D?*(¢Du - Dh)}

at zo. Write 0 = G + v — f, where G := tr{a(Du)D?u}. Then,
(vi"'Du — ¢Dh) - (DG + D(c¢v — f)) = 0,

and thus, we have (3.16]) at x¢ with ¢, f, 5 instead of ¢, f, .

We proceed the same estimate as in Case 1 of the proof of Proposition [3.2.1] except
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for the part we remark here that with a = /aD?u, 3 = /a,

tr OéﬁTr 2 G2
(a0} = lof? > TREE -
B V2
1 n? ~ A2
(L G- 1)
n—1 vi(n —1) (n—1+2—z)
> L Fv? — Cw
n—1

for some constant C' > 0 depending only on || f[[co@xg): ||CHCO(§X]R). We have used a
priori CO estimate, the assumptions , and the fact that 7 € [0,1], n € (0,1]
when ¢ = 1. Therefore, there exists a constant R > 1 independent of 7 € [0,1], k € (0,1)
and of n € (0,1] when ¢ = 1 such that whenever v > R, holds.

Also, we have (3.23), (3.27), (3.29) at x¢ for some constant C' > 0 independent of

7 €1[0,1], k € (0,1) and of n € (0,1] when ¢ = 1, since Dw = 0 at xy. Following the same

argument in Case 1 of the proof of Proposition ie., as in (3.24), , we see that

for e € (0,1) there exist constants R > 1, C' > 0 independent of 7 € [0,1], k£ € (0,1) and

of n € (0,1] when ¢ = 1 such that
5
0> 51}‘] —C(v+v7)

at zg if v > R.. As there is a constant Ry > R independent of 7 € [0,1], k£ € (0,1) and

not of n € (0,1] when ¢ = 1 such that
0 g1
0<§vq — C(v+07)

if v > Ry, it must hold that v = v(zp) < Ry, which finishes Case 1.
Case 2: x( € 01.

We see that Step 5 of the proof of Proposition|3.2.1|carries over verbatim, since the time
t = to is fixed throughout the step, and since g is a maximizer of w on . Therefore, for

each g € (0, 1), there exists R, > 1 that may depend on €9 but not on 7 € [0,1], k € (0,1)
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and of n € (0,1] when ¢ = 1 such that w > 0 and

ow

— <L

95 w
at xo for v > R, where L := (¢+1)(Co+¢p). We also see that if Cy < 0, then v(zg) < R
for some constant R > 1 independent of 7 € [0,1], k¥ € (0,1) and of n € (0,1] when
q = 1, by the argument at the end of Step 5 of the proof of Proposition and thus,
we achieve the goal in this case. Therefore, we assume that Cy > 0, and thus that L > 0.

Let B = B(x., Kg) be the open ball with the center . := xy — Koni(xg) so that B C
and BN (R"\ Q) = {zo}. Let ¢ := pw, with

LK
p(x) = ———|z — x> + 70 +1

as before. Then, p(zg) = 1, %(mo) = —L, and thus,

gﬁ g—:—l— gﬁ (ZZ + (-L)w <0, at xo.
Since p(z)w(z) < p(xo)w(zo) for all z € OB from p =1 on IB, and since %(I‘o) <0, we
derive that x; € B for z1 € argmaxz . As in Step 5 of the proof of Proposition @ we
see that there exists a constant C' > 0 depending only on ||¢||Co ||h||01(Q such that the
condition v(zg) > R., with R;, > (8C)a+1 T implies the condition v(z1) > (&) o= R, =:
R . Writing R, = (1&)7" = Ry, Rey = (4C)ﬁ RL, (and also for R, R’ similarly), we can

1
state equivalently that if v(z1) < RL , then v(zg) < max {REO, (8C) e+t } Accordingly, we

€07
change our goal from verifying v(zg) < R to proving v(z1) < R'.

Fix z1 € argmaxg 1 N B. At zq,

1
0> mtr{a(Du)DQw}

—Lra u 2

1
tr{a(Du)Dw ® Dp} + Y 1tr{a(Du)D2w},

_2
(q+1)p
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Since Dy = pDw + wDp = 0 at x1, we have (3.45)) at x;. Also, since
(v9"'Du — ¢Dh) - (DG + D(¢v — f)) = 0,

there exist a constant R, > 1 that may depend on gy € (0,1) but not on 7 € [0,1], k €
(0,1) and not on 1 € (0, 1] when ¢ = 1 and a constant C' > 0 independent of 7 € [0,1], k €
(0,1) and of n € (0, 1] when g = 1 such that holds true at ; for v > RL . Following
the same computations in Step 7 of the proof of Proposition [3.2.1] we see that there exist
a constant RL > 1 that may depend on gq € (0,1) but not on 7 € [0,1], k£ € (0,1) and

not on 7 € (0,1] when ¢ = 1 and a constant C' > 0 independent of 7 € [0,1], k € (0,1)

and of n € (0,1] when ¢ = 1 such that (3.47), (3.48)), (3.51), (3.52)), (3.53), (3.57) at 1

for v > R .

All in all, choosing ¢ € (0,1) as in Step 8 of the proof of Proposition we see that
there exist constants R’ > 1, C' > 0 independent of 7 € [0,1], k € (0,1) and of n € (0,1]
when ¢ = 1 such that

0> gv‘”l — C(v+07)

at 1 if v > R’. There is, on the other hand, also a constant R{, > R’ independent of

€[0,1], £ € (0,1) and of n € (0,1] when ¢ = 1 such that
5
0< ivq —C(v+v7)

if v > R{,. Therefore, it must hold that v = v(x1) < R, which completes Case 2.

All in all, we have obtained a priori C° and C! estimates for u € C?(Q)NC3(Q2) solving
(3.60), and thus the existence of a solution u € C*°(Q) of (3.60]) by Leray-Schauder fixed

point theorem. The higher regularity and the fixed point theorem are referred to [74].

For the rest of the proof, we refer to the proof of |101, Theorem 4.2] for more details

and the uniqueness upto an additive constant. O

Take n =1, ¢ > 0 to prove Theorem |3.1.3|and Theorem [3.1.4
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Proof of Theorem and Theorem [3.1.4 For each k € (0,1), let uy be the solution of

(3.8) with n =1, ¢ > 0. Then the function wy = uy — f‘fgﬁk solves

—a(Dwy) : D>wy, — c(2)\/n? + |Dwi 2 + f(z) = —kwy, — k:f?gﬁk in Q,
1—
%ur)lk o(x) (\/ 1+ \Dwk|2) ! on 0.

(3.63)

Then we have that sup |wg| + sup |[Dwg| < R. By Schauder theory, there is an exponent

a € (0,1) such that ||wi|p2.ag @ < R. Therefore, w, — w in C%% for some of € (0, ),

and —kwy, — kf‘fmk — —\ where (A, w) solves (3.5]).
See the proof of [101}, Theorem 4.2] for more details and the uniqueness upto an additive

constant. The proof of Theorem goes the same as that of [101, Theorem 5.1]. O
Now, we study (3.6) by vanishing viscosity procedure 7 — 0 when g = 1.

Proposition 3.3.2. Let Q be a C™ bounded domain in R™, n > 2. Letn € (0,1]. Assume
c € C™(Q) satisfies (3.9). Then, there exists a unique A, € R such that there exists a

solution w € C*(Q) of

= 2= (5” — %) wij = e/ +[Dw + f ==X inQ,

ow
e = o(x) on O0S.

(3.64)

Moreover, a solution w is unique upto an additive constant, and we have the following

estimate uniform in n € (0,1];
|Ap| +sup |Dw| < R, (3.65)
Q

where R > 0 is a constant not depending on n € (0, 1].

Proof. We proceed the same limit process as k — 0 as in the proof of Theorem Note

that the estimates are uniform in n € (0, 1] when ¢ = 1. O

Proof of Theorem[3.1.5 Fix x¢ € Q. For each n € (0, 1], let (X, wy) be a pair that solves
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with wy(z¢) = 0. By and Arzela-Ascoli Theorem, as n — 0, we can find a
subsequence of (\,,w,) such that A, converges to A € R, and w, converges to a Lipschitz
function w uniformly on Q. By the stability of viscosity solutions, we see that (\, w) solves
B6).

Let uw be the unique viscosity solution of . Then for some constant C' > 0,

w(z) —C+ Mt and w(z)+ C + At are a subsolution and supersolution of (3.2]), respectively.

By the comparison principle (Proposition |3.4.3) for (3.2)), we have
w(z) — C+ M <u(z,t) <w(x)+ C+ At

u(z,t)
t

Therefore, we can draw the conclusion that A = limy_, and that the convergence is

uniform in = € Q. The uniqueness of such a number \ € R follows from the uniqueness of

a solution u of (3.2)) and the limit A\ = limy_, oo @ ]

3.4 Radially symmetric cases

In this section, we study the radially symmetric setting of . We find the Lagrangian,
the optimal control formula and a counterexample of the condition in Subsection
and we define the Aubry set, prove the comparison principle on the Aubry set and
prove Theorem in Subsection We mention an example of nonuniqueness for
when 0 < ¢ < 1 at the end of this section. We leave the reference |46 |66] for the
analysis of the radially symmetric setting, and [98] for Aubry sets.

We always assume here that, by abuse of notations,

Q2= B(0,R) forsome R >0,
c(x) = e(r) for |z| =r € [0, R],
fz) = f(r) for |z| =r € [0, R], (3.66)

¢(x) = ¢(r) for || =r € [0, R],

uo(x) = uo(r) for |z| =r € [0, R].
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Here, R > 0 is a fixed positive number, ¢ € C'([0, R],[0,00)), f € C'([0, R]) and ug €
C2%([0, R]) with u{(R) = ¢(R) are given. The function ¢(x) can be understood as the

constant ¢(R).

3.4.1 The optimal control formula and a counterexample

Equation (3.2)) becomes

Pt — n;lSOT - C(T)‘SDT’ —l—f(?“) =0 in (07 R) X (0700)7

or(R) = ¢(R) (3.67)

o(r,0) =ug(r) for r € [0, R)].

Note that this is a first-order Hamilton-Jacobi equation with a concave Hamiltonian.
The associated Lagrangian L = L(r, q) to the Hamiltonian H (r,p) = —2p—c(r)|p|+ f(r)

is

L) = it {0 (2o — e + 1)) }

=t {(a+ 22 ) ot el - 100}

—f(r), if |q+ 2L < e(r),

—00, otherwise.

Therefore, we have the following representation formula for ¢ = ¢(r,t)

p(r;t) = sup {/0 (=f(n(s)) + ¢(n(s))l(s)) ds + uo(n(t)) = (n,v,1) € SP(T)} , (3.68)

where we denote by SP(r) the Skorokhod problem. See [45, Section 4.5] for the derivation

of the formula. For a given r € (0, R], v € L*([0,¢]), the Skorokhod problem seeks to find
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a solution (n,1) € Lip((0,t)) x L>((0,t)) such that

) =r,  n((0,1]) C (0,R],
I(s)>0 for almost every s > 0,
I(s) = if n(s) # R,
—u(s) + 22 < e((s)),

v(s) = 1(s) + 1(s)n(n(s)),

and the set SP(r) collects all the associated triples (n,v,1). Here, n(R) = 1 is the outward
normal vector to (0, R) at R. See [62, Theorem 4.2] for the existence of solutions of the
Skorokhod problem and [62, Theorem 5.1] for the representation formula. See [46] for a
related problem on the large time behavior and the large time profile.

We remark that at n(s) # R, we have

n—1 . n—1
LT e i) < T eln(s)), (3.69)

IN

and at n(s) = R,

This implies that

n}_%l—c(R)gl(s)gn_l

+c(R). (3.70)

(r,t)
t

We will find the eigenvalue A = lim;_ o £ in terms of given functions ¢, f and a

constant ¢(R) when the force c satisfies (3.9)). Before that, let us see that lim; ‘p(:’t) is

not constant in r € [0, R] when ¢ does not satisfy (3.9)) with the following example.
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Example 3.4.1. We consider a case when c(r) is of the form

<P <r<a,
c(r)q =121, a<r<b,
> nel b<r<R,

for some 0 < a <b< R. Let up =0, ¢(R) =0. By (3.69), a curve n(s) with (n,v,l) €
SP(r)

e can stay still or go right when a < n(s) <b,
e must go right when n(s) < a

e can move both left and right when n(s) > b.

Then, by (3:68).

sup{—f(s): s> a}, r<a,
lim L(r’t) = )
pm =4 sup{—f(s): s=r}, a<r<b,
sup{—f(s): s> b}, r >b.

We see that the limit is not constant in r € [0, R] for a suitable choice of f. For instance,

take a smooth function f(r) such that

=1, 0<r<a,
flr)§ €(0,1), a<r<b,
> 0, b<r<R

In the above example, the force ¢ does not satisfy (3.9)); at r € (a,b),

L )2 = |Der)] = —— (”_ 1>2 _noly,

n—1 n—1 r r2

Therefore, the condition (3.9)) is sharp.
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3.4.2 Aubry set, the comparison principle and the large-time behavior

From now on, we assume that ¢ is coercive, i.e., c¢ satisfies (3.9). Then there is at most
one r, which we call r., if it exists, such that c(r) = "T_l Otherwise, there would exist

two points a < b where the curves ¢(r) and 2 cross. At r =0b,

1 1 /n—1\%? n-1
b)? — |Dc(b)] < —— _ _
n_lc() | C()I_n_1< 2 ) = 0,

since De(b) < d% b (=1 = —”b—zl <0.If e(r) < 2= for all r < R, we let re, = 0.

In the both cases of r.. < oo and r.. = oo, by (3.68)) and (3.70]), we obtain
-1
A = sup {—f(r) +0(r— R)o(R) <nR + sgn(gi)(R))c(R)) ST > T OrT = R} ,

which is (3.11)).
We define the Aubry set A by

A= {r > re : the supremum of (3.11)) is attained} if r., < oco.

Note that if re, < 0o, then the function —f(r) + 6(r — R)¢(R) (%=t + sgn(d(R))c(R)) is
upper semicontinuous on the interval [r.,, R]. Thus, Ais well-defined, and it is a nonempty
closed subset of [0, R]. If 7o = 0o, we let A = {R}.

Let

A= 2L, —e(r)|w,| + f(r) =0 in (0, R) x (0,00),
(3.71)

be the stationary problem of (3.67). Here, we are assuming that c satisfies (3.9)), and thus,

the eigenvalue \ is given as in (3.11]).
The propositions in [46, Section 2] follow for (3.67) with little changes. Here, we state

[46, Lemma 2.4] and [46, Theorem 2.5] for problem (3.71]).

Proposition 3.4.1. Let w!,w? be two solutions of (3.71)). Assume that w'(rg) = w?(rg)
and w*(M) = w?(M), where 7o := min{r : r € A} and M := max{r : r € A}. Then
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wh = w? on [re, o] UM, R).

Proof. The only part that changes is where we prove w! = w? on [M, R]. To prove this,
we may assume without loss of generality that 0 < r.,, < R and M < R. We claim that
w'and w? cannot have a corner from below in (M, R) so that they agree on [M, R] by
(13.71)).

Suppose not, i.e., there would exist ¢ € {1,2} and y € [M, R) such that

N o (o N
Whetr) = ZEHIZI oz,
At r = R,
_ —R(-f(R) - )

O(R) = (w), (B) = o

This means that ¢(R) > 0. However, from the assumption that R ¢ A, we have

n—1

R

1R+ o) (" elR)) <

or,
-1

—f(R) — XA < —¢(R) (”R + c(R)) <0.

This yields a contradiction, as

_SR(-F(R) - ) R o1 B
) = BB+ (= 1)~ Ra(B) T (= 1) (_¢(R) ( * C(R)>) = ¢(R).

This proposition implies the following proposition of the uniqueness set property of

the Aubry set A

Proposition 3.4.2. The following hold;
(i) If w',w? are solutions of (3.71) such that w' = w? on A, then w! = w? on [0, R].
(ii) If w' and w? are a subsolution and a supersolution of (3.71)), respectively, and if

w! < w? on A, then w' < w? on [0, R].
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Now we prove Theorem based on the uniqueness set property of the Aubry set.

Proof of Theorem[3.1.6, Since we already found the eigenvalue A, defined the Aubry set
A and the number rer in the preceding discussions, it suffices to prove the asymptotic
behavior and to find the large time profile in this proof.

The proof follows almost the same as that of [46, Theorem 1.1], but we put a extra
care on the boundary r = R. Following the proof of [46, Theorem 1.3], we can prove
(ii) of Theorem once we prove (i) of Theorem Thus, it suffices to show that
©(r,t) — At converges as t — oo uniformly in r € [0, R].

The first case we consider is when 7. = co. Note that by every admissible curve

n =n(s), i.e., (n,v,l) € SP(r) for some v, [, r, satisfies

n—1
n(s)

n(s) = —c(n(s))- (3.72)

Then 7 always moves to the right with minimal speed § > 0 for some § > 0. Therefore,

using the formula ,
p(r,t) — At = sup {/0 (=f(n(s)) + &(n(s))l(s) = A) ds +uo(n(t)) = (n,v,1) € SP(T)}

does not change as t varies after ¢ > %
The second case is when r.. < co. We claim that for any r € .Z, and for any t; < t9,
we have

o(r,t1) — My < o(r,t2) — Ma.

Let us write the Skorokhod problem in (3.72) as SP(r,t) = SP(r) to show the dependence

in ¢t. Then a triple (n,v,l) € SP(r, 1) induces a triple (17,v,1) € SP(r,t2) by means of

~ ,v,1)(0), for 0 < s <tg —tq,
Gl = 0 o

(naval)(s_(tQ_t1>)> for to —t1 < s < ts.
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This yields

| (=) + i) Ts) = ) s+ wafie) =
/0 (£ () + S0n()Us) — N ds + uo(n(tr)),

and this is because r € A so that the integrand above is zero while (7,7,1) € SP(r,t,)
stays still upto s = to — t;. This argument of embedding SP(r,t;) into SP(r,t2) gives,
together with (3.72)), that ¢(r, t1) — Aty < (1, t2) — Ata.

The rest proof follows the same as that of [46, Theorem 1.1]. We also refer to [29] O

We give an example of nonuniqueness of (3.2)) when 0 < ¢ < 1 before we end the

section.

Example 3.4.2. Consider

A= 22w, — c(r)|w,| + f(r) =0 in (0, R) x (0, 00),
(3.73)

wr(R) = ¢(R)|w,(R)[',

where 0 < ¢ < 1. Let $(R) = 1. We also let f =0, c =0. Then c is coercive by Corollary
[Z1.]

By the definition of viscosity solutions, we see that the condition w,(R) = ¢(R)|w,(R)[*~4
is satisfied if wy(R) = sgn(qﬁ(R))\(b(R)\% in the classical sense. Then, one can check that
A= wl(r) = % solve (|3.73)).

Also, if the boundary condition v,(R) = 0 is true in the classical sense, then the
condition w,(R) = ¢(R)|w,(R)|*~9 is satisfied in the viscosity sense. Then Ay = 0, w? =
C, where C is a constant, solve (3.73)).

Therefore, we have two distinct eigenvalues admitting a solution, which result in two



121

different solutions ©*(r,t) = M\t +w'(x), i = 1,2, of

Pt — n:l(pr - C(T)’(p,n| + f(T') =0 mn (OvR) X (0,00),
SOT(R) = ¢(R)|907"(R)|1_q (374)
@(r,0) = uo(r) forr €0, R].

Appendix A

In this appendix, we provide the definition of viscosity solutions of (3.2) and give the
results on the comparison principle and the stability under the conditions (3.3)), (3.4 on

¢, f, respectively.

Let F: Q xR x R"\ {0} x S,, — R be such that

F(z,z,p, X) = trace <<I - p|§|>2p> X> + c(z, 2)|p| — f(z, 2),

where S, is the set of square symmetric matrices of size n. Together with the assumption

that ¢, <0, f, > 0, we see that —F is degenerate elliptic and proper, i.e.,
—F(x,2z,p,X) < —F(z,w,p,Y) whenever Y < X, z <w.

Define the lower and upper semicontinuous envelopes of F' by, for (z,z,p, X) € Q x

R x R™ x &,
Flasp )=, Bt P
and
F*(z,z,p, X) = lim sup F(y,w,q,Y),
(yw,q,Y) = (2,2,p,X)
respectively.

Definition 3.4.1. A function u : Q x [0,00) — R is said to be a viscosity subsolution (a

viscosity supersolution, resp.)of (3.2) if
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e u is upper semicontinuous (lower semicontinuous, resp.);
o forallz € Q, u*(x,0) < up(z) (u«(z,0) > ug(x), Tesp.);

e for any function ¢ € C?(Q x [0,00)), if (2,£) € Q x (0,00) is a mazimizer (a

minimizer, resp.) of u — @, then, at (&,1),

@t<‘%7£) - F*('®7u(£7£)7D90(£7tA)7D2§0(i‘7£>) >0 Zfi. € Qa

A

max {cpt(ﬁj,t) — F.(&,u(@, ), Do, ), D2p(&,)), 9 (3, 1) - ¢(:z,f)} >0 if &€, resp.

A function u : Q x [0,00) — R is a viscosity solution of (3.2)) if u is both its viscosity

subsolution and its viscosity supersolution.

Proposition 3.4.3 (Comparison principle for (3.2))). Let Q be a bounded domain in R™
with C3 boundary 0. Suppose that c, f satisfy (3.3)), (3.4]), respectively. Let u be a

subsolution and v be a supersolution of (3.2)), respectively. Then, u* < v, in Q x [0, 00).

We can follow [6] with slight modifications for the comparison principle of viscosity

solutions of (3.2)). We also refer to [28, 48].

Lemma 3.4.1. Suppose that u" is the unique solution of (3.7)) for each n > 0, and there

exists u € C(Q1 x [0,00)) such that

ul = u, asn— 0,

uniformly on Q x [0,T) for each T > 0. Then u is the unique viscosity solution of (3.2).

We refer to [28] for Lemma
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Appendix B

In this appendix, we provide a reason of why a priori gradient estimates (Propositions
and |3.2.2)) yield the existence of solutions to (3.7)). We leave [86] as the main reference.
Let T € (0,00), X = C»*(Q x (0,T)). For a given w € X, we consider the following

linear parabolic equation with a source term

uy = tr {a(Dw)D*u} + c(z,w)\/n? + |Dw]> — f(z,w) inQx(0,7T),
% = ¢(x)(v/n? + [Duw?)! 7 on 02 x [0,T),  (3.75)

u(z,0) = up(z) on €.

Then, for any w € X, there exists a unique solution u,, € C2’O‘/(Q x (0,7)) C X to (3.75))

for some o/ € (0, ) with

[wwll 2,0 @x(0,1) = Ch,

where C; > 0 is a constant depending only on n, a, ||w|| x, [[uol|c2.« () and on the constants

in (3.3), (3.4) (see |73, Theorem 4.5.2]).

Define a map A : X — X with Aw = u,,. Then A is a continuous and compact map.

To apply Schauder fixed point theorem, it suffices to prove that the set
S={u€ X :u=ocAu for some o € [0,1]}

is bounded in X. Then, A admits a fixed point v € C>*(Q x (0,T)), and moreover,
ue CH(Q x [0,T)) (see |73, 76]) since ¢, f € CH*(Q x R) and are bounded. Therefore,
u becomes a solution to , and the regularity of the solution w is improved so that
uwe CH(Qx (0,T))NC%3(Q x [0,T)]) for some o’ € (0,a) from the Schauder theory.



124

Let u € S. Then, for some o € [0, 1], u solves

us = tr {a(Du)D*u} + oc(z, u)\/n? + [Duf? — o f(z,u) in Qx (0,7),
% = o(2)(v/n? + | Dul?)' 7 on 90 x [0,T),  (3.76)

u(z,0) = oup(x) on €.

By Proposition |3.2.2] we have that

| Dul| oo @xj0,1)) < C2

where C5 > 0 is a constant depending only on 7,2, ¢, f, ¢, q, up. Here, we have used the

fact that o € [0,1]. By interior Schauder estimates, we also have that

[ Dullceax(o,r)) < Cs

where C5 > 0 is a constant depending only T, 2, n, «, ¢, f, ¢, q, ug. This yields that the set
S is bounded in X, and therefore, we obtain the existence.

Now, we apply Proposition to the obtained solution to conclude Theorem (3.1.2

Appendix C

In this section, we provide the proof of Lemma and that of

Proof of Lemma[3.2.4. We take a copy of the space (R",z) with the coordinate = given
in the hypothesis of this lemma, and relabel the coordinate x by y. We also relabel zy by
yo. We now construct a C2 map g from (R™,y) to (R, x) around yo as follows.

Take an open neighborhood Uy of yg = (0,--- ,0) in R and a C? function ¢ defined on
¥ = (W1, ,yn—1) : (¥',0) € Uz} such that y = (y',yn) € 0Q if and only if y, = (v/).

Then, the yy,—axis lies along an eigenvector corresponding to the eigenvalue k; of the
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matrix D?¢(yo), £ =1,--- ,n — 1, respectively. Define the map g : U; — R" by

9@ yn) = (' 0(¥) =8y, oY) yn-

Then, g is a C? function on U;. Moreover, with respect to the coordinates y on the domain
U; C R™ and x on the codomain R", the Jacobian Jg at (0,---,0,yn), |yn| < o, is the

diagonal matrix, as

1= Kiyn 0
Jg(oa,O,?/n): )

0 1 — kpyn

where o > 0 is a positive number such that {(0,---,0,y,) : |yn| < 0} C U; and that 0% >
max{|k1|, - ,|kn—1]}. In particular, Jg(0,---,0) is the identity matrix, and therefore,
by Inverse Function Theorem, there are an open neighborhood U of (0,---,0) in Uy (C
R") and an open neighborhood V of (0,---,0) in R™ such that g : U — V is a C?
diffeomorphism from U onto V. We take a smaller number ¢ > 0 if necessary so that
{(0,-++,0,9n) : |yn| < o} CU and that o= > max{|k1]|, -, |kn_1|}

By the chain rule, we obtain (iii), and then we obtain (iv) by differentiating (iii) in ys,

when ¢, are C? functions. For (i), (i), we refer to [52, Lemma 14.16]. O
We next give the proof of Lemma [3.2.3

Proof of Lemma([3.2.3 From a(p) = I,, — ﬁ%, we see that, for each £ =1,--- ,n,

QUg
a(Du) = ——F——>5 (e @ Du+Du®ey) + ———=—755Du® Du,
P = = pp ¢ TSR
where ey is the /-th element of the standard basis of R™. Thus,
2Du - &
D = D D ———D Du.
PO e P DS O F G py P e P

Together with the fact that tr{(p® ¢)M} = p- (Mq) = q - (Mp) for vectors p,q € R™ and
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a symmetric matrix M, we obtain

tr{(f X DU)’UD2’U} + (,'722_|_D|UD§-|2)2
2Du - &
(n* + |Duf?)?
2Du - &
(n* + |Dul?)?

2
_ 2 2
=T |Du|2£ (vD*uDu) +
2

=~ T Da |2g (v Dv) +

Du - (vD*uDu)
Du - (v Dv)
2
=-2¢-Dv+
n

We have used the fact that vDv = D?uDu. Now use the fact that (p; - p2)(q1 - ¢2) =

tr{(p1 ® q1)(p2 ® ¢2)} for p1,p2,q1,q2 € R™. Then,

= 2 ({1, Do) - HELO DS DY)

o[ (- 22258 o o0

= —2tr{a(Du)(¢ ® Dv)},

and therefore, (3.14]) is proved. O
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Chapter 4

A convergence rate of periodic
homogenization for forced mean
curvature flow of graphs in the
laminar setting

4.1 Introduction

In this chapter, we are interested in the quantitative understanding of convergence of
graphical hypersurfaces I'*(t)(C R"*1) to I'(t) as ¢ — 0 in a laminated environment,
where the hypersurfaces I'*(¢) evolve by the normal velocity

VZE/%—I-C(%).

Here, k is the mean curvature of the hypersurface, and ¢ is a given force depending on the
spatial variable periodically. Fixing axes of R"™! we write ¢ = ¢(x) with 2 = (x1,--- ,2,).
The media is laminated so that ¢ is independent of x, 1.

If T(¢) has a height function u®(-,t) so that I'°(t) = {(x,u®(x,t)) : z € R™}, then the
evolution of hypersurfaces I'*(¢), with an initial graph {(z,uo(z)) : * € R™}, is described
by the equation

uf + F (eD?uf, Duf, ) =0 in R™ x (0, 00),
(4.1)
us(z,0) = up(x) on R"
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for € € (0,1], where F' = F(X,p,y) is the mean curvature operator with a forcing term of

graphs

P = -t { (1= 255 ) X} - ) VT,

1+ [pP
for (X,p,y) € S™ x R™ x R", n > 1. The precise meaning of notations will be introduced
later.

Throughout this chapter, we impose the following assumptions on the forcing term c;

(A1) c € C*(R™);
(A2) ¢ = c(y) is Z"-periodic in y € R", i.e., c(y + k) = c(y) for k € Z", y € R™;

(A3) c¢(y)* — (n—1)|Dc(y)| > 6 for all y € R", for some & > 0.

We also assume that ug € Lip(R"™).
Under the assumptions (A1)-(A3), it is known (see |33, 78] for instance) that u®
converges locally uniformly to u as e — 07 on R" x [0, c0), which is a viscosity solution

to the effective equation

ug + F(Du) =0 in R™ x (0, 00), (42)
4.2

u(x,0) =ug(z) on R™
Here, F(p) is the unique real number such that the cell problem
F(D*v,p+ Dv,y) = F(p) on R".

admits a Z"-periodic solution v € C%%(R") for some a € (0,1). We refer to [33, |77] for
the definition of F(p), or that of the effective Hamiltonian H (p).

The main goal of this chapter is to obtain a rate of convergence of u° to v as ¢ — 07
by proving (i) that [[u® — ul|zeemnxjo,r)) is O(e/?) for any given T > 0, and (ii) that
[u® (0, t0) — u(zo,to)| is Q(e/?), i.e., |[uf(xo,t0) — u(zo,to)| > Ce'/? for some C > 0,

(xo,t0) € R™ x (0,00) in certain cases.
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4.1.1 Literature and main results

Periodic homogenization of geometric motions has been studied only recently. In [7§],
Lipschitz continuous correctors were found under the assumption (A3) in the periodic
setting. When the gradient of the force ¢ is large and n > 3, it is shown in |16] by an
example in the laminar setting that homogenization may not occur. It is also shown in
[16] that homogenization always takes place when n = 2 for the level-set fronts as long
as the force is positive, whose argument is 2-d arguments, showing the front is trapped
in two parallel translations of an initial front in a bounded distance. Without any sign
condition on ¢, Lipschitz continuous correctors were found in [31] under the condition that
c € C*(T") and that llcllc2(rny is small enough, whose part of the proof is based on [14].
A further analysis on asymptotic speeds is given in [40]. For more related works, we refer
to [25, 21} [22]. See also the recent works [41, 83] on the curvature G-equation. To the
best of our knowledge, quantitative homogenization of geometric motions in the periodic
environment has not been treated.

Quantitative homogenization for Hamilton-Jacobi equations in the periodic setting has
received a lot of attention. The rate O(¢'/?) was obtained for first-order equations in [20).
For convex first-order Hamilton-Jacobi equations, the optimal rate of convergence O(¢)
was obtained very recently in [97]. We refer to [57} 85, (97, 99] and the references therein
for earlier progress in this direction.

In this chapter, we obtain the rate O(¢'/2) for periodic homogenization of forced mean
curvature flow of graphs. We follow the framework of [20], and we utilize the additional
fact that there is a regular selection of correctors (see Proposition . Based on this
observation, we derive the improved rate 0(51/ 2). Also, we list an example that shows that
we cannot expect a faster rate than O(El/ 2) if we expect only the Lipschitz continuity of
solutions and a regular selection of correctors. In the study of Hamilton-Jacobi equations,
this improvement of rates is noted in |98, Theorem 4.40] and used to obtain the optimal
rate of periodic homogenization of viscous Hamilton-Jacobi equations in [92]. Our work

is closely related to [92], [98, Theorem 4.40].
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We now give the precise statements of our main results. The rate O(/2) is obtained

in the following theorem.

Theorem 4.1.1. Assume (A1)-(A3), and let uy be a globally Lipschitz function on R™
with || Dugl| oo mny < No < +00. For e € (0,1], let u be the unique classical solution to
(4.1), and let u be the unique viscosity solution to (4.2). Fixz T > 0. Then, there exists a

constant C' > 0 depending only on n, ||c||c2(wn), No, 0 such that
[u® — ul| oo (mrxjo,m) < C(1+ T)et/2.

The next theorem shows that in the absence of a forcing term, i.e., ¢ = 0, one ob-
tains the rate Q(c!/2). Also, one can check that the rate is O(c'/2?) for general Lipschitz

continuous, positively 1-homogeneous initial data when ¢ = 0.

Theorem 4.1.2. Let ¢ = 0, and let up(xz) = |z|. For e € (0,1], let u® be the unique
classical solution to (4.1)), and let u be the unique viscosity solution to (4.2)). Then, there

exists an absolute constant C > 0 such that
uf(0,1) — u(0,1)] > Ce'/2.

Organization of the chapter

In Section we state propositions about the well-posedness of . In Section
we simplify the settings of the problem by using a priori estimates, and give a proof of
Theorem In Section [4.3] we obtain the optimality of the rate in Theorem by
proving Theorem

Notations

The set of all n by n matrices is denoted by S™. The matrix I,, denotes the n by n identity

matrix, and p ® p is the matrix (p2p7) 1 for p = (pt,--- ,p")t € R™.

i?j:

In the subsequent sections, (z) denotes the number (1 + |z|?)'/2 for z € R™. Note that
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D(z) = <%>, and D?(z) = <71> (In —m® éﬁ) We also let, for p € R", a(p) denote the
matrix I, — <% ® <%. For a nonzero vector p in R™ (or in R"*1), we let p = ﬁ. For a
square matrix a, we let |la| = y/tr{afa}, where tr{-} is the trace of a given argument
square matrix. Numbers C, M > 0 denotes constants that may vary line by line, and their
dependency on parameters will be specified in arguments.

For p € R™, we let a”/(p) be the (i, j)-entry of the matrix a(p). We define Dya(p) ® ¢
to be the matrix (22:1 (%a”{p)) qk>i7j:1’m,n for ¢ = (¢',--- ,q") € R™.

4.2 Proof of Theorem 4.1.1]

4.2.1 Well-posedness of (4.1))

We consider the forced mean curvature flow of graphs

wy = tr {a(Dw)D*w} + c(x)\/1+ [Dw[> inR" x (0,T),

(4.3)
w(z,0) = wy(z) on R™.
We note that by change of variables, namely u®(z,t) = ew (f, é), or w(x,t) = %ue(sx, et),

we can go back and forth between (4.1) and (4.3)) (when T" = +o00), with the change
wo(z) = Lug(ex), ug(z) = cwo(Lz). We also note that Lipschitz constants on initial data
are preserved through this change of variables.

We state the well-posedness of (4.3]), which ensures that of (4.1).

Theorem 4.2.1. Assume (Al) and (A3). Let wg be a globally Lipschitz function on R"
with || Dwol|zee(rny < No < +00. Then, (4.3) has a unique classical solution for all time

(T' = +00), and moreover, there exists M = M (n, ||c||c2rny, No, ) > 0 such that

[ Dw|| oo (rr x[0,00)) < M,
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and

1
) ooy < M [ ————— 41) forallt>0. 44
e Dl oy < M (e 1) fora ()

Here, 6 > 0 is the number appearing in the condition (A3).

We outline a sketch of this theorem in Appendix The references for the theorem

we refer to are [32] (when ¢ = 0) and [31, Appendix A] (with a forcing term c).

4.2.2 Settings and simplifications

We assume the conditions (A1)-(A3) in the rest of this section. Let ug be a globally Lip-
schitz function on R™ with || Dugl| ferny < No < 400, we consider (4.1). Then, w(z,t) =
Luf(ew,et) solves with wo(z) = lug(ex) with the same Lipschitz constant Nj.
Through this change of variables, we see that there exists M = M (n, ||c[|c2®n), No,6) > 0

such that
|6 | oo (R x [e,00)) T+ DU || oo (R x[0,00)) < M- (4.5)

Also, by (4.4]), we have

e

t
Hui(-’t)HLoo(Rn) <M (HDQUJ (.’ >

L () + 1) <M <max{\/§, 1} + 1> (4.6)

for t > 0. Combining (4.6) with (4.5), we see that for each compact set K C R™ x [0, 00),
there exists M = M(n, [|c||c2(rn), No,d, &) > 0 such that |[u®|| k) < M for each € €
(0,1] by integration. By the Arzela-Ascoli Theorem, u® converges to u locally uniformly

on R™ x [0,00) as € — 0, and u solves (4.2) (see |33]), and satisfies

l|t]] oo (®r x[0,00)) + 1Dl Loo (m7 x[0,00)) < M. (4.7)

Therefore, changing the values of F(X,p,x) for |p| > M does not affect the equations

and (T2)



133

Let £ € C*°(R"™, [0, 1]) be a cut-off function such that

1 forr <1+ M2+1,
0 forr>+1+M?2+2.

§(r) =

Let

F(X,p,y)_—tr{<fn POD )X}—E(y,p)m

1+ p)?

for (X,p,x) € S™ x R™ x R", where

Hy,p) = ¢ (\/W) c(y) + (1 —¢ (\/W)) .

Here, ¢y = sup,egrn(c(y)) if ¢ > 0, and cg = infyern(c(y)) if ¢ < 0. Note that ¢ = c(y) is
either always positive or always negative due to the assumption (A3). From this choice of

the constant cg, ¢ = ¢(y, p) satisfies

(A1)’ &(y,p) is C* in y € R" and C* in p € R™;
(A2)" &(y + k,p) = ¢(y,p) for all y,p € R", k € Z";

(A3) &(y,p)? — (n — 1)|Dyé(y,p)| > § for y,p € R", for the same § > 0 in (A3).

Also, it holds that ¢(y,p) € [mingn(c), maxgn(c)] for all (y,p) € R™ x R™. We note that
u® solves (4.1)) with F in place of F as expected.
Since the modified force ¢ = ¢(y, p) satisfies the assumption (A3)’, we have the following

proposition (see |78, Proposition 3.1]).

Proposition 4.2.1. For each p € R", there exists a unique real number, denoted by E(p),

such that the cell problem

F(D?%3,p+ Do,y) = F(p) onR",

2(0,p) = 0.
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has a unique Z"-periodic solution © = (-,p) € C%(R™). Moreover, for each y € R", the

map p — 0(y,p) is well-defined and is a C? map from R™ to R. Also, the map p E(p) is

a C? map from R" to R, and F(p) € [mingn (—&(-, p))y/T + [p[%, maxgn (—&(-, p)) /T + [p[?]
for all p € R™.

Before we move on to the proof of Theorem we explain the additional property
coming from the modified operator F. For |p| > M +10, &(y,p) = co, and thus, #(-, p) = 0.

Therefore, there exists a constant C' = C(n, [|c| c2(rny; No, d) > 0 such that

sup [6(y,p)|+ sup [Dg, oy, p)|+ sup [|D*5(y,p)| < C. (4.9)
y,pER™ y,pER™ y,pER™

Here, the gradient Dy, ,,%(y,p) is with respect to the variable (y,p) € R" x R", and the

Hessian D?%(y, p) is with respect to the variable y € R™.

4.2.3 Proof

We prove that for a fixed T" > 0,
[uf = ul| oo o, < C(1+T)e'/? (4.10)

for some constant C' = C(n, ||c[|c2(rn), No,d) > 0. From now on, we use F' and v to denote

F and ¥, respectively, by abuse of notations.

Proof of Theorem [{.1.1. We first show that
us(z,t) — u(w,t) < C(1 4 T)e'/?

for (z,t) € R™ x [0,T]. We set the auxiliary function

- _ . r z—Yy
q)(xvya Z7ta S) =u (Cl?,t) U(y,S) €v <€> 61/2 )

e L G el

2¢1/2 2¢1/2 _K(t+8)_7<x>a
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where K,y > 0 are numbers that will be chosen later. Then, the global maximum of ®
on R3" x [0, T)? is attained at a certain point (%,9, 2, %, 5) € R3" x [0, 7).

From ®(Z,9, 2,t,5) > ®(&,9, &, 1, 5) with (4.9), we have

T T—9 T Z—9 121~ &
26172 SE(“ <a’ 172 ) ”’(e’ 72 )) < Cetie 2,

which gives |& — 2| < Ce. Similarly, from ®(2,9, 2,t,5) > ®(2, %, 2,1, §), we get

& —g|* + |2 — 27 . o & i o5
< — — — R ——
5212 <u(z,8) —u(y,8) +¢e (v 8,0 v\ o

< Ol — g + CeV?y — 2],

which yields |#—g|+|j—2| < Ce'/2. Lastly, ®(&, 9, 2,1, 5) > ®(&, 9, 2,1,1) and ®(2, 7, 2,1, 5) >

Next, we show that the case ¢, 5 > 0 does not happen if v < 12 K = Kie/2 K, >0
a constant sufficiently large. Assume first that £,5 > 0. Then, (x,t) — ®(z,7, 2,1, )

attains a maximum at (Z,7), and thus, by the maximum principle,

9\ &-9 -2 &
)y

. a 1 T Z—9 2 v z z
Dxuf(2.4) < =D%*w [ = I+ (1I,- .
wiE) < ( >+sl/2”+<:fr><" <fc>®<fc>>

From u§(2,t) + F (eD?uf(2,1), Duf(2,1), £) = 0, we obtain
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Since 0 < a(DuE(i,f)) < I, and 0 < 2e/2[, + &

obtain

f A~ A 5 5 . ~
02K+S+F<D%<xz y)JM%&Wi)—némQ+vém) (4.11)

c1/2 e’ 2l/2

Besides, v = v (-, ;‘/g) solves

~ ~

(4.12)

Here, we are using the property of a that for p,q € R”,

la(p) —a(g)l| < Clp —ql,

and using Cauchy-Schwarz’s inequality |tr{e/3'}| < ||al|||8]| for two square matrices «, 3

of the same size. Therefore, combining (4.11)) and (4.12)), we have

-3 —(2-7 1/2
02K+€U2+F<ém)0@/+w. (4.13)

Now, we fix (&, 2,1). For o > 0, we let

B g -6\ |E—ylP+lE-s?  |y—¢>?
U(y,&,s) = u(y,s) +ev <€7 2172 > + 2¢1/2 + 20 + K.
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o — 0 upto a subsequence. From V(y,, &y, 56) < Y(Ys, Yo, So), We get

Yo — &I T Z—ys T Z-& 1/2
ng ) pEaYs —v PRy < Ce’ lys — &6l

which implies |ys —&| < Ce/?0. Now, (y, s) — U(y, &, s) attains a minimum at (g, S5),

and by the viscosity supersolution test for u at (v, S»), we obtain

~

So¢ —t  — Yo — & ya_ga
I " _ _ > 0.
K gl/2 +F< gl/2 o )_0

Letting 0 — 0, we get

~

t=5 —(2-9 1/2

Combining (4.13)) and (4.14]), we obtain

2K < Ce'? + Cy.

For the choices v < /2, K = K1eY2, K| > 0 a constant sufficiently large, we see that

this is a contradiction.

1/2

Therefore, we have either t = 0 or § = 0. In case when § = 0, we have t < Ce'/2, and

therefore, we obtain uf (2, ) —ug(2) = fot ui (&, s)ds < Ce'/? by using ([#.6). Consequently,

®(2,9,5,1,8) < u (@, ) — u(j, 8) — ev <x £ - y) Ry

In case when ¢ = 0, the above follows from the fact that ||ug| 100 &n x[0,00)) < C-

Since ®(z,x, x,t,t) < Ce'/? for all (z,t) € R™ x [0,T], it holds that

uf (z,t) — u(x,t) < Ce'/? + ev (g, O) + 2K,e"%t 4+ y(z).
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By letting v — 0, we obtain the upper bound

uf(x,t) — u(z,t) < C(1 4 T)e/?

for all (z,t) € R™ x [0,T].

To prove the lower bound

uf(z,t) —u(z, t) > —C(1 4 T)e'/?

for all (z,t) € R™ x [0,T], we alternatively consider another auxiliary function

1o t3) = o) = ulys) — e (L5

€' ¢
z—yP+lt—s®  |z—z
Then, we follow a similar argument as the above to obtain the lower bound. O

4.3 Proof of Theorem 1.2

In this section, we prove Theorem We let ¢(x) = 0, ug(z) = |z| for x € R™. Note

that u(x,t) = |z| is the unique viscosity solution to the effective equation (4.2)) with F' = 0.
Proof of Theorem[{.1.9. Let w = w(x,t) be the unique Lipschitz classical solution to the
mean curvature flow

w; = tr {a(Dw)D*w in R™ ,00),
t { (Dw)D } R™ x (0, 00) (4.15)

w(x,0) = |z on R".

As (4.15)) enjoys the comparison principle among Lipschitz solutions, we have that %E(/\:U, A’t) =
w(z,t) for any A > 0. Therefore, w(0,t) = /tw(0,1) for any ¢t > 0, and the fact that
w(0,1) > 0 can be proved by taking a barrier function from below whose initial data is a

smooth convex function that passes through the origin and is less or equal to the function



139

wo(z) = |z|.

Since uf(z,t) = ew (£, %) and u(x,t) = |z|, we have
t
u®(0,t) —u(0,t) = ew (O, 5) =w(0,1)Vte > 0.

By taking t =1, C' =w(0,1) > 0, we complete the proof of Theorem O

A. Proof of Theorem [4.2.7]

We prove Theorem in this appendix. We will separate the steps into Propositions

[4.3.1] [4.3.2] [4.3.3] whose statements are about the estimates of gradients, Hessians and

time derivatives.

We state the short-time existence of classical solutions to . We skip the proof as
known in the literature. The uniqueness follows from the standard comparison principle,
for which we refer to [28]. See [7] for more general results in this direction. For the existence
with gradient and Hessian estimates, we refer to [32] (in the absence of a forcing) and to

[31, Appendix A] (when with a C? forcing term).

Proposition 4.3.1. Let wo be a globally Lipschitz function on R"™ with |[Dwo||fee(mn)
< No < +00. Then, there exists T* = T*(||c|c2(mn), No) > 0 such that (4.3) with T =T*
has a unique classical solution w = w(x,t). Moreover, for each T € (0,T%), there exist

N = N([[c[le2@®ny, No, T) > 0 and C = C(][c||c2(rn), No,T') > 0 such that
[Dw|| oo mrx[o,17) < N,

and

ID*w(:, )| oo ey <

SlQ

fort e (0,T].

Next, we state and prove a priori time derivative estimates based on the maximum

principle. See |66, Lemma 3.1].
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Proposition 4.3.2. Let wo be a globally Lipschitz function on R™ with || Dwol| e (mn)
< No < +o00. Let T* = T*(||c| c2(rny; No) > 0 be chosen such that (4.3) with T'=T" has

the unique classical solution w = w(z,t). Then, for any T € (0,T*), it holds that
1wt |l oo e xryreyy < Nwe (s, T) || oo (rry < +00.

Proof of Proposition[4.3.3. Let T € (7,7%). Then, by Proposition there exist N =
N(”CHCQ(Rn), No,T) >0 and C = C(HCHCQ(Rn), No,T) > 0 such that

| Dwl| oo (mr x[o,)) < N,

and
C
D2w '7t co(pny < —
[D*w (-, )| oo (rny < i
for t € (7,T]. Therefore, by the equation (4.3, we see that [[wi| peomnxfrr) < K =

K(|lellc2@gny, No, 7, T).
We aim to prove

sup w; < supwy(-,7).
Rn x[7,T] R™

Suppose for the contrary that there exists (xo,t9) € R™ x (7,7 such that

we(zo,to) > sﬂgp we(-, 7).

Then there would exist a number A € (0,1) such that

wy(wo,t0) — Ato > supwy(:, 7) — AT
]Rn

We run Bernstein method now with ®(x,t) := w¢(x,t) — At. Let ®*(¢) := supgn (-, t)
for each t € [r,T]. Then ®*(tg) > ®*(r). Fix a sequence {e;}; of positive num-
bers that converges to 0 as j — oo. For each t € [7,T], let x;(t) be a maximizer of

®;(z,t) = ®(x,t) — gj|x|®. Then, ®(z;(t),t) — ®*(t), DP(z;(t),t) — 0 as j — oo, and
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limsup;_, ., D*®(2;(t),t) < 0 in the sense that limsup,_, ., (D?*®(x;(t),t)v) - v < 0 for any
v e R™

Note that {t € [r,T] : ®*(t) = sup}, 71 P*(-)} is a closed subinterval of [r,T] not
containing 7. Consequently, there exists t* € (7,77 such that ®*(t*) = supp 1 2*(-),
O*(t) < ©*(t*) for all t € [7,t*), and thus that liminf; o ®(x;(t*),t*) > 0.

Differentiating the first line of (4.3]) in ¢, we obtain

Dw - Dwy

2 =tria(Dw) 2w c .
(wi)¢ — tr{a(Dw)D*w} = tr{a(Dw)D*w} + T [Duf?

Also, at (x,t) € R" x [1,T],
tr{a(Dw);D*w} = tr{(Dpa(Dw) ® Dw;)D*w}

4n?

< "
~ 1+ |Dwl?

for some constant C' = C(n, [|c| c2(rny; No, 7) > 0 depending only on its argument. Here,

|Dwyl|D*wl| < C(n, ||c]lc2(mn), No, 7)| Dw|

we have used the fact that ‘%a’j (p)‘ < —=%_ for all p € R™. Also,

Vv 1+Ipl?

Dw - Dwy
Cc ‘2 < ”CHLoo(Rn)’DU)t’.

V1+|Dw

Therefore, evaluated at (x;(t*),t*) in the following limit,

0 < liminf (®; — tr {a(Dw)D2<I>})

Jj—o0

< liminf (=X + (we); — tr{a(Dw)Dth})

j—o00

< =A+liminf C(n, e[ c2@n), No, 7)| Dwy|
Jj—00
= )\,
a contradiction.

The statement infgn (77w > infgn wy (-, 7) can be verified similarly, and T' € (7,T™)

can be chosen arbitrarily. Therefore, we complete the proof. O
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We state and prove a priori gradient estimates. The point of the following proposition
is to remove the dependency on T € (0,7%) in the estimate of Proposition We refer

to 78, 66] regarding gradient estimates from the coercivity condition (A3).

Proposition 4.3.3. Let wo be a globally Lipschitz function on R"™ with |[Dwo||ee(mn)
< No < +oo. Let T* = T*(||c| c2mny;, No) > 0 be chosen such that (4.3) with T = T*
has the unique classical solution w = w(x,t). Then, for any 7 € (0,7%), there exists

M = M(n, ||el| oo mny, [[wi (-, 7) | oo (mn), 6) > 0 such that
||DwHL°°(]R”><[T,T*)) < maX{HDw('aT)HLOO(Rn)aM}'

Here, 6 > 0 is the number appearing in the condition (A3).

Proof of Proposition[{.53.3. Let T € (r,7*). By Proposition there exists N =
N([lelle2@mnys No, T) > 0 such that

| Dwl| Loo (g x[r,17) < N- (4.16)

The goal of this proof is to make this estimate independent of T' € (7, 7).

We now run Bernstein method with ®(z,t) := z(z,t). Let ®*(¢) := supg» w(-,t) for
t € [1,T]. Let {e;}; be a sequence of positive numbers that converges to 0 as j — oo.
For each t € [r,T], a maximizer {z;(t)}; of ®;(x,t) := ®(x,t) — ¢;|z|? satisfies that
O(z;(t),t) — ®*(t), DP(x;(t),t) — 0 as j — oo, and that limsup,_,, D2®(x;(t),t) < 0.
Here, we are using the estimate .

If {t € [r,T]: ®*(t) = sup}, 1) *(-)} contains 7, we obtain the conclusion. We assume
the other case so that there exists t; € (7, 7] such that ®*(t) < ®*(t1) = supy, ) ®*(*) for
all t € [r,t1). Then, it holds that liminf;_,. ®¢(x;(t1),t1) > 0.

We differentiate the first line of (4.3)) in x; and multiply by w,, and then sum over
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k=1,---,n. We get, as a result,

2z — 2tr{a(Dw)D?*2} = ztr{(Dpa(Dw) ® Dz)D*w} — tr{(a(Dw)D*w)*}

+2Dc - Dw+ cDw - Dz. (4.17)

We estimate the term tr{(a(Dw)D?w)?}. Using the fact that Dz = 2~ D*wDw, we

see that

tr{(a(Dw)D*w)?}

D D
= tr{a(Dw)D*wl, D*w} — tr{a(Dw)DQw—w ® —wDQw}
z z

= tr{a(Dw)(D*w)?} — tr{a(Dw)Dz ® Dz}. (4.18)
Recall Cauchy-Schwarz’s inequality; for two square matrices «, 8 of the same size, we have
tr{af'}* < |la|?||8]?

Assume n > 2. We put a = (a(Dw))/2D?w, B = (a(Dw))"/? to obtain

tr{a(Dw)(D*w)?}
1 2, 12
1 2 1 2
> _ = (w—
S 1(wt cz) (1222 (wy — c2)
2 2 * o0 n oo n
P 08 [t P g 1
n—1 n—1

for some constant C' = C(n, ||c|| oo (mn), [|wi (-, 7)[| oo (rn)) > 0. Here, we have used Propo-
sition [4.3.2)

Note that

ztr{(Dpa(Dw) ® Dz)D*w} < 4n3\Dz|HD2wHLoo(RnX[T,T]) < C|Dz|
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for some constant C' = C(n, [|c| c2(rny, No, 7, T') > 0 from the Hessian estimate in Propo-

sition [4.3.1} We also have used the fact that ‘%ka“ (p)‘ < —2_ forpeR™

v/ 1+p|?

From (4.17)), (4.18), (4.19), we have

22 — ztr{a(Dw)D*w}

2
< C(n, ||C||02(Rn),N0,7', T)|Dz| — <n —1 |Dc\) 22

2 w '77— oo n C [ee] n
L Al Dz @ lelz=@

L L2 + D2 + el oo | D2z + C

for some constant C' = C(n, ||c|| foo mny, [[we (-, T)[|Loo(mny) > 0. Evaluate at (z;(t1),t1) and

let j — oo to obtain
0 < —0®*(t1)* + CD*(t;) + C

for some constant C' = C(n, ||c[| oo rny; [[wi (-, T)||poo(rn)) > O (taking a larger one than the
previous lines if necessary) depending only on its arguments. This completes the proof

when n > 2. In the case of n = 1, the estimate can be carried out similarly. O

Combining Propositions [4.3.1] [4.3.2] [4.3.3] we obtain the long-time existence, proved

in the following.

Proof of Theorem[{.2.1. The uniqueness is standard |28 [7]. We prove the existence of
classical solutions for all time.

Let T = T*(|[c||c2(rn), No) > 0 be chosen as in Proposition m Fix 7y = 17T~

Tracking the dependency on parameters using Propositions [4.3.1] 4.3.2] |4.3.3 we see that

there exists M = M (n, ||c[|c2(®n), No,d) > 0 such that
[ Dwl| Lo (rr x [ro, 7)) < M.

Let 1 =T* —¢ € (19, T%). Starting from w(-,71) at ¢t = 71, seen as an initial data, we can

. . . 1 oy
extend the solution on time interval |1, 7 + O DVITE W} (see the proof of Proposition
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for this explicit expression). As e > 0 can be arbitrarily small, the solution exists on
time interval [0, T}) with T} = T* + ek Not changing the choice 79 = 5T, we
still have

[ Dw|| Loo R x ro, 7)) < M.

with the same constant M = M (n, ||¢||c2gny, No, ) > 0 by applying the proofs of Propo-

sitions Then, we can extend the solution on time interval [0,7%) with
* __ ok 2 . : * * . .

T =T* + CDvinE & we just did from [0,7™) to [0, 7). We inductively proceed to

conclude the solution exists for all time.

The estimate (4.4]) is a simple consequence of Propositions O
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Chapter 5

Periodic homogenization of
geometric equations without
perturbed correctors

5.1 Introduction

5.1.1 Settings and motivations

In this chapter, we are interested in homogenization of geometric equations in the periodic

setting, i.e., the convergence of solutions u®(z,t) to

uj + F (aDQue,DuE, %) =0, in R"x(0,00),

(5.1)
uf(+,0) = uyg, on R"”,
to the solution u(z,t) to
u+F (B2)1Dul =0, in B x (0,00) .

u(+,0) = up, on R™

as € — 01, where an operator F is periodic in the spatial variable. The equations (5.1]),
(5.2) describe the large-scale behavior of the level-sets {u®(-,¢) = 0}, understood as the
fronts. The environment and the curvature determine the rule of evolution of the fronts

as the normal velocity in typical models. As the curvature effect is now involved, we call
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the operator F' geometric, of which we will provide the precise definition in the Subsection
0. 1.0l

Our main motivations of this study are the following two geometric equations; one is
the curvature G-equation [41] with the normal velocity V = (1—edk)+W (£) - with the
microscale parameter € > 0. Here, the normal vector is outward to the set {u®(-,¢) > 0},
and k represents the mean curvature, which is nonpositive when {u®(-,¢) > 0} is convex.
The number d > 0 describes the flame thickness [81, 91], and W is a vector field modeling
wind. The other is the mean curvature equation with the normal velocity V = ek + ¢ (%)
with a spatial forcing term c.

It was first pointed out in |16] that the classical perturbed test function method [34}
33| does not directly imply the full homogenization for geometric equations because of the
discontinuity of geometric operators F' at p = 0. Instead, the conditional homogenization
[16, Theorem 1.5] is derived under a stronger condition, namely, that perturbed correctors
exist. This condition is satisfied by coercive forced equations, as the perturbation respects
the coercivity condition on c¢. However, this is not the case for the curvature G-equation
due to the noncoercive nature, meaning that homogenization of the curvature G-equation
has been unclear so far. Motivatived by this circumstance, we relax the condition on

perturbed correctors in this chapter.

5.1.2 Literature overview

Homogenization of geometric equations in periodic media has received a lot of attentions.
In [7§], it is shown that mean curvature motions with a forcing term ¢ admit Lipschitz

continuous correctors under the coercivity condition that
es%;llnf (> = (n—1)|Dc|) >6>0 (5.3)

holds for some § > 0. This condition can be seen as a small oscillation condition on
|Dc|, depending on the magnitude of a positive force. For a positive forcing term without

assuming the condition (5.3]), [16] shows by an example that homogenization does not
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happen in 3-d or higher. In contrast, also shown in [16], homogenization holds true in 2-d
as long as the force is positive. In [40], a further asymptotic analysis on the head speed and
the tail speed is given for a positive and Lipschitz continuous force. It is concluded in [40]
that the head and tail speeds are continuous in the normal directions, and homogenization
happens for any uniformly continuous initial data if and only if the two speeds agree.
The case of sign-changing forces also has been investigated with smallness conditions.
Namely, [31] found Lipschitz continuous correctors under the condition that ¢ € C?(T")
and ||c[|c2(rny is small enough. A variational approach is taken in [22], showing that if

c(x) =g(x1, -+ ,2n—1) (a laminated environment), and if
/ g >0, ming <0 and maxg—ming<Cn21/",
(0,1)71—1

with the isoperimetric constant C,, > 0 (appearing in [7]), then there exists a Lips-
chitz continuous corrector for p = e,. In general, moreover, [22] proved the existence
of generalized traveling waves whose support is not necessarily a full cell. Also, interest-
ing questions about homogenization with a sign-changing force, together with first-order
Hamilton-Jacobi equations without curvature effect, are discussed in [21]. The paper [21]
proved that when n = 2, ¢(x) = g(z1), there exists a Lipschitz continuous corrector under

the condition

1 1
/g>0and/gming<2.
0 0

Allowing a large oscillation, a counterexample to the homogenization with fol g = 0is also
given in [21].

One of the main points of [16] is about the issue on deriving homogenization from the
perturbed test function method [34, 33]. Unlike equations with continuous operators, the
discontinuity at p = 0 of geometric operators causes a gap when applying the method.
The paper [16] provided a sufficient condition to guarantee the full homogenization that

the cell problems are solved for perturbed equations. Mean curvature motions with a
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coercive forcing term c¢, satisfying either or inf ¢ > 0, meet this stronger condition,
and consequently, homogenization is concluded. However, general curvature G-equations
[41, 83] do not satisfy the condition since homogenization fails for 3-d shear flows when
the flow intensity surpasses a bifurcation value [83)].

The curvature G-equation has been introduced in [81] and been mathematically studied
in [41} 83| recently. The curvature effect in V = (1 — edk)y + W (f) -1 is considered to
describe the physical phenomenon of the flame propagation that a concave part of the
flame front propagates faster proportionally to the flame thickness, called the Markstein
number [81]. The ()4-correction is considered in |41} [83] in order to ensure the physical
validity, and this correction was first introduced in [104].

The difficulty when analyzing the curvature G-equation comes from the lack of coerciv-
ity, which necessitates a new idea. The paper [41] adopted a game theory analysis [71] (say,
with Players I and II), and provided a uniform bound on the magnitude of approximate
correctors. A natural strategy of Player I, indeed which serves as the key of the analysis,
is to follow the flow-invariant curve of the two dimensional cellar flow. This strategy has
two advantages, namely, that any choice of movement by Player II is nullified during the
strategy, and that Player I can return back to the starting point of the curve, the latter
of which is particularly important. This is because in general taking a certain strategy
yields one direction of estimates, and the other direction is compensated by applying the
minimum value principle with the closed boundary. However, when we consider perturbed
equations, Player II has more options to move in each round, which hinders Player I from
closing the flow-invariant curve.

Facing this difficulty, it is natural to ask whether or not having correctors, not per-
turbed ones, ensures homogenization. This is a nontrivial issue for geometric equations
as pointed out in [16], although commonly believed to be true from the perturbed test
function method [34, 33|. In this chapter, we confirm that this belief is true even for
geometric equations. The idea is that we use perturbed approximate correctors instead of

perturbed correctors, which is in line with the use of approximate correctors in [20].
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Using the fact that mean curvature motions with a coercive forcing term enjoy Lipschitz
estimates including their perturbed equations, we leave a rate of homogenization of the
motions in the periodic setting in this note. See [5] in this direction for the random setting.
A rate 0(51/ 2) for the case of periodic, laminated media can be obtained with a simpler
estimate [64], and we refer to [92] for the case of viscous Hamilton-Jacobi equations.
Obtaining an optimal rate is a different issue, and see [97] for the very recent development

of the case of first-order convex Hamilton-Jacobi equations.

5.1.3 Main results

Let n > 2 throughout this chapter. Let S™ denote the set of n X n symmetric matrices.

We consider operators F : S™ x (R™\ {0}) x R™ — R satisfying the following properties.
(I) F is continuous in S™ x (R™\ {0}) x R™.

(IT) F is degenerate elliptic; F(Y,p,y) < F(X,p,y) for all XY € S with X <Y and

all (p,y) € (R™\ {0}) x R™.

(III) F is geometric; F(AX + up @ p, Ap,y) = AF(X,p,y) for all (X,p,y) € 5™ x (R"\
{0}) x R" and all A >0, p € R.

(IV) F is Z™-periodic; F(X,p,y+ k) = F(X,p,y) for all (X,p,y) € S™ x (R™\ {0}) x R"
and k € Z".

(V) F is regular;

(i) For every R > 0, there exists M > 0 such that |[F(X,p,y)| < M for all

(X,p,y) € §" x (R"\ {0}) x R" with | X|| < R, 0 < [p| < R.

(ii) There exist K > 0 and w : [0,00) — [0, 00) such that w(0") = 0 and

F (X, oz —y), ) = F(Y,a(z —y),y) Sw (lz —yl(1+alz —yl)
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forall « >0, X,Y € S x,y € R" satisfying

X 0 I, —I,
—KOZIQTLS < Ka

0 -Y -1, I,
with « = 0 when =z = y.

The notations appearing in the above conditions are explained before Section[5.2] Now

we state the main theorem.

Theorem 5.1.1. Suppose that a given operator F : S™ x (R™\ {0}) x R™ — R satisfies
the conditions (I)-(V). Suppose that for each p € R™, there exists a unique real number

F(p) such that

F(D?*v,p+ Dv,y) = F(p) on R" (5.4)

admits a Z™-periodic viscosity solution v : R™ — R. Then, homogenization takes place,
that is, u® converges to u locally uniformly on R™ x [0,00) as € — 0, where u® and u are
the unique viscosity solution to (5.1) and to (5.2)), respectively, and uy represents a given

uniformly continuous function on R™,

As a corollary, we conclude homogenization of the curvature G-equation for the two
dimensional cellular flow. Let us first state the main result of [41, Theorem 1.1] on the

effective burning velocity and the uniform flatness.

Theorem 5.1.2. [41, Theorem 1.1] For e > 0, p € R?, let u® denote the unique viscosity

solution to

€

D
ug + (1 — eddiv < “

€ f . € _ ; 2
|Du8|>>+|Du|+V(€> D=0, in RZx(0,00)  (5.5)

with u(x,0) = p-z, v € R?, where d > 0, and V(x) = A(— cos xasinxy, cos x1 sinxs)

is the two dimensional cellular flow with the flow intensity A > 0 for x = (x1,z2) € R2.
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Then, there exists a unique real number H(p) such that
|uf(z,t) —p-x+ H(p)t| < Ce on R? x [0, 00),

for some constant C > 0 depending only on d, A, |p|. Moreover, the map p — H(p) is a

continuous, positive homogeneous function of degree one from R?\ {0} to (0, 00).

As mentioned in [41, Section 4], the existence of the effective burning velocities H (p)
such that the above conclusion holds can be extended to more general two dimensional
incompressible flows.

Homogenization of the curvature G-equation with the two dimensional cellular flow
(as well as general two dimensional incompressible flows) follows from the fact that this

uniform flatness result, Theorem implies the existence of correctors with F(p) =
H(p) in (5.4)), which is proved in the Proposition

Corollary 5.1.1. For e > 0 and a uniformly continuous initial function ug on R?, let u®
be the unique viscosity solution to (5.5)) with u®(-,0) = ug. Then, as € — 0, the solution

uf converges locally uniformly on R? x [0,00) to the unique viscosity solution u to

u+ H(Du) =0, in R?x (0,00),
(5.6)

u(+,0) = up, on R2.

We note that not only the case of the forced mean motion and the curvature G-equation
that have effective velocities of certain signs, namely, F(p) < 0 and H(p) > 0 for p # 0,
respectively, the statement of the Theorem includes but also sign-changing cases,
for which we refer to [31} |21} 22]. Technically speaking, the direction of the sup/inf-ball
convolution |16, Lemma 13.1] should be carefully taken following the sign of F(p) in the
proof of the Theorem [5.1.1

We have stated the qualitative conclusion of homogenization deriving only from the
the solvability of the cell problems. For mean curvature motions with a coercive forcing

term satisfying ([5.3)), their perturbed forces also satisfy ([5.3)) as stated in the Proposition
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which we cannot expect in general (the curvature G-equation, for instance). We
utilize this fact to obtain a rate of periodic homogenization of mean curvature motions
with a coercive forcing term. For a Lipschitz function f : R" — R™, we let || f||co.1(gn) :=

| £l oo (mn) + [[D f 1| Loo ny, where D f is the Jacobian. Let p = ‘%' for p € R™\ {0}.

Theorem 5.1.3. Let

F(X,p,y) = —tr{(In —p®p) X} — c(y)lpl,

for (X,p,y) € S™ x (R™\ {0}) xR™, and suppose that a forcing term c is Lipschitz contin-
uous, Z"-periodic and satisfies (5.3). Let ug be a function on R™ with || Dug||co.1gny < oo.
For e > 0 let u® denote the unique viscosity solution to , and u denote the unique
viscosity solution to . Then, there exists a constant C > 0 depending only on

n, |lcllcor @nys [|Duollco.r mny, 0 such that
|u® — || oo (mrxjo,m) < C(1+ T)e'/®

for allT >0, e€(0,1).

The optimal rate is of natural interest, and the following example shows that the

optimal rate is slower than O(e).

Proposition 5.1.1. Let n = 2, ¢(x) = 1, and let up(x) = —|z|. Let F,u®,u be as in the
statement of Theorem . Then, for any € > 0 and for any (x,t) € R? x [0,00) with

lz| =t >e(l+et), we have

E (2, ) — u(z, 1)| > %s (log (z - 1) + 1) . (5.7)

In the next, we present examples of traveling graphs with prescribed asymptotics
when a forcing term is a positive constant, as they demonstrate that homogenization rate
is related to the stability of the traveling waves if we start with 1-positively homogeneous

initial data. The traveling graphs are known as the “V-shaped traveling fronts” [89] in
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2-d, and they are studied in [87] in arbitrary dimensions.

Proposition 5.1.2. Let o € (0,5], ¢(z) =1 and let

uo(x) = sup {(cot @)z - (1,0)},
veA

where A is a given nonempty finite subset of the sphere S"~2. Let F,uf,u be as in the
statement of Theorem . Then, there exists a constant C > 0 depending only on «, |A|
such that

[u® — ull oo (rn x[0,00)) < C&
for all e > 0.

In view of the metric problem [5], the fast rate O(e) can be seen as a result of the
fact that the traveling waves stay similar to themselves as time changes, and we can
ask whether or not this happens in laminated media with general uniformly continuous
initial data, when a forcing term satisfies . A contrasting case in general media is the
example in the Proposition [5.1.1 whose slowing effect is due to the accumulation of the

curvature effect from the varying radii.

Organization of the chapter

We prove the Theorem and the Corollary in the Section [5.2] and we prove the
Theorem [5.1.3] and the Propositions [5.1.1} [5.1.2] in the Section [5.3]

Notations and conventions

For each n > 1, we set and use the following notations throughout the chapter.
- x4 = max{z,0} for z € R.

-ﬁ:‘%forpeR"\{O}.

- (p) = /1+|p|* for p € R".
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- S™ : the set of n x n symmetric matrices, for each n > 1.

- I, : the n x n identity matrix.

- p®p : the matrix (pipj)zjzl for p = (p',--- ,p") € R™,

- tr{A} : the trace of a square matrix A.

- |All = supyern:jp=1 [(Av) - v)| for each n x n matrix A.

- Br(x)={yeR": |y —z| <r}forxeR" r>0.

- Qr(P)=Bp(z) X ((t—r,t+r)N[0,00)) for P = (z,t) € R™ x [0,00), 7 > 0.
- Q,.(P) : the closure of Q,(P) in R™ x [0,00) for P € R" x [0,00), 7 > 0.

N fllcormny = [ fllLoorny + [[Dfllpeorny for a Lipschitz function f : R™ — R™ for

m > 1, where D f denotes the Jacobian.

- F* and F, : the upper and lower-semicontinuous envelope of F': S™ x (R™\ {0}) x

R™ — R, respectively.

We follow the convention throughout the chapter that a number C' = C(-) > 0 denotes
a positive constant that may vary line by line, and that its dependency on parameters
(such as, e,m, u,r,---) is specified in its arguments. Specifying the dependency in the
arguments is also applied to various parameters that appear in this chapter, not just to

C>0.

5.2 Proof of Theorem [5.1.1]

This section is mainly devoted to the proof of the Theorem [5.1.1
Let F': S™ x (R™\ {0}) x R™ — R be given. Throughout this section, we let

F'(X,p,y) == inf F(X,p,y+e),
le|<n

Fﬁ(vaay) ‘= sup F(va,y+€)
le|<n
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for (X,p,y) € 8" x (R™\ {0}) x R™ and n > 0.

Proof of Theorem [5.1.1].
Step 0: Checking the initial condition with barrier functions.

Let w := limsup;_,y«® and w := liminf._,o , u®. It suffices to prove that u is a viscosity
subsolution to and that w is a viscosity supersolution to . Then, the comparison
principle for implies that @ < w, which then implies the local uniform convergence of
u® to u = u(=: u) on R™ x [0, 00).

We first of all note that there are sub/supersolutions 4 to , which are independent

of € € (0,1] (see [51, Lemma 4.3.4, Theorem 4.3.1]) such that

u” <wu", and lim sup |u™(z,t) — up(x)| =0,
t—0 rER2

which follows from the conditions (I), (II), (III) and (i) of (V). By the definition of u,w,

we have that

and thus that u(-,0) = (-, 0) = ug.
Claim 1: The function u is a viscosity supersolution to ([5.2).
Step 1.1: Parameters r, 0 > 0 from the assumption for the contrary.

Suppose the contrary for contradiction. Then, there exist Py = (g, tg) € R? x (0, 00),

r € (0,t9) and a C? function ¢ in Q,(FPp) such that

u(Py) = p(FH),

u> on Q,(P),

o1(Py) + F(Dp(Py)) =: —0 < 0.
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Let p = Dp(Py), A = F(p), A\t = ¢4(Pp) so that we have
X0 =\ (5.8)

By replacing ¢ by —|(z,t) — Py|* + ¢ if necessary, we can assume without loss of

generality that there exists d; = d1(r) > 0 such that

u—26>¢ on Q.(Py)\Qa(Fo),

u> on  Q,.(Po)\ {Po}.

We only cover the case A = F(p) > 0 in the proof of the Claim 1 to avoid lengthiness.

The other case A = F(p) < 0 of the Claim 1, i.e., proving that u is a supersolution when

A = F(p) < 0 is omitted, as this case corresponds to the argument of [16, Section 8] that
shows u is a supersolution. We use perturbed approximate correctors instead of perturbed
correctors in both of the cases, and how we use perturbed correctors is demonstrated in

detail from now on.
Step 1.2: Approximate correctors wy and w) 2.

For A > 0, we let w) be the solution to
Awy + F (D2w/\,p+ Dwy,y) =0 on R"

By a simple comparison argument, we see that

F F
—supv—/(\p)—l—vgw)\g—infv—g\p)+v,

where v is a Z"-periodic viscosity solution to (5.4) satisfying
: 1_
supv — infv < 170

for some constant Ky = Ko(p) > 0, from the hypothesis of the Theorem Accordingly,
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we have
supw)y — inf wy < §E0,
and there exists A = A(6,p) € (0,1) such that
(~Auw) — N goe ey < 76

We now consider an approximate corrector of the perturbed problem; for n > 0, let

w) 2, the solution to
)\w)\gn + an (D2w,\72n,p + Dw)\gn, y) =0 on R" (5.9)
Choose n = n(A, 0,%o,p) =n(0,p) € (0,1) such that
. 1, 1_
Hw)\’gn — ’LU/\HLoo(Rn) < min TGH, ZHO
so that
sup wy 2, — inf wy 2, < Ko (5.10)
and

[(=Awn2n) = Al ooy < 20 (5.11)

| =

Step 1.3: Extension and (sup-)convolution of the test function ¢.

Write

o(x,t) = p(Py) +p- (x —x0) + N[t —t0) + (w,t) (5.12)
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with
| D3|, 4] < on Q. (Fo) (5.13)

for some p = pu(r) > 0 that goes to 0 as » — 0. We extend 9 to a C? function on

R™ x [0, 00), still denoted by 1, that satisfies
|DY| + |D?*|| < o on R™ x [0,00) (5.14)

for some pg < 1 by replacing » > 0 by a smaller number if necessary. We also keep the

notation for ¢.

Let

‘ZE(:th) = gD(:L’,t) +e (w/\.2n (%) - w/\,2n(0)) )

P (z,t) := SUD,c 5., (x) (2, 1), (5.15)

14
0% (z,t) := Sup,cpn <¢E(z,t) — |‘Zé_3zl|) ) ,
where p € (0,1) is to be determined later. By [16, Lemma 13.2.(B)], there exists ¢ =

(01, o, |p| + po) = e(r,p) € (0,1) such that

ut =061 > ¢ on Q.(Po)\Qya(Po),

and that the infimum of u® — ¢ on Q,.(Pp) is attained in Q, j2(Pp), say at P. = (¢, t.) €

Qr/2(Fo). By [16, Lemma 13.2.(B)], and also by (5.10)), there exist p = p(n, Ro, [p| + t0) =
p(0,p) € (0,1), T, € R™ such that

z|*

e /— Te — _
O (ze,t.) = T (Tes L) — | 5453p and |7 — x| < en. (5.16)

Step 1.4: The viscosity inequalities from the Crandall-Ishii’s Lemma
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Unraveling the infimum in (5.15) and by the choice of T. € R", we see that

T — 4
(. (1.1)) € B" x Qy(Py) s B (1) — (g, 1) — 12—V

4e3p

attains a maximum at (e, (ze,t:)) € R" x Q,/2(Fp). Since [28, (8.5)] holds for our F
(from the condition (i) of (V)) and for @°, u®, we can apply the Crandall-Ishii’s Lemma

[28, Theorem 8.3] to see that for every v > 0, there exist X,Y € S™ such that

;

=24+,
(b1,q,X) € P55 (7o, 1),

72’_ €
(b27Q7Y) epP U (x€7t€)>

by —by=0= @t(fg,xg,tg), (517)
X 0
— (2 +1141) £2n < < A+a?,
0 -Y
where ®(z,y,t) := |‘f1;§’p|4 and

¢ 1= Dy®(Te, e te) = —Dy®(Te, 7e,te) = 0(Te — x2) with 6 = e —Ze|”

In+2q@q —I,—-23®q ~
A:=D? 0T wete) =6 with §:= = (if ¢ # 0).
’ q

“L,-2%®7 In+2G9§ 4l
By [16, Lemma 13.1.(ii)], there exists z. € R" such that
(b1,4,X) € PG (@, te), B (@erte) = F(@este),  |Be —Te| <en. (5.18)
Note that vy oy (z) :=¢€ (wA,2n (f) - w,\ygn(O)) is a viscosity solution to
x

Fy, <5D2v>\,2n(:c),p + Dy 2y (), g> <A+ éﬁ on R",
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from (5.9), (5.11). Therefore, from (5.18) and ¢ = ¢ + vy 2,, we have
~ ~ =~ —2, oy S -
b1 = i(P.), (q— Dp(P.), X — D*o(P.)) € T vopay(%e) with Pe = (Te,te)  (5.19)

and

_I_

_ 7 _
(Fay). (X = <D*o(P).p+ = DplP), ) <3

Finally, by (5.12)) and (b, q,Y) € fQ’fue(a:E, te), we obtain the viscosity inequalities

(Fay), (6X — 5D2¢(]5€),q — D(/}(ﬁg), %) < \+ %9,

(5.20)
bo + F* (5Y,q, ””E—E) > 0.
Step 1.5: Bound of the gradient ¢ and of the Hessians X,Y.
We can check that ||A]| = 66 and
—I
A< "
I, I,
Setting v = % in (5.17)), we obtain
—90I, < X <Y <941,
and in turn, with 6 < g (from (/5.16))),
3 9 2 9 2
<t and -1, <ex<ey <L, (5.21)
p p p

Now, as a crucial step, we separate the gradient ¢ from the origin with a constant that

depends only on 6,p. Choose r = r(f) € (0,1) small, ¢ = ¢(r,p) = €(0,p) € (0,1) small
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enough that p = u(r) < g where p > 0 is given in (5.13), and that
P. = (zote), |[Te—x| <em, |Te—T| <enm
imply P = (Ze, te) € Qr(Po), and thus that

~ 0
P << g (522

From (5.12), (5.17), (5.19), we have by = by = ¢ + wt(ﬁe). Using the assumption \ =
F(p) > 0, we link the identities/inequalities (5.8), (5.17), (5.20), (5.21)), (5.22) to obtain

a lower bound as follows:

g SN0 —gu(P) = =\ — ¢u(P2) = —by

<F(e¥,q, ) < P (X0, 55).
£ £

Moreover, the function ¢ is sup-convoluted by the definition (5.15)), and therefore, its
semijet (b1,q,X) € @ enjoys a bound with the geometric operator F' as follows ([16,

Lemma 13.1.(ii)]):

N D

< FT (6X,q, E) < clq]
€
for some ¢ = ¢(n) = ¢(0,p) > 0. Therefore, we obtain

0
Z <4l 2
5 = lq| (5.23)

Step 1.6: Deriving a contradiction.

Note that the operator F' is uniformly continuous on

9% 0 3
{rwesxr x4 Lapi<ie T

) = =



163
By this fact, we can choose r = r(0,p) € (0,1), e = ¢(r,0,p) € (0,1) such that

e|D*6 (). DY ()| < pu(r) < min {1, ‘. 49} ,

and thus that, by (5.21)), (5.23),
2 3

~ 9 0 ~
leX]) lleX = eD*(P) < 1+ == and o < lal, g = Dy(P)] < 1+,

and finally that

,F@XefD%mé;q—Dwﬁbﬁ§>z—iwaF@Xgﬁ§>. (5.24)

We derive a contradiction by linking the inequalities (5.8)), (5.20)), (5.21)), (5.22)), (5.24):

X502 (B, (X = eD?0(P).q - DR, %)

:p%<&x—50%méyq—p¢dpf§>

> F (X = eD*9(P),q ~ D(P), =)

1 Te
> _Z ze
> 49+F(a&q,€)

1 Te
> _Z e
> 40+F(dc%€)

1

—Z0—b
= 4 2

1

= —19 — At — (P2)
-1

> —

>3+ 50,

which completes the proof of the Claim 1 in the case A = F(p) > 0.
Claim 2: The function u is a viscosity subsolution to (5.2)).
Step 2.1: Parameters r, 0 > 0 from the assumption for the contrary.

Suppose the contrary for contradiction. Then, there exist Py = (xg,tg) € R? x (0, 00),
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r € (0,t9) and a C? function ¢ in Q,(FPp) such that

¢

u(Py) = (Po),

u<g on Q. (P),

0t (Py) + F(Dp(Py)) =: 0 > 0.

\

Let p = Dp(Py), A = F(p), A\t = ¢4(Pp) so that we have
A+ A=0. (5.25)

By replacing o by |(x,t)— Py|*+¢ if necessary, we can assume without loss of generality

that there exists d; = 01(r) > 0 such that

ﬂ+251§90 on @r(PO)\QT/Q(PO)a

U< on  Q,.(Po)\ {Po}

We only handle the case A = F(p) > 0 in the proof of the Claim 2. The other case
A = F(p) < 0 of the Claim 2, i.e., proving that @ is a subsolution when A = F(p) < 0
is omitted, as this case corresponds to the argument of [16, Section 8] that shows @ is a
subsolution. We instead explain the use of perturbed approximate correctors in detail in

the below (but in the opposite direction of perturbation to the proof of Claim 1).
Step 2.2: Approximate correctors w) and win.

Let w), be the solution to
Awy + F (DQw,\,p + Dw)\,y) =0 on R".

Similarly as in the Step 1.1.1, namely by comparing wy with v (with additional constants),
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we see that there exist Ky = Ro(p) > 0 and A = A(0,p) € (0,1) such that
supw)y, — inf wy < iﬁo
and
1616

_ . 1 1 —
[(=Awx) = All oo (rn) < min {0 )\} :

We consider an approximate corrector of the perturbed problem; for n > 0, let win the

solution to
Aw?\” + F2n (D2w§",p + Dwi", y) =0 on R"™ (5.26)
Choose n = n(A, 0,%o,p) =n(0,p) € (0,1) such that

. 1, 1+-1_
Hwin — W[ goo(rry < min {9 A, 4&0}

16 716
so that
sup win — inf win < Ro (5.27)
and
(= Xw2") — X[ ey < mind 20, TX L (5.28)
A - 878

Step 2.3: Extension of the test function ¢, definition of a linear functional

¢ and the (sup-)convolution of u°.

Let ¢ be a C? function on R” x [0, 00) defined as in (5.12) (with abuse of notations
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for the extension) satisfying (5.13)), (5.14]). For (z,t) € R™ x [0, 00), let

Ua,t) == o(Po) +p- (x — z0) + (—Awi’?(m) (t — to),

E(a,t) = Lo, t) + ¢ (W) (£) - w(0)) (5.29)

£

(2,t) = inf,cqn (Ze(z,t) + lw—z‘“) 7

where p € (0,1) is to be determined later, and

(1) = (w,1) + (=Xw}(0)) = Ar) (¢ to) = (), (5.30)

U (2, t) = SUD, g, () ut(z,t).

For e = €(01) = e(r) € (0,1) small enough,

ut+01 < on @r(PO)\Qrm(PO)v

which in turn implies, by (5.27), (5.29), (5.30)),

ﬁ€+51§l78+€ﬁo on @T(PO)\QT‘/Q(PO)'

By the fact that lim sup? @® = lim sup? @® and by [16, Lemma 13.2.(A).(vii)], we see that

there exists € = (P, 1, 01, Ro, |p|) = €(FPo, 7, p) € (0,1) small enough such that
e 1 Ve ra)
u +§51 < on Q.(P)\Qrpa(P),

and that the supremum of @ — £ on Q,.(Py) is attained in Q, o(P), say at P. = (Z,t.) €
Qr/2(Fo). Also, by [16, Lemma 13.2.(A).(vii)], there exist p = p(n, Fo, [p|]) = p(0,p) € (0,1),
ZTe € R™ such that

WL ‘36 - 55’4

O (Zeyte) = 0 (Tey te) + and |Z. — 7| < en. (5.31)

4e3p
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Step 2.4: The viscosity inequalities from the Crandall-Ishii’s Lemma.

Unraveling the infimum in ([5.29)), the supremum in ([5.30)) and by the choice of z. € R",

we see that

=y

(2,9:1) € Br(wo) x R x [to = vt + 1] — (1) = E(yt) = 5

attains a maximum at (Zc,Ze,t) € B,ja(x0) x R x (tg — 37,to + 37). Since [28, (8.5)]
holds for our F (by the condition (i) of (V)) and for @, ¢ (with the aid of [16, Lemma
13.1.(ii)] for u®), we can apply the Crandall-Ishii’s Lemma |28, Theorem 8.3] to see that

for every v > 0, there exist X,Y € S™ such that

(bla q, X) € f274’_32(%\{-:7 t€)7

(b27 q, Y) € §27725(%87 t8)7

by — by = 0 = By(Te, xe, L), (5.32)
X 0
— (L +141) B < < At yA2,
0 -Y
where ®(x,y,t) := |Z;§/p|4 and
|§U\€ — 55’2

q:= D@7, 7., t:) = —Dy®(2c, 2, t.) = 6(x: — 2.) with §:=

B In+20®q —In—-20®q .
A= D(way)q)(zg,:ns,ts) =s5| " " with ¢ := % (if ¢ # 0).

I, -20®q I,+20®q a
By [16, Lemma 13.1.(ii)], there exists T. € R™ such that

(b17 Q;X> E f27—’—ﬁg(fc€7t&‘)7 aa(/x\évté) = Eg(f67t6)7 ‘/x\a - f&“ S ET]? (533)
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and consequently, by ([5.30)), that
- - - =2, _
(b1 = (=23"(0) = \) + wu(Po), g + DY(Po), X + D*6(P.)) € P* (@, te)  (5:34)

with P, = (T, te).
Also, we note that vin(ac) =c (wi" (%) - wi"(())) is a viscosity solution to
_ 11—
F <£D2v§n(az),p + Dv/z\"(x), z) > )\ — min {0, )\} on R",
5

8 '8

from (j5.26]), (5.28)). Therefore, from (5.29) and the second line of (5.32)), we have
—2,— 2p ~
by = = w}(0), (¢—p,Y) €T v}(7e). (5.35)

Hence, by (5.34) and (5.35)), we obtain the viscosity inequalities

At + U(P2) + Fi (eX 4+ eD*(P.),q + Dp(P.), %) <0, (5.36)

(F2m)* <6Y, q, %5) > \ — min {%9, %X} :

Step 2.5: Bound of the gradient ¢ and of the Hessians X,Y.

Similarly as before, we set v = 2 in (5.32)) and combine the fact that § < g (from

(5.33)) to obtain

3 9 2 9 2
<t and -1, <ex<ey <L, (5.37)

p p p
We separate the gradient ¢ from the origin with a constant that depends only on 8, p.
Note that (b1,¢,X) € fz’JrﬁE(&:},ta) and that the function @® is sup-convoluted by the

definition (5.30). Therefore, [16, Lemma 13.1(ii)] implies, together with (5.36)), (5.37)),
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that

]‘7 ~E ~€
Ry (v 2 ) <y (X0, ) < ol

N |

for some constant ¢ = ¢(n) = ¢(6,p) > 0, which then yields

A
— <|q|. .
2 <l (539)

Step 2.6: Deriving a contradiction.

Note that the operator F' is uniformly continuous on

/ / ! n n n / 97’2 X / ’[’]3
(X5,p,y) € 8" xR xR 5”XH§1+77 %S‘p‘ﬁl—i-? .

Combining the above uniform continuity with (5.31)), (5.33)), we can choose r = r(6,p) €
(0,1), e = e(Py,r,0,p) € (0,1) satisfying

ANDPUPILIDUPL (P < () < min {1,531 (5.39)

= >

so that, by (5:37), (5:33),
2 By 3

_ 9 B _
JeX|) [leX +eD* (P < 1+ == and <l Ja+ Do(P)| < 1+ 7

and so that

F (EX, ¢ "if) < ie L F (EX +eD*(P.), q + DY(P.), m;) . (5.40)
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We derive a contradiction by linking the inequalities (5.25)), ((5.36)), (5.37), (5.39), (5.40)):

0 < (F2)* <5X7 q, f)

= F277 <6X7Q7 wa)
g

§F<6X,q, xe)
9

2 —

| =

< ie +F <5X +eD*(Pz), q + Dv(Pr), z>
< 16— X - (P

< 10+3-0-w(P.)

<A- %0,

which completes the proof of the Claim 2 in the case A = F(p) > 0.
O
We finish this section by proving the following proposition, which implies the Corollary

together with the Theorem [5.1.1] The proof is a simple argument using the Perron’s

method.
Proposition 5.2.1. Let d,A > 0 and V(z) = A(—coszgsinzy,cosx;sinzy) for x =
(z1,72) € R?. Let

F(X,p,y) = (Ip| —dtr{(Iz —p®p) X}), +V(y)-p

for (X,p,y) € S? x (R?\ {0}) x R?. For each p € R?, let H(p) be the unique real number
as in the statement of the Corollary|5.1.1. Then, (5.4) with the right-hand side replaced

by H(p) admits a Z2-periodic viscosity solution v.

Proof. We skip tracking the dependency on d and V' as they are fixed. From [41, Corollary

3.3], we see that there exist a viscosity subsolution ¥ and a viscosity supersolution v to
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(5.4) with the right-hand side replaced by H(p), and moreover,
sup {[7], [v]} < Co
R2

for some constant Cy > 0 depending only on p, and the both are Z?-periodic. Then, 7 — Cj

and v + Cy are also a viscosity sub and supersolution, respectively, and they satisfy
—2Cy) <7 —Cy < v+ Cy < 2Cy.

By the Perron’s method, namely by taking the supremum of Z2-periodic subsolutions
between ¥ — Cp and v + Cp, we see that there exists a Z2-periodic solution v to (5.4) with

the right-hand side replaced by H(p) satisfying

200 <1 —-Ch<v<uv+ Cy<20.

5.3 Quantitative homogenization of the forced mean curva-

ture equation

We turn our attention to the forced mean curvature equation in this section. We are
interested in a rate of periodic homogenization of the flow. We provide the rate O (51/ 8)

by proving the Theorem in this subsection.

5.3.1 Proof of Theorem [5.1.3

Throughout this subsection, we let

= sup -+ 2),
z€R™:|z|<n
cp:= _inf (- +2),

z€R™:|z|<n
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and

F(X,p,y) :=—tr{(In —p®Dp) X} — c(y)|p],
F1(X,p,y) = —tr {(I, —p®@Dp) X} — "(y)lpl,

Ey(X,py) = —tr{(In —p®@Dp) X} — "(y)|p|

for (X,p,y) € 5" x (R"\ {0}) x R", > 0.
We follow the framework of [20]. Before we get into the proof of the Theorem we

leave Lipschitz estimates of solutions u° and of perturbed approximate correctors v, 1)7)7‘

in the following proposition.
Proposition 5.3.1. Suppose that ¢ is Z"™-periodic, Lipschitz continuous and satisfies (5.3)).

(i) Then, c",c, are Z"-periodic, Lipschitz continuous and satisfiy (5.3)) (with the same

0 > 0) as well for n > 0.

(ii) Let ug be a function on R™ such that || Dugl|co.1(gny < 00. For each e € (0,1), there

exists a unique viscosity solution u® to (5.1), and u® enjoys Lipschitz estimates:

l|2t]] oo (®r x[0,00)) + DU Loo (Rr x[0,00)) < M (5.41)

for some constant M = M (n, ||c[| Loc &ny, [[Duol|co.1(rny, §) > 0.

(iii) Let X\ > 0,1 > 0. For each p € R", let v™ = v (-, p) denote the unique viscosity

solution to

XM 4 B (DQU’\’”,;D + DM, y) =0 onR"
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Then, there exists a constant C = C(n, ||c[|co1(wrn),0) > 0 that for x,y,p,q € R",

)
WM (2, p) — v™M(y, p)| < Clp||z — yl,

WM (2, p) — vM(z,q)| < §p — gl (5.42)

\ [A0X(-, p) + F(p) | oo (rm) < Clpl(A + ).

Here, F(p) denotes the unique real number such that

a (D2v,p + Du, y) =F(p) onR"

admits a Z™-periodic viscosity solution. Also, the similar holds for a solution U,)]‘ =
v'f/]\(vp) to

)\v{; + F, (Dzvf?‘,p + Dv%‘,y) =0 onR"™

We refer to |78, Lemma 3.2] for (iii). The statement (i) is an easy consequence of convo-
lution, and (ii) can be shown by considering a vanishing viscosity parameter [98, Theorem
1.13]. During the derivation of , the time-derivative is bounded by Hessians, for
which we leave [31, Appendix A.1], [64, Section 2] as references.

Now, we prove the Theorem [5.1.3

Proof of Theorem [5.1.8 Throughout the proof, C' denotes positive constants varying line
by line, and they depend only on n, [|c||co.1(gny, [[Duol|co.1(rny, 6, which we call the data
from now on.

We first show that
uf(z,t) — u(x,t) < C(14T)e'/8 (5.43)

for (z,t) € R™ x [0, 7.

Step 0: The framework of doubling variable method with approximate
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correctors for quantification [20].

For a given ¢ € (0,1), we let n = £ and let

(I)(x7yazat> 8) = ’UF(:E,I‘I) - U(y, S) - 5U>\7n <x7 : _5y>
3 g

R A S i
2eP 2eP

K(t+s) —7(y),

where A = ¢, K = K1e#, v € (0,%], and 0,8 € (0,1], K1 > 0 are constants to be
determined. Then, the global maximum of ® on R3" x [0,7)? is attained at a certain

point, say at (2,9, 2,%,5) € R3 x [0,T]? (abusing the notation p = f;%‘ for p € R™).

which gives |# — 2| < Ce'=?. Also, from ®(&, 9, 2,t,5) > ®(&, &, 2,1, 5), we get

as long as 4 < 1. This yields |2 —g|+|j—2| < CeP. Lastly, ®(z, 9, 2,1, 5) > ®(&,9, 2,1,1)

AAAAA

|2 — 2] < Ce' Y,
(5.44)

& — g+ 1§ — 2] + |t — 8] < CeP.

Claim. For g = %, RS [é, %] , there exists K; > 0 depending only on the data

such that either f = 0 or § = 0.

Once we establish this claim, we then obtain (5.43). Indeed, by (5.41)), (5.44)),
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for all (z,t) € R” x [0,T] in either case. Therefore, for all (z,t) € R™ x [0, 7],

uf (xz,t) — u(z, t) < eo™ (g;, 0) + K18 4 4y () + Cet/8.

Since it holds for arbitrary v, € (0,£/8], we deduce (5.43).
From now on, we suppose that £, § > 0. We postpone the explicit choice of 3, 6.

By the fact that (y,s) — ®(&,y, 2,1, s) attains a maximum at (g, 8) and by the super-
solution test of u to ([5.2)), for some

t

—5 . (i-3
K F(XY%i0 Y _4) >0 5.45
T (e me) 2 o)

for some ¢ € DY (Ev)‘*” (E ZE—;)) See |20, Lemma 2.4] for the existence of q. Note that,

g’

by (5.42)), we have |q| < Ce!'=0=5.

As the direction of the sup/inf-involution [16, Lemma 13.1] follows the sign of £ — 3,

which shall be explained, we divide the cases accordingly.
Case 1. ¢ < &.
Step 1.1: Sup-involutions of auxiliary functions and their maximizers.

Let

_ 52 — 2292 (2 =1
U(z,&,2,t) = (ug(x,t)— ol 22!3 Ll y)>
e

_ A z—y z—g). A — z;g)
(o (250) 25 ) e
|z —e€)?  [z— 2 |t—8+ |t —i]?

2c 4eb 2eP

Kt.

Note that this auxiliary function is nothing but the terms of ® involving (z, z,t), keeping

I i

Y -5 Lhis additional term is attached to

(9, 8) fixed, if we ignore for the term

quantify the distance between maximizers (Zq, %), which will be taken soon, and (2, ).
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Let
K 2 N
% - — — 2 - _
\IIM({I}7§7271’;) = sup <u€(w,t) . |U) y| + |U} Z/|3 w (Z y))
wEEgu(z) 2e
— )‘777 Z = y zZ — :& ) _ . ' Zig
£ <'U <‘£7 8'8 ) + Eﬂ f (-:U €§> Eﬂ
2 ~12 12 9
- - t— t—+4
e e G kG et Y
200 45,3 28ﬁ

where p = %n = %55, and a > 0 is to be determined later. Then, ¥" attains a global
maximum, say at (Ta, &, Za, ta) € R x [0, T).

From U"(Zy, €,y Zay ta) > 9" (T, %,Ea,fa) with (5.42)), (5.44]), we have

‘fa—€ga|2 A T EOA_Z) An (¢ Za—g
I G U I A Ul

o Zad
S C|x06 _Efa’ agﬁ

)

and in turn,

_ Zo — U
[Ta — €60l < Ca |75 Y (5.46)
Now, we estimate |Z, — 2| and |f, — | by using the term — ‘”1_5?2 |t2_€';|2.

@H(Eavgavzavfo)

< Cep+ u (T, ta) +

2eP
en (7 Za— 9 Ta —e€0l? 2o =217 |ta — 8 + [ta — 1|
—ev> &y, 7 - - - -

2a 4P
B |Za — 2\2 + |ta — 5’2

sup <_|w_g|2+’w_za2_2(w_$a)'(za_g)>
wWEBy(Ta)

9P Kt,

)\77] @ EO( - :g o )\77] s za - y

125 +C’5u+5<v (5’65 ) v <§a, 5
2(w —Ta) - ((w = Ta) — 2(Za — Ta))

+ sup ( 52F

— A2 — = |2

Ta Za— 1 [to — 8|2 _
€1 Ta o — — Kt
2eP 2eP v < e &b ) 2eP “

wEBey(Ta)
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Here, we used the fact that u®(w,%s) < u®(ZTa,ta) + Cep for w € Be,(Ty) in the first

inequality, and used the fact that

(lw =31 = [Ta = §17) + (Jw = Zaf* = [Ta — Zal*) — 2(w ~ Ta) - (Za — 9)

=2(w—7q) (W —70) — 2(Za — Ta)) ,

in the second inequality. The others are rearrangement of the terms. Now, from ®(, ¢, 2, £, §) >

D(To, Y, Zas ta, §), we have

WM(focagouzomfa)
e - 212 + [ta — t?
4eb

A~

Za —Y
b

+ Cep + O[Ty — €€,

\ B u(ep + 2T — Zal)

& 2—@)_ 2 —g* |22 |t—3]

(4t — et 2
+uf(2,t) —ev (, 527 527 527

- Kt,
g’ &P

J/

=0 (2,2,2,8) <" (8,2 ,2,0) <V (Ta .6 o Zarba)

2 .
and thus, by (5.46]) and by the inequality Z‘;—gy‘ <2 (C + ‘ziiﬁ—ﬂ?) from ([5.44]),

— 52
Za — 2
0‘65‘ + 2P+ 28 P Ty — Zal . (5.47)

|Zo — 2|2 + [ta — t|?
4¢eb

<Ceu+Ca+ Ca

Choose T}, € Be,(T4) such that the supremum

sup

<u5(w,ta) =i = 2o = 2 =) (o .@))
wEBep(To) 2e

is attained. From U"(Zy,&,,Za,ta) > U (Ta, £y Tas La), we get, by (5.42)),

2Tg — Zal® — 2/T5 — Tal* + [Za — £* — [Ta — 2P

~ Ta— ) — Za— 7
< AT, — Ta) - (Fa — Ta) + 417 (v”’ (éa, 5 y) — oM <§a, > y))

I3

<ATL —To) - (Fa — Ta) + C 0T, — Zal.
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By elementary calculations using

ZL — Zo|? = [T, — Tu|? + 2(ZL — Z0) - (Ta — Za) + [Ta — Zal%,

|Ta — 212 = |Za — Za|> + 2(Ta — Za) - (Za — 2) + |Za — 2|?,

we see that there exists a constant Cy > 0 depending only on the data such that ([5.46]),
(5.47) hold with Cy in place of C,

T — Za| < Co (51‘9 + |Za — 2\) . (5.48)

Now, we consider a € (0, ﬁaHﬁ) so that

|§a _2|

2
’eh <C (EHﬁ +e|To — an
from (5.47) with another constant C' > 0. Combining with (5.48)), we obtain

2o — 2| < Ce3th,

(5.49)
’fa o Ea‘ < Cgmin{%—i—ﬁ,l—B}’
which in turn implies, again by (5.47)),
fo — ] < Ceath. (5.50)

Also, by (5.44), (5.47) and (5.49)), there exists a constant C; > 4Cy depending only on the

data such that

~

Za —

B

~

i > < Cia.

Zo —

B

‘Ta — Ega‘ < Cha

§Ca<1+
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Now, we take @ = ﬁeHﬂ = ﬁsn € (O, ﬁs”ﬂ) so that

To — 1
— = < —n. 5.51
= & <50 (5.51)

Step 1.2: The viscosity inequalities from the Crandall-Ishii’s Lemma.

If 7, = 0, we then necessarily have ¢,5 < Ce®, which implies (5.43) as before. We

assume the other case t, > 0.

Let
2 Zo—i) L— 524 [t—F|2 T 3|2
h(z, & t) := o 235‘ + (z —€€) - ZgBy + | S|25,B| | + Kt + ‘Z45ﬁz‘ ]
YL _A2+ _7(1 2_2 ‘704_A
uH(@,1) = SUD,eF, (s (ua(w,t) -l ;Ezla i y)) ;
| B =M (6 252) + 2258 ¢
so that

($,f,t) — @H(xvéafavt) = Ha,,u(x’t) - 528(5) - h(l’,g,t)

attains a global maximum at (Za,&,,, %) € R x (0,T).

Since [28| (8.5)] holds for our F' and for u®*, el®, we can apply the Crandall-Ishii’s

Lemma [28, Theorem 8.3] to see that for every v > 0, there exist X,Y € S™ such that

/

(b1,p, X) € PP 0 (T, B,
(ba,q,Y) € P7Tel2(E,),

br= b1 — by = hy(Ta, &g Ta) = K + log® 4 Tad, (5.52)

X 0
— (L4141 Fon < < At A,
0 -Y
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where

s o\ Ta—,  Za—]
b= th(xoméomtoc): = o 2+ agﬁ

)

q = _Dﬁh(fcxagaaia) = Ep,

I
A= D%x7§)h(xa7£a7toz) = a

As ||A|| is comparable to 1, we take v = « so that we can deduce from (5.52) that

c c
eX <1y

with a constant C' > 0 depending only on the data.

By the choice of T, € Eeu (ZTo) and by the definition of w**, we can apply [16, Lemma
13.2] to obtain

2(zk —z,) 2 o g -
<b1,p+a€Ba,X—|—€BIn> 673 us(‘r}x’ta)a
which gives, from the subsolution test of u* and (5.52)),

lo—8 To—1

2T — %) T
K+ et g (ex poctip, py 2BaFa) Ta) g (5.54)
b b b £
Also, from the supersolution test of ¢ and (5.52), we have
_ . — 9 1 _
o (650 ) () (Dvna) 2o (5.55)

Step 1.3: Separation of the gradient p from the origin.
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By (5.42)), (5.55) and by the fact that

%‘ < C, we have
3

> (7F77)* (SX,p, ga)

v

C
_7|p’7
i

where we used [16, Lemma 13.1] for (b1,p, X) € 52#55,“@0“%&) in the last inequality. On

the other hand, by (5.42)), (5.45)), (5.44), (5.49), it holds that

Linking the two inequalities, we see that there exists a constant C' > 0 depending only on

the data such that
Ip| > &8 (071K1€5 _ Camin{%,@,ﬁ,l—@—ﬁ}) .
We require that K; > C? and # < min {%,9, 1—60-— ﬁ} so that

Ip| > (CT'Ky — C) . (5.56)

Step 1.4: Deriving a contradiction for a large constant K; > 0.

Note that <

1 —
a _ Tao
15

T g, + | —€,| < n by (5.51) and the fact that T, €
B, (To). Therefore, by connecting the viscosity inequalities (5.54), (5.55), we obtain, by
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(-42), that

0 B T Za — 7 A [ Za— Y
C(€ +€) F( 6’8 )2)\7} <€ou 6’6 >

V
I
o
A~
)
s
=
o S
~_

2*1_7 =1
>_F <5X 42, p 4 M %> + B+ By
I 9
s T i
> K+ agﬁ + O‘EB + E1 + B, (5.57)
where
27 — % ) 7l =1
EIZ_F(EXJHM,%)_F(Exyp,%»
eb € 5
2*1_7 1 2*1_7 1
Ey:=F 5X+251‘51n,p+7(% z“),x—"“ - F eX,p+M,x—“ :
eb € eb €

Note that, from [T}, — Zo| < [T, — Za| + [Ta — Zal| < Cemin{3+A.1-0} by (5.49). Therefore,
we have, by (5.56)),

2(Ty — Za)

‘p—l— S| 2 (O - 0) Y

for v € [0,1] if we require K; > C?, 28 < min{%,l —0— B} (and also 8 < 6 from the

previous requirement). This implies, with (553), that
—1 . 1
‘E1| < 05_6 ((C—lKl . 0)526) Smln{§71—0—ﬁ}’

and therefore, we see that there exists a constant C' > 0 depending only on the data such

that if Ky > C, then

|E1| < ﬁgmin{%,lfefﬁ}f?)ﬁ’
(5.58)

|Eq| < 2nel=F.
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Therefore, by (5.45)), (5.57), (5.58]), we have

. 1 ]
2K1€5 <C <Em1n{9,r3} 4 Mgmln{é,l—a_ﬁ}_g/g)

for some constant C' > 0 (with a larger one if necessary) depending only on the data. Now,

13

we take f = % and any 0 € [g, g] as an optimal choice. Then, taking K1 = C' + 1 yields a

contradiction. Therefore, there exists a constant K7 > 0 depending only on the data such

that if ¢ < §, then ¢ = 0.
Case 2. > 4.
Step 2.1: Inf-involutions of auxiliary functions and their maximizers.

Let

2eP
|z — €2 |z — 32 |t—§|2+]t—f|2
2c 4eb 2eP

Uy (2,2, 1) = vz, 1) — <5vm <§’ Zg—ﬂy> L leg—aP +leg - z|2>

Kt.

Also, we let

7 a2 o 2
U (2,&,2,t) :=u’(x,t) — inf <5U/\ﬂ7 (w, o 5y> 4 lew — 9| +5|6w 2| >
weBL(£) & 2¢

|z — €2 |z — 32 |t—§|2+]t—ﬂ2
2c 4eb 2eP

~ Kt,

where p = %n = %55, and o > 0 is to be determined later. Then, @’f attains a global

maximum, say at (Ta, £y, Za, ta) € R x [0, 7] (by abuse of notations).

From @‘f(%,éa,za,%a) > @Af(sga,ga,fa,fa), we have

TN ’504 _‘ggaP

ug(favtCM) 20{ Z ug(ggoufa);
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which implies

(5.59)

with « := msn. Here, C' > 0 depends only on the Lipschitz constant of u®.
— A _ 312 _fl12
We estimate |Z, — 2| and |t, — t| by using the term — |Z4€Z| - |t2€f3| as in Case 1. First

of all, it holds that

Ellll(fougouE()ngoc)

_ 212 L 1F £12
Za — ZF+ [t —t 7 I €t
> _‘ - ’455’ - | + (ug(l'chta) - ug(gga,ta))

_ . )\77] ia_:g _ )\,77 s za_ﬁ
1nf)<€v <w, G ) €V <§a,66

weB, (&
_ 412 _ |2 _ 512) _ _ 5 12 _ | _=% |2
inf <(\ew 97— le€a = %) = (lew — Zal” — |ea zau)

weB,(E,) 2¢P
- g) . |€ga - g|2 + |5ga _2a|2 o |%a - ~§‘2

(¢ T . An (¢ Za .
+ u(e€,,ta) — €V <§a, G 57 527 Kt,.

We note that ®(&, 7, 2,1, 8) > ®(€,,, ¥, Zas ta, §) and

(‘gw - g‘z - ‘gga - Q‘Z) - (|5w - §a|2 - "gza - 50’2)

=2e(w— &) - (s(w = &) + (560 — §) + (€4 — Za)) -

By these facts, together with (5.41)), (5.42)), we have

= 212 7 712
—, = Zo — 2|7+ |ta —t
w¥($a7§a7za7ta) + | - ‘45/3‘ - |

Za — e
agﬁy‘ + e (M7 + |68, — 9l + |e€a — Zal

< Ce'tP 4 el th

N o e
ety oo (T E-GY _l@-gl e -2 [E-8° s
+u(Z,t) —ev ( : 5o o K,

e’ &P

-~

=01 (#,2,2,0)<UY(,2,2,0) <Y (o £ o Zasla)



185

which then yields, with (5.44)),

|Zo — 22 + |ta — 1]
4eb

2
< CE™P 4 e|zy — 2| + €le€,, — Zal)- (5.60)
Choose E,i € B,(&,) such that the infimum

inf <€v/\v7l <w, Zo '7;) + [ew — G + Jew — za’2>
weB,(E,) &b 267

is attained. Then, @;(Ea,ga,fa,fa) > @;(@,Ea,sga,ia) yields, with (5.42)),
=1 _ =1 = _ . = . 0,7 -
20e€a — Zol® — 208q — e€al® + 20 — 2 — |64 — £I° < C'~le€q — Zal.
By elementary calculations using

680 — Zal? = |e€0 — 6ol? + 2(e€n — £4) - (660 — Za) + |60 — Zal?,

|e€0 — 27 = le€o — Zal® + 2(e€o — Za) - (Za — 2) + [Za — 2%,
we see that
€€, — Za| < C (&H 4 [Fa — 2|) .
Combining this with , we obtain

%o — 2| < Ce2tP,

(5.61)
|6€o — Za| < Cemin{ztA1-0}
which in turn implies, again by (5.60)),
fo — f] < Cezth. (5.62)

Step 2.2: The viscosity inequalities from the Crandall-Ishii’s Lemma.



If 7, = 0, we then necessarily have ¢,5 < Ce?, which implies (5.43) as before.

assume the other case %, > 0.

Let
B(w,€,t) = el 4 MSEHIE o gy o Bl
() = il g (20 (w0, BT ) 4 Eemiligpeelt)
so that

(2,&,t) — Uy (2,6, Z0, ) = 0 (2, 1) — () — h(z, & 1)

attains a global maximum at (T, &, 1) € R*" x (0,T).
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We

Since [28, (8.5)] holds for our F' and for u, " we can apply the Crandall-Ishii’s

Lemma [28, Theorem 8.3] to see that for every v > 0, there exist X,Y € S™ such that

/

(blapa X) € 52’4»118(?0”%&),

(b27 q, Y) € f27_26’#‘(504)7

by = by — by = hy(Ta, &g Ta) = K + Log® 4 ot (5.63)
X 0
— (2 +1141) Lo < < Atqa?,
0 -Y
where
p = th(faagaa%a) = %a

q = *th(jaagaaia) = &p,

_ 1 I —el,
A=DY o h(FarEnnla) == | "
« —el,, €21,
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Taking v = «, we have, from ([5.63)), that

C C
_aTBIn <eX < ETJI’m

(5.64)
eX <1y
as before.
From the viscosity subsolution test to u® at (Za,ta),
to—t to—38 T
K+ byt plex,p22) <. (5.65)
56 55 g

Also, by the choice of Ei € B,(&,) and by the definition of ", we can apply [16, Lemma

13.2] to obtain

(bg, g—e " ((sg,ll —9) + (5& — Ea)) Y — 252*6_7”) e P e <§i, Zag; y> ,

which gives, from the supersolution test to v,

_ N =1 _ _
A An =1 2 — Y 7N\ * 1 1-5 2(5504 - za) ‘Té
M Cas g | FENT| DY =26 p - ==, | 20, (5.66)

Step 2.3: Separation of the gradient p from the origin.

From £ > 5 and (5.65)), we have

2 704 —t 704 1 7a

where we used [16, Lemma 13.1] for (b2,¢q,Y) € ﬁz"f“@a) in the second-last inequality.
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By (5.60)), we see that there exists a constant C' > 0 depending only on the data such that
Ip| > (CT'Ky — C) % (5.67)

whenever K1 > C2. Here, we require 3 < %

Step 2.4: Deriving a contradiction for a large constant K; > 0.

§a < | E}l < n by (5.59) and the fact that E(ll €
B,(£,). Therefore, by connecting the viscosity inequalities (5.65)), (5.66]), we obtain, by

(-1, that
9, 8 7 (Z—Y g (£ Za—9
C(e” +¢£7) F<55 >Z)\v ({a,
1 2(e€,, — Za) =
> " <Y — 2L, p— M)gi)
€

-1
> _F <5X — 2P, p— Heba — %) Za), %>

eh €

> — < > +E1+ Es
i—i
> K —5 + FE1 + Ey (568)
&

where

Ey:=F <5X — 2178, p, x") —F <5X —2el P, p— Tha el T
g

Ey,:=F (sX — 2181, x:) ~F

Note that, from \aé,ll—za\ < \sgi—agaH]eEa—Za\ < Cemin{gt+A.1-0} by (5.61). Therefore,
we have, by (5.67)),

26 —Za)

S > (CT 'Ky - C) ¥

p+

for v € [0, 1] if we require K; > C?, 23 < min {%, 1—6-— B} with a larger constant C' > 0.
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This implies, with (5.53)), that
1 )
‘El‘ < CEiﬁ <(C*1K1 N C)E2ﬁ> gmln{%,l_e_@}’

and therefore, we see that there exists a constant C' > 0 depending only on the data such

that if Ky > C, then

I € goemnlbie-su
(5.69)

|Ea| < 2nel=F.

Therefore, by (5.45)), (5.57), (5.58]), we have

. 1 ]
2K1€5 <C (Emm{t‘),ﬂ} 4 Mgmln{é,l—a_ﬂ}_3g>

for some constant C' > 0 (with a larger one if necessary) depending only on the data. Now,

we take f = % and any 0 € [%, %] as an optimal choice. Then, taking K1 = C' 4+ 1 yields a
contradiction. Therefore, there exists a constant K7 > 0 depending only on the data such

that if £ > §, then § = 0.

To prove the lower bound
u(z,t) — u(z,t) > —C(1 +T)e/®

for all (z,t) € R™ x [0, T], we alternatively consider another auxiliary function, for a given

e€(0,1),

@1(1‘,2/,2,1:, S) = Ua(l',t) - U(y, 8) - 6’07)7\ (xa z _By>
IS I

2 2 2
T + |t S x z

where A = ¢, n=¢8, K = K18, v, € (0,€°], and 6,8 € (0,1], K1 > 0 are constants to
be determined. Then, the global minimum of ®; on R3" x [0, T]? is attained at a certain

point (Z,9, 2, t, ) € R3" x [0,T)?, and we proceed estimates similarly as before. ]
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5.3.2 An example

We prove the Propositions in this subsection.
Proof of Proposition[5.1.1 As the forcing term and the initial data are radially symmetric,

we have u®(x,t) = ¢°(r,t) for r = |x| > 0,t > 0, where ¢ solves

wf — 297 —lpsl =0, in (0,00) x (0,00),

©(r,0) = —r, on [0, 00).

By the optimal control formula for solutions to first-order convex/concave Hamilton-Jacobi

equations, we have

(1) = sup {—mmr 1(0) = <1 sc [o,t]}

—sup{—|ee (L] e0) =L, <1 smelol
e (2o o4}

for r,¢ > 0. Here, we made the changes of variables 7)(s) = e£ (£) . and s; = £ for s € [0, ¢].

£(s1) —

1
&(s1)

We moreover have, for r > t,

e = -6 (1)),

where &7 : [0, ﬁ] — (0, 00) is the solution to

£1(s1) = =1+ g3, in (0,00) x (0,00),

§1(0) = = on [0, 00).
Then, & can be expressed as

cto0 =W (5o (L o1 1)) 1,
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where W = W (z) : [0,00) — [0, 00) is the Lambert W function defined by

for z > 0. We can check easily that W’(z) = -2 7y and

z2(1+W (=

1
W(z) > ilogz for z > 0.

Therefore, we immediately obtain, for 7 =t > e(1 + e 1), that

()<<l () ) b))

As u(z,t) = 0 whenever |z| = t, we complete the proof. O
Now, we prove the Proposition [5.1.2

Proof of Proposition[5.1.9. By [87, Theorem 1.2], there exists a smooth convex function
¢ in the variable ' = (21, -+ ,7,-1) € R""! such that ¢(2) + (csca)t is a traveling wave

solution to (5.1)) with e = 1 and with the initial datum ¢, and ¢ satisfies
ug—C < op<uy+C (5.70)

with C' = 2|A| csc «r, which we freeze in this proof.
Let u!' be the solution to the unit scale problem (5.1]) with ¢ = 1 and with the initial

datum ug. Applying the comparison principle to (5.70]), we obtain
ut —C < ¢+ (csca)t <ul +C. (5.71)

Note that u(z,t) = up(x) + (csca)t. Together with this fact, we apply (5.70) once more
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to (5.71)) to obtain
lul (z,t) —u(x,t)] <2C for all (z,t) € R™ x [0, 00). (5.72)

As uyg is positively 1-homogeneous, we have uf(z,t) = cu' (%, é) and cu (%, é) = u(x,t),

which we apply to (5.72) to derive the conclusion. O
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Chapter 6

Rate of convergence in periodic
homogenization for convex
Hamilton—Jacobi equations with
multiscales

6.1 Introduction

We consider the periodic homogenization problem for convex Hamilton—Jacobi equations
in the multiscale setting. For € > 0, let u¢ be the unique viscosity solution to
x
ui—i—H(x,f,Due) =0 in R" x (0, 00),
€ (6.1)
u(z,0) = g(x) on R",
where ¢ is a given function as the initial data and the Hamiltonian H = H(z,y,p) :
R™ x T™ x R™ — R is continuous and convex in p. Here, T" = R™/Z" is the n-dimensional
flat torus. It is well known that under appropriate assumptions, u¢ converges uniformly

to the unique viscosity solution w to

ug + H (z, Du) =0 in R"™ x (0, 00),

u(z,0) = g(x) on R",
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on R™ x [0,T] for any T > 0 as € — 0, where H is the effective Hamiltonian of H (see
[77]). However, the optimal rate of convergence of u¢ to u in this multiscale setting has
not been studied thoroughly in the literature. In this chapter, we prove that the rate of
convergence is O(ty/€) for t > /e and O (min {t, e}) for ¢t € (0,/€). Furthermore, examples

are provided to demonstrate the optimality of this convergence rate for 0 < ¢t < /e and

t /e

6.1.1 Relevant Literature

Periodic homogenization for coercive Hamilton—Jacobi equations was first proved in [77].
Subsequently, numerous works in the literature have focused on determining the rate of
convergence of the homogenization problem for Hamilton—Jacobi equations. For general
nonconvex Hamiltonians with multiscales, the best known rate of convergence is O(e!/3),
which was obtained in [20] by the doubling variable method and the perturbed test function
method (see [34} 33]). For convex Hamiltonians H = H(y,p) that depend only on the
oscillatory variable and the momentum, the optimal rate of convergence was first studied
in [85] using weak KAM theory and Aubry-Mather theory. In particular, it was proved
that the lower bound of u¢—wu > —C'e is optimal and the upper bound holds with additional
assumptions on H, u, g. Recently, the optimal rate of O(e) was proved in [97] using a curve
cutting lemma from metric geometry (see [13]), which concludes the study in the setting
of convex Hamiltonians H = H(y,p) that depend only on the oscillatory variable and
the momentum. Additionally, the optimal rate of O(e) was obtained in [88] for convex
Hamiltonians H = H(y, s,p) that also depend periodically on the time variable. For a
recent study on the rate of convergence for time-fractional Hamilton—Jacobi equations
with Caputo fractional derivatives, see [84]. We refer the reader to [20, 85, 97] for further
references therein.

To our best knowledge, the most closely related previous research in this area is [99],
where the approach in [85] was extended to attain the optimal rate of O(e) in one dimension

with further assumptions on H. In this study, we investigate this problem for dimensions
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n > 1 and prove that the convergence rate, in general, is O(t\/€) for t > /.

6.1.2 Settings

Throughout this chapter, we will assume that the following conditions hold for the Hamil-
tonian H : R" X T" x R" - R :

(H1) For each R > 0, H € BUC (R™ x T" x B (0, R)), where BUC (R™ x T™ x B (0, R))
stands for the set of bounded and uniformly continuous functions on R"™ x T" x B (0, R).

(H2) lim),| o (infrern yer H (2,9, p)) = +00.

(H3) For each x € R™ and y € T", the map p — H(x,y,p) is convex.

(H4) There exists a constant Lip(H ) > 0 such that |H (z1,y,p) — H(z2,y,p)| < Lip(H)|z1—
xg|, for any x1, 29 € R, y € T", and p € R™.

We also assume g € BUC(R™) N Lip(R™).

We emphasize that condition (H4) is essential for the validity of our main result (as
discussed in Remark . In Section we present an example (refer to Proposition
to demonstrate that in the absence of this condition, the rate of convergence of u€
to u as € tends to zero cannot be bounded by O(v/e).

The well-posedness of the equation has already been extensively studied. The
classical theory of viscosity solutions can be used to demonstrate the existence and unique-
ness of solutions to (see [98]). Moreover, the solution ¢ is uniformly bounded and

Lipschitz, which can be expressed as follows:
6]l oo mr x [0,00)) F 1PU oo (mx[0,00)) < CO,  VE >0, (6.3)

where Cy > 0 is a constant that depends only on H and [[Dg|[ ;e (gny- Based on (6.3),
we can modify H(x,y,p) for |p| > 2Cy + 1 without changing the solutions to (6.1)). This

modification ensures that for all z,p € R™ and y € T",

P’ g < H PPk 6.4
o T hes (x7y7p)—7+ 0 (6.4)
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for some constant Ko > 0 that depends only on H and |[Dg|| . (gn). Consequently, for all
z,v € R" and y € T,
0] o]

o Ko < L(z,y,v) < oy + Ko (6.5)

where L : R" x T" x R™ — R is the Legendre transform of H.

Moreover, we have optimal control formulas for «¢ and w, that is,

ety =t { [ 1 (569,22, 50 ) s 900 17 € AC(O.: B, 40 = )
(6.6)

and

u(r,t) = inf { | T 66 =) ds+ 9 ((0) 7 € AC(0. R, 5(0) = w} . (67)

respectively. Here, AC denotes the class of absolutely continuous functions and L is the

Legendre transform of H : R® x R® — R.

6.1.3 Main results and proof strategies

To establish our main result, we first introduce the following notation that can be viewed

as a metric between any two points z and y in R".

Definition 6.1.1. Let ¢,z,y € R", ¢ >0, 0 <t; <ty < +00. Define

D(ty,to, z,y) == {7y € AC([t1,t2],R") : ~(t1) = =, v(t2) = v},

m (1, ta, 7, y) = inf {/: L (’y(s), 7(s) "y(s)> ds : e F(tl,tg,x,y)} ,

€

€

2 (s)
mZ(t17t27x7y) ;= inf {/ L <C, N _fy(s)) ds : v E F(t17t27xay>} )
t1

m(ty,ta, x,y) := inf {/t 23(7(5), —~(s))ds : ¥ € F(tl,tg,x,y)} ,

1

ta .
me(t1, t2, x,y) := inf {/ L(c,—7(s))ds : 7 € F(tl,tg,x,y)} .
t

1

Although only the time difference t — t; impacts the calculation of the cost in the
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above notations, we still specify the start and end time points to maintain consistency
with the notation used for the discounted static problem.

We note that the optimal control formulas , (6.7) can be reformulated as

uf(x,t) = inf {m®(0,t,2,y) + g (y) : y € R"}

and

u(z,t) = inf {m(0,t,z,y) + g (y) : y € R"},

respectively.

We now present our main result, which establishes a rate of O(¢y/€) for the multi-
scale setting. Our findings address the problem of the optimal rate of convergence for
homogenization in the multiscale setting that Hitoshi Ishii initially proposed in 2018. (See
1)

Theorem 6.1.1. Assume (H1)-(H4) and let g € BUC(R™)NLip(R"). Fore > 0, let u¢ be
the unique viscosity solution to (6.1)) and u be the unique viscosity solution to (6.2). Then
there exists a constant C > 0 depending only on n, H and ||Dg|| e ®n) such that for any

(x,t) € R" x (0,00) and € € (0,1), we have

u(a,t) — (e, )] < OtVe, ift> Ve,

lu(z,t) —u(x,t)] < Cmin{t,e}, if0<t< /e

(6.8)

We also state a similar result for the static problem.

Theorem 6.1.2. Assume (H1)-(H4). For \,e > 0, let u¢ be the unique viscosity solution
to

A+ H <w, %, Due) =0 in R, (6.9)

and let u be the unique viscosity solution to

\u+ H (z, Du) =0 in R". (6.10)
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Then, there exists a constant C > 0 depending only on n and H such that for \,e € (0,1),

we have

Cye
-

[[uf = ull oo rny < (6.11)

A notable difference (for the Cauchy problems) between the multiscale setting and the
case where Hamiltonians H = H(y, p) (as studied in [97]) is that the rate of convergence in
the former depends on time ¢, as opposed to being uniform in ¢ for the latter. Specifically,
in the multiscale setting, for ¢ large, the rate of convergence is O(/€), with the power of e
being % This power arises from balancing the macroscale and microscale variables, which
is a key feature of the multiscale setting.

We now outline the proof strategy for the lower bound when ¢ > /€ in the multiscale
setting. As the proof of Theorem is based on exactly the same idea, we focus on
presenting the proof idea of Theorem [6.1.1

First, we consider a minimizing curve 7 : [0,t] — R" for u(x,t), i.e., 79 (0) =  and

(ot = [ 2 (20060, 2, —s0(s) ) ds + glonfe), (6.12)
The main idea is to break =y into N evenly spaced pieces with respect to time, where N
needs to be determined appropriately. For each piece, we approximate its cost by fixing the
first argument of L in . More precisely, for the k-th piece where £k =0,1,--- | N — 1,
the time runs from t; = kv/€ to tx4+1 = (k+1)y/€, and we estimate the running cost within
this time with the first argument fixed in Lagrangian by the value of the curve at the

beginning xy = o (tx) of this piece, that is,
N—-1 g1
Z/ L <xk,%(s),%(s)) ds (6.13)
€

k=0 Ytk

The error for fixing the first argument of L in the running cost for N pieces of shorter

curves is % (under condition (H4), see Lemma .
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For each piece with the first argument of L fixed in the cost, we can use the definition

of mg, to obtain

— [h Yo(s) pe
Z/ L (9%6 >d5 > Z L (et 70 (tk), Y0 (tk41))- (6.14)
k=0 'tk k=0

Further, we can use the following lemma to connect mg, with m;, and hence u(z,t).

Lemma 6.1.1. Assume (H1)-(H3). Fiz c € R". Let x,y € R",¢,t > 0 and My > 0 with
ly — x| < Mot. Let Ko > 0 be a constant that satisfies (6.4]), (6.5). Then, there exists a
constant C = C(n, My, Ko) > 0 such that

Ime(0,t,z,y) — m.(0,t,z,y)| < Ce. (6.15)

Remark 6.1.1. This lemma is a generalization of [97, Lemmas 3.1, 3.2]. In [97], it is
proved that for a fivred ¢ € R™, and for the Lagrangian L°(-,-) = L(c,-,-), there exists a
constant C' = C(n, L¢, My) > 0 such that for any x,y € R™, e,t > 0 with |y — x| < Mot, we
have the conclusion of Lemma as above. Although the constant C = C(n, L, Mp) > 0
could potentially depend on ¢ € R™ due to the dependence of L¢ on ¢ € R", it can be shown,
under the assumptions (H1)-(H3), that the constant C > 0 depends only on n, My, Ko, as

presented in Appendiz.

Using Lemma we can approximate each term on the right-hand side of (6.14])
by ™, with the corresponding arguments, incurring an error of e N for the sum of N
terms. Furthermore, by constructing an admissible path for u(z,t), we can replace Mg,

with u(z,t), introducing an additional error of % Thus, we obtain the inequality

2
u(z,t) > u(x,t) — C’% — CNe,

where C' > 0 is a constant that depends only on n, My, Ky. In summary, we have one
source of error coming from fixing the macroscale variable in approximating the running

cost and the other source of error caused by handling the microscale variable with Lemma
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To minimize the total error, that is, to balance between % and Ne, the best N we

can choose is N = -.-, which yields a bound of Ct,/e on the total error.

e

The balance between the spatial variable and the oscillatory variable in homogenization
is a key feature of the multiscale setting, and it is the first work in the literature where
scale separations occur at the level of optimal curves for the solutions. As we can see,
it is crucial in the proof of Theorem that the constant C' > 0 in Lemma [6.1.1] is
independent of ¢ € R™, as we freeze the spatial variable at various places along minimizing
curves. Also, we will see that the involvement of time ¢ in the bound Ct\/e is necessary

by an example, which is also a feature distinguished from the case where Hamiltonians do

not depend on the spatial variable.

Remark 6.1.2. Condition (H4) is a necessary assumption for the approach of fizing the
x-arguments to work. This condition enables us to bound the error caused by freezing the
spatial variable. In Proposition we provide an illustration of the case where (H4) is

not satisfied, and the error cannot be controlled in this way.

Organization of this chapter

In Section[6.2], we prove Theorem|[6.1.1} In Section[6.3] we verify Theorem[6.1.2] In Section
we provide examples that demonstrate the optimality of the rate of convergence

suggested in Theorem In the Appendix, we show Lemma[6.1.1]in detail.

6.2 Proof of Theorem [6.1.1]

6.2.1 Preliminaries

We begin by stating that throughout this chapter, we will use C,Cy, Ko, M, My > 0
to denote positive constants, and their dependence on parameters will be specified as
their arguments. The constants Cy = C (H, ||Dg||Loo(Rn)> , Ko = Ky (H, ||Dg||Loo(Rn)) ,
My = M, (H, ”DgHLOO(R")> > 0 will be fixed throughout this chapter, while C, M > 0

may vary line by line.
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Prior to proving Theorem [6.1.1} we introduce two essential lemmas that will assist us
in constraining the errors that arise when we freeze the first argument of L in the running
cost.

We first state the lemma about the boundedness of velocities of minimizing curves.

Lemma 6.2.1. Assume (H1)-(H3). Let x € R™, t > 0 and € > 0. Suppose that ~y : [0,t] —

R™ is a minimizing curve of u€(x,t) in the sense that y is absolutely continuous, and

we= [ L <v<s>, ), —ws)) ds + g (+(t)) (6.16)

with 7 (0) = x. Then, there exists a constant My = My (H,||Dgl| @) > 0 such that
H;YHLOO([O,t]) < My. Similarly, if7 : [0,t] — R™ is a minimizing curve of u(z,t) in the sense

that 5 is absolutely continuous, and

u(a, 1) = /0 I (7(s), —3(s)) ds + g (3(2)) (6.17)

with 3(0) = =, then there exists a constant My = Moy (H, ||Dg| pscgn)) > 0 such that

HﬁHLOO([O,t]) < Mo.

The following lemma states that L(-,y,v) and L(-,v) are Lipschitz uniformly in y and

v under the condition (H4).

Lemma 6.2.2. Assume (H1)-(H4). Then,
‘L(.’L'l,y,’l)) - L(.%'Q,yﬂ))‘ < Llp(H)’xl — X2|,

and
’Z($1,’U) —f(ﬂsg,v)} < Lip(H)|z1 — 22|,
for any 1,290 € R", y € T, and v € R".

The proofs of the above two lemmas are omitted here. See [98] for more details.
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6.2.2 Proof

We are now ready to prove Theorem [6.1.1

Proof of Theorem[6.1.1. Let = € R™, €,t > 0. We first show that for some constant
C = C(n, H,||Dg||teo@ny) > 0, it holds that u(x,t) — u(z,t) > —Cty/e for t > \/¢, and
that u®(z,t) — u(z,t) > —Ce for t € (0,/€).

Let 7o : [0,t] — R™ be an absolutely continuous curve with 7o(0) = = such that

oty = [ (30060, 28 —6) ) s + go0(0) =m0, 2,0) + ),
where y denotes the point yo(t) € R™. Then,
u(z, t) <m(0,t,2,y) + 9(y),
and thus,

u(z,t) —u(z,t) > m(0,t,z,y) —m(0,t,x,y). (6.18)

In order to give a lower bound of m<(0,¢,z,y) — m(0,t,x,y), we consider a partition
O=to<ti1 <te< - <tp <tpy1 < - <tn<int1=1

of the interval [0, t], where N is a nonnegative integer that will be determined later together
with the division. On each interval [tg,txy1] for & = 0,--- | N, we freeze the spatial
variable, homogenize in the oscillatory variable, and then unfreeze the spatial variable in

divided steps as follows. We finally estimate the commutators arising from these steps.

Step 1: Freeze the spatial variable.
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For each k =0,---, N, let  := 7o(tx). Then, for each k =0,--- , N,

€ bt 70(3) .
m(tmtk+17’70(tk)7’70(tk+1))=/ L | zy, ; ,—7o(s) | ds + E,

173

where

Ey = /t:k+1 L (Vo(s)a 706(8) ; —7'0(8)) ds — /t:kH L (fﬁk, 7028), —7'0(8)> ds.

Step 2: Homogenize in the oscillatory variable.

We apply Lemma and Lemma to see that there exists a constant C =
C(n, H, ||Dg|| o ®n)) > 0 such that

te41 ’YO(S) ) - .
L{ 2k, ==, =0(s) | ds = mg, (th, tiet1, Y0(th), Yo (t1))
i

> My, (tey ter1, Y0(tk), Yo(thy1)) — Ce

for each £ = 0,--- ,N. It is a crucial fact that the constant C' > 0 is independent of

k=0,---,N, ie., independent of the spatial positions.
Step 3: Unfreeze the spatial variable.

For each k =0,--- , N, let 7, : [tg, tx+1] — R™ be an absolutely continuous curve with

i (te) = v0(tk), V(te+1) = Yo(te+1) such that

thy1 .
My, (ks ter1, 70 (k) Yo (k1)) = / L(xg, =7, (s))ds.
tg
Then,
tetr1 . _
My, (tks ter1,70(tk), Y0 (tkt1)) = / L(Vk(s), —Vk(s))ds — E},
tk

> Mtk tir1, Y0tk ) Yo (tks1)) — B,
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where

foreach k=0,--- | N

Step 4: Estimate the errors Ej, E}, and obtain a lower bound.

From Steps 1-3, we have that for each k =0,--- , NV,

m (thy ter1, Y0tk ), Yo(tkt1)) = Mte, ter1, Y0(tk)s Yo(tks1)) + Ex — Ex — Ce.

Since
N
me(()?taxa y) = Zme(tk7tk+17’70(t/€)770(tk+1))
k=0
and
N
m(0,t,z,y) Z (thos tr1, Y0 (Ek)s Y0 (Bet1))
we obtain

N
m(0,¢,2,y) > M(0,t,2,y) + ¥ (B — B — Ce) . (6.19)
k=0

Now, we estimate the errors Ej, Ej. By Lemmas we get

/:H L <70(8)7 705(5)’ —’Y'O(S)> ds — /t:kH L <$k7 %58) ; —’7'0(3)> ds

tk+1 .
< / Lip(H)|yo(s) — axlds

173

|Ex| =

tet1
< Lip(H)Mo/ |s — ti|ds

ty

< Lip(H)Mo(trs1 — tr)?
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for each k = 0,--- , N. By the same estimate, we also get |Ey| < Lip(H)Mo(tpr1 — tx)?
for each k=0,--- ,N.

Set N = [ﬁJ and t; = ky/e for each k = 0,--- , N. With this choice of division, it

holds that tg4 1 —tp < /e for all k = 0,--- | N. Note that ty = ty+1 = t when ﬁ is a
positive integer. If ¢ € (0,+/€), then N = 0, and thus,

N
Z (Ek - Ek - CE)
k=0

< 2Lip(H)Mye + Ce < Ce

with C = C(n, H, | Dg| o (rn)) > 0 changed to a larger constant in the last inequality. If
t > /e, then N 4+1< 2—’;, and thus,

N
Z (Ek — Ek — CE)
k=0

< 2(N + 1)Lip(H)Moe + (N + 1)Ce

< 4Lip(H)Myty/e + 2Ct\/e

< Cty/e

with C = C(n, H, || Dg|| oo ®n)) > 0 changed to a larger constant in the last inequality. In
all cases, we obtain a desired lower bound by combining (6.18]), (6.19).

To prove an upper bound of u(x,t) — u(z,t), we instead obtain a lower bound of

u(z,t) — u(x,t). Since Lemmas [6.1.1} 6.2.1] |6.2.2 are written entirely symmetric in m*

and T, L and L, the same arguments as the above (but swapping u¢ and u, m¢ and mm,
L and L, respectively) also prove lower bounds u(z,t) — u¢(z,t) > —Ct\/e for t > /e and

u(x,t) —u(x,t) > —Ce for t € (0,/¢).

Finally, for ¢ € (0,+/€), we apply the comparison principle to see that there exists a

constant C' = C(H, || Dg||pec(rn)) > 0 such that

u(z,t) — g(z)| < Ct
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and

lu(z,t) — g(x)| < Ct.

Therefore, there exists a constant C' = C(H, || Dg|| o (rn)) > 0 such that

|u(z,t) — u(x,t)| < Ct,

which yields together with the bounds |uf(z,t) — u(z,t)] < Cty/e for t > /e and

|u¢(z,t) —u(x,t)] < Ce for t € (0,+/€). This completes the proof. O

6.3 Proof of Theorem [6.1.2]

6.3.1 Preliminaries

Let u® be the unique viscosity solution to , and let u be the unique viscosity solution
to (6.10). Then, we have the optimal control formulas for ¢ and u, that is,

ut(x)
=inf {/000 e ™ML (’y(s), 7(:) , —"y(s)) ds: v(0) =z, v€ AC([0,T];R"), for any T(Z ;)0}),
and
=inf {/OO e ML (7(s), —7(s)) ds : 7(0) =z, ¥ € AC([0, T}; R™), for any T > O}
0
(6.21)
respectively.

We state the lemma about the boundedness of velocities of minizing curves for this

problem, which corresponds to Lemma [6.2.1

Lemma 6.3.1. Assume (H1)-(H3). Let x € R™, and A\, e > 0. Suppose that v : [0,00) —
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R™ is a minimizing curve of u¢(x) in the sense that v € AC([0,T];R™) for any T > 0, and

ww) = [Terr (59,2 500 ) as (6.22)

with v (0) = z. Then, there exists a constant Mo = Mo (H) > 0 such that ||| e ((0,00)) <
My. Similarly, if 7 : [0,00) — R™ is a minimizing curve of u(z) in the sense that 5y €

AC([0,T];R™) for any T >0, and
u(r) = e ML y(s —~(s)) ds .
(z) /0 ( (), =( ))d (6.23)

with¥(0) = x, then there exists a constant My = My (H) > 0 such that |WHL°°([0 o)) < M.
Also, by applying the comparison principle, we have the L°°-bound of ¢ and w.

Lemma 6.3.2. Assume (H1)-(H3). Let u® be the unique viscosity solution to (6.9), and
let u be the unique viscosity solution to (6.10). Let M := ||H(:,-,0)| foomnxTn)- Then,

M
€ oo n < —
||| oo (rry < 3

a/nd

6.3.2 Proof

We introduce the additional notations with the discount term for the proof of Theorem

[6.1.2} for z,y € R™, X\,e >0, 0 < t; <9 < +00, we let

2 ()
mE’A(tlatanvy) = ll’lf{/ B_ASL <7(S)767_;Y(5)> ds : v e F(tlatan’y)} )
t1

to
MmN (t1, to, x,y) = inf {/ e M L(F(s), —7(s))ds : 7 € F(tl,tg,x,y)} .

t1
Now we prove Theorem [6.1.2]

Proof of Theorem[6.1.3. Let M := ||H(-,-,0)| poo(mnxTn). Let HM (z,y,p) := H(x,y,p) —
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M and T be its effective Hamiltonian, which coincides with H — M. Then, uGy = uf—i—%

(upr :=u+ %, resp.) is the unique viscosity solution to
xSy + HY (2,2, Duy ) =0 Au —G—HM( Dupr) =0
U vy Duy ) = M x, Dups) =0, resp. ) .

The additional property of the Hamiltonian H™ is that its Lagrangian and effective La-

grangian are nonnegative. Since uf; — uy = u® — u, it suffices to prove that |u§, —

up || oo (mny < C)‘\ﬁ. Therefore, it suffices to prove that [[u — u||feogn) < C}\@ when

L,L > 0, which we assume from now on without loss of generality.

Let x € R™, and let A,e € (0,1). The goal is to prove u(x) — u(x) > —C;\ﬁ for some

constant C' = C(n, H) > 0. Let vy be a curve such that with v0(0) = z, 70 € AC([0,T]; R™)

for any 7' > 0, and

Consider a partition

O:t0<t1<t2<"'<tk<tk+1<"'

of the interval [0, 400) with t; — 400 as k — 400, which will be determined later.
Step 1: Freeze the spatial variable.

For each k =0,1,2,---, let xf := vo(tx). Then, for each k =0,1,2,---,

to+1 s
MMty te1, Yo (te), Yo (tkr1)) = / e ML <£L’k, ryoi ),—’7'0(8)> ds + E,

ty

where

Step 2: Homogenize in the oscillatory variable.



209

We apply Lemma and Lemma to see that there exists a constant C =
C(n, H) > 0 such that

41 tet1
/ ML <:ck ”06(3) —%(s)) ds > et / L <:ck ”06(8) —%(s)) ds
tx g

> e*/\tk+1m€xk (tk7 tk+17 ’yo(tk), ’)’O(thrl))

> e MR, (t te1, Y0 (), Yo (trr1)) — Ce™ it e,

for each £ =0,1,2,---.
Step 3: Unfreeze the spatial variable.

For each k =0,1,2,---, let 7, : [tg, tx+1] — R™ be an absolutely continuous curve with

i (tk) = v0(tk), Ve(trks1) = Y0(tk41) such that

1 .
My, (tes ter1,70(tk), Y0 (tkt1)) = / L(zy, Vi (s))ds.
173
Then,
e_Atk-',-lmxk (tkv tk-‘rlv Yo (tk)7 Yo (tk-i-l))
_ —)\tk+1 bt T /= = o —)\tk+17
=e L7 (s), —7k(s))ds — e Ey
tg
>e M=t (1 e, Yo (tk), Yo (tesr)) — e M B,
where

o= [ Tontoh—eloNds — [ Lon —Felo)ds

tr tg
for each £ =0,1,2,---.

Step 4: Estimate the errors Ej, E);, and obtain a lower bound.
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From Steps 1-3, we have that for each £k =0,1,2,---,

MmNt tra 1, 70(tr)s Y0 (tes1))

>e A=A (Gt Y0 (t), Yo (tegn)) + B — e M By — CeMirte,

Since
o0
u(@) =Y m Mt by, Yo(te), Yo (ter))
k=0
and
o0
u(z) < Zm/\(%tkﬂﬁo(tk%Vo(tkﬂ)),
k=0
we obtain

oo
u(x) > e ASPhzothr1—te)y (1) 4 Z (Ek — e My — C’e*’\t’““e) . (6.24)
k=0

We now estimate the errors Ej, E;,. By Lemmas we get

B /tt hep <70 5 v0£s> | _7-0(3)> ds — / T g (:ck ”06(8) —%(s)) ds

trt+1
< e / Lip(H)|yo(s) — xlds

< e M Lip(H)Moy(tps1 — tr)?

for each k = 0,1,2,---. Similarly, we also get |Ej| < Lip(H)Mo(tps1 — tx)? for each
k=012,

Set t), = k+/e for each k =0,1,2,---. Then, from (6.24), we have
u(x) > e Weu(x) — 2Lip(H)M0£ Z Ay/ee FAVE Cﬁ Z Ay/ee FAVE,
A k=0 A k=0

Also, by Lemma [6.3.2

e MVeu(z) — u(z) = — (1 - e_)‘\ﬁ> w(z) > —Meu(z) > — M/,
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where M := ||H(-,-,0)||gec(mnxTn). By the elementary fact that » 72, Ayee FAVE g

bounded by a universal constant for A, e € (0,1), we have

RN
A

u(z) = u(x)

for some constant C' = C'(n, H) > 0, as desired.

To prove an upper bound of u¢(x)—u(z), we instead obtain a lower bound of u(x)—u¢(x)
by interchanging u¢ and u, m¢ and m, L and L, respectively, in the above arguments, which

yields u(x) > uf(x) — C/\\ﬁ. O

6.4 Examples

In this section, we first establish the optimality of in Theorem for 0 <t < /e
and t ~ /e. We then provide an example to illustrate the necessity of condition (H4)
for Theorem [6.1.1] Finally, we present an example that demonstrates the necessity of
involving the time variable ¢ in .

The following proposition demonstrates the optimality of the bound . We consider
two cases: when 0 < t < y/e and t > /e. For 0 < t < /¢, the optimality of the rate
of convergence in is evident from . Moreover, implies that the rate of
convergence in is also optimal for ¢t = C'\/e, where C' > 1. This example is discussed
in [85, Proposition 4.3], and it shows that the rate O(e) is optimal when the Hamiltonian
H = H(y,p) depends solely on the oscillatory variable and momentum. The optimality
for the whole range ¢ > /e is still unclear because of the mixed involvement of both /e

and t.

Proposition 6.4.1. Consider the case where n =1, H(y,p) = =V (y) + %pz for a given
continuous function V€ C(T) with mintV = 0 and V > 1 on [-37%,371], and g = 0.
For e > 0, let u® be the solution to , and let u be the solution to . Then, for
e€ (0,1) and t >0,

u(0,t) —u(0,t) > \gi min {t, e} . (6.25)



212

Proof. Due to the optimal control formula, we have

we(0,) = in {6/0z Vn(s)) + %|7’7(s)]2ds . neAC ({o j) Cn(0) = o} |

t

€

6/0 Vns)) + %]ﬁ(s)\zds > 6/6 Vn(s))ds > t.

0

If not, without loss of generality, we may assume that there exists s; € (07 é) such that

n(sy) = % and that n([0,s1)) C (—%, %) Then,

t

[ vy + itz e ([ vosnas+ g [ icras)

1| 2 1 V2
> — i(s)ds| | = > Y2
_6<S1+251 /0 1(s)ds ) 6<S1+1881) > e

Since u¢ converges to u = 0 locally uniformly on R x [0, 00), we obtain (6.25). O

The following example explains why the assumption (H4) is needed.

Proposition 6.4.2. Consider the Hamiltonian H : R x T x R — R defined by

2
p
H(w.y.p) =~ f(z) - W(y) + 2
where f: R — R is defined by
2%, iflel <1,
flx) =
1, if |z| > 1,
and W : T — R is defined by
1 ) 11
Wi(y) = 57 lyl, ifye [—2, 2] .

Then, for e € (0,2789), the corresponding solutions u¢ to (6.1) and u to (6.2)) with
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g = 0 satisfy

1
u€ (0,1) —u(0,1) > ﬁei.
Proof. Let Hy : T x R — R be defined by Hy(y,p) := —W(y) + @. Then, the effective

Hamiltonian H; of H; is

0, if |p| <

Hy(p) :=
A, if [p| >

Wih Wi

2 [ 1
, where A > 0 is a solution of 2\/5/ )\+§ —ydy = |p|.
0

In particular, for the Legendre transform of H1, denoted by L1, we know L;(0) = 0 (see

[77], [98]). The effective Hamiltonian H of H is

Hence, the optimal control formula of u is

u(z, t) = inf{/o f(n(s)) + L1 ((s)) ds : n € AC([0, t]; R), n(t) = :E},

which implies u(0,1) = 0.

Let ~ : [0, 5 — R be a minimizing curve of u(0, 1) such that

1 ) )
ut(0,1) = 6/06 (f (ev(s)) + W(v(s)) + M;”) ds

with v(0) = 0. If there exists a subinterval [to,t1] C [0,1] with ¢, < ¢1 such that
Y(to) = v(t1) = 3, v((to,t1)) C (3,400), then the curve v, : [0,2] — R defined by
Y1(t) = 3 for t € [to, t1] and 1 (t) = y(t) for t ¢ [to,t1] would result in a lower value. The
other cases, such as when ~(t) > 3 for all ¢ > t5 for some t5 € [0,1] and when with —3
instead of %, are similar. Therefore, we necessarily have ~y ([0, %]) - [—%, %} Consider the

following two cases.
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1. For any s € [0,1] such that v (s) € [—%

+

e%, % — eﬂ, there holds

2. For any s € [O, %] such that v (s) € [—%, —% + 6%} U B — ei, %}, there holds

Pl + Wo) = (¢ (5-e)) = ot - e = e
if e € (0,2750).
Therefore,
: () 1
€ S 1
u(0,1) = 6/ <f (ev(5)) + W(y(s)) + > ds > e,
0 2 32
that is,
1 1
€ > —¢4.
u(0,1) —u(0,1) > 356"

O]

Finally, we illustrate the necessity of involving the time variable ¢ in and the
discount coefficient A in (6.11)) in the following example.

Proposition 6.4.3. Let n =1 and H(z,y,p) = —f(x) — W(y) + %pz, where f : R — R
is defined by

|, if el <1,
fz) =
L, if x| > 1,
and W : T — R s defined by
1 . 11
W) =5 -l e |53

(i) Let u® be the unique solution to (6.1), and let u be the unique solution to (6.2)) with
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g = 0, respectively. Then, for e € (0,1),
. 1
u(0,t) —u(0,t) > éet

for allt > 0.
(ii) Let u¢ be the unique solution to (6.9), and let u be the unique solution to (6.10)).
Then, for A\,e € (0,1),
€
(0) —u(0) > —.
uf(0) —u(0) >
Proof. We adopt the notations introduced in the proof of Proposition We give a

proof of (i) and that of (ii) in order.

(i) By the fact that Li(v) > 0 for all v € R and L1(0) = 0, and by the optimal control

formula of u,

u(z,t) = inf { [ £ + T e s € AC(0. 6. nte) = x} ,

we conclude that u(0,¢) = 0 for all ¢ > 0.
On the other hand, note that the function # € R — f(z) + W (£) has minimum value

%e. Therefore, by the optimal control formula of u€,

(o) =int{ | Fas) + W (M) + Shito)as s n € AC(0.MiR), ate) =}

we see that u¢(0,t) > 1et.

(ii) Due to the same reason, we see that u(0) = 0. Also, by the optimal control formula

—int { 7o (e w (M) 4 GHaoR ) dsn e AC(0 400 R, 0) =}

€
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This completes the proof. ]

Appendix

In this appendix, we prove Lemma with emphasis on the dependence on parameters.
The goal is to show the constant C' > 0 appearing in the conclusion of the theorem is
independent of the choice of ¢ € R™. Before we move into the proof, we set the following

notation for convenience; for ¢, z,y € R™ and t > 0, we let
me(t, z,y) == mi(0,t,z,y)

where the right-hand side m(0,¢,z,y) is as defined in Definition with e = 1.
First of all, from [97, Lemma 3.2], we see that for any y € R", €,¢ > 0 with |y| < Moyt,

there exists a constant C' = C(n, My, Ky) > 0 such that
2m.(t,0,y) < m.(2t,0,2y) + C,

which results in one direction of the conclusion, i.e.,
me(0,t,a,b) <m.(0,t,a,b) + Ce,

for any a,b € R", e,t > 0 with |b—a| < Myt. The independence of C' > 0 on ¢ € R™ is well
shown by the argument of the proof of [97, Lemma 3.2] together with , , which
hold with a constant K¢ uniform in ¢ € R” under the assumption (H1) in this chapter.
Thus, we skip the proof, and focus on the other direction instead.

Next, we show the other direction by verifying that for any ¢ € R", and for any

y € R", €,t > 0 with |y| < Mot, there exists a constant C = C(n, My, Ko) > 0 such that

me(2t,0,2y) < 2mc(t,0,y) + C,
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which completes the proof of Lemma and also shows the independence of the constant

on ¢ € R™.

Lemma 6.4.1. Assume (H1)-(H3). Let My > 0, and let Ko > 0 be a constant that
satisfies (6.4), (6.5)). Then, there exists a constant C = C(n, My, Ko) > 0 such that for

any c € R™, t >0 and any y € R™ such that |y| < Myt, we have
me(2t,0,2y) < 2m.(t,0,y) + C.

Proof. Since m.(2t,0,2y) < mc(t,0,y) + me(t,y,2y), it suffices to show that for some

constant C' = C(n, My, Ky) > 0, it holds that
mc(ta Y, 2y) S mc(t7 07 y) + C.

1. If t < 6, then, by considering « : [0,¢] — R" defined by a(s) =y + Jy for s € [0,1],
we obtain, by (6.5]),

t
1
me(t,y,2y) < / ng + Kods < 3ME + 6K,.
0

Also,
¢
me(t,0,y) > / —Kyds > —6Kj.
0

Hence, m.(t,y,2y) < m.(t,0,y) + 3Mg + 12Ko.

2. If t > 6, let ¢ : [0,t] — R™ be an absolutely continuous curve with ¢(0) =0,((t) =y

such that

| Ele ¢t~ ops < me(t.0.) + 1.

By considering a straight line « : [0,¢] — R" defined by a(s) = Jy for s € [0,1], we

see that

1

/tL(c,C(s),—g:(s))dsg/t1M§+Kgds—|—1— ( g—i—K())t—i—l.
0 0 2 2
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We claim that there exists a number d € {3k : 0 < k < |3t],k € Z} such that
0+ |
/ L(c,¢(s), —C(s))ds < M3 + 3Ky + 1.
d
Otherwise, we would have
3153t 9
: 2
/ L(c,((s), —C(s))ds > {StJ (M5 +3Ko+1),
0
which then leads to

(;Mg 4 K0> ‘4 /0 —(s))ds + /;
-

iy L(e,¢(s), —((s))ds

o[

2
3

V

t— ) (Mg +3Ko+1) —

N Wl N

> (t > (Mg + 3Ky + 1) — 3Ky.

w

This is absurd for ¢t > 6.

Let w € Z" such that y —w € [0,1]". Define a new curve  : [0,1] — R" by

Then, m.(t,y,2y) < fot L(e, f(s)7 —5(5))ds since ¢ is an absolutely continuous curve

from y to 2y. From the definition of , we see that

/0 * L(e.8(s), ~C(s))ds + / L6809, ~C(s))ds < 20+ Ko
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by (6.5)), and that

d+% ~ . tf% ~ .
[ L(e,&(s), —E(s))ds + /d L(e, &(s), ~E(s)ds

+1

d , ¢ .
- / L(e, ¢(s), —C(s))ds + / L(e, ¢(s), —C(s))ds
0 d

+3
d+3 .
<me(t,0,1) +1— /d L(c,C(s), —¢(s))ds

3
Smc(tv 07 y) + EKO +1

by the fact that L(z,y,v) is periodic in y and (6.5)) again. Finally, by the change of

variables and by the choice of the number d, we get

d+1 ~ . d+3 )
/ L(e, &(s), —C(s))ds = » / L(e, ¢(s), —3¢(s))ds
d d

-

<

d+s .
< 5Ko + 3/ " Le,C(s), —((s))ds < 3M2 + 14K, + 3.
d

All in all, in the case when t > 6, we see that there exists a constant C' =

C(n, My, Ky) > 0 such that
mc(tv yv 2y) S mC(ta 05 y) + Cv

and we complete the proof.
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Chapter 7

On a minimum eradication time
for the SIR model with
time-dependent coefficients

7.1 Introduction

We are interested in studying an eradication time for the controlled Susceptible-Infectious-

Recovered (SIR in short henceforth) model with time-varying rates 3(t) and ~(¢):

S = —B(t)SI —a(t)s,

I =p(t)SI—~t)1,

where 5(t) and v(t) denote a time-dependent infected /recovery rate, respectively, and «(t)
represents a vaccination control. The goal of this chapter is to study the mathematical
properties of the value function that represents the minimum eradication time, defined by
the first time at which the population I of infectious is less than or equal to p and remains
below afterward for a given small threshold g > 0. It turns out that the eradication time
should be defined carefully, and its precise definition will be given in Subsection
For time-independent rates 5,y > 0, the minimum eradication time is always well-
defined as I shows a simple behavior, either decreasing or increasing first and decreasing
afterward. However, for our case, more careful analysis should be carried out as the

number of infectious individuals I can oscillate; for instance, even after I goes below a
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given threshold g > 0, it can bounce up and down several times.

In this regard, for time-varying rates [(t) and ~(t), given pog > 0, the selection of
the threshold parameter, denoted as pu, plays a crucial role in accurately identifying the
minimum time at which the variable I crosses 1 and remains below this threshold for the
duration of the observation as long as 1(0) > po. More precisely, when I oscillates around
the threshold, one can observe the ambiguity and the discontinuity of the eradication
time as demonstrated in Figure This chapter proves with the compactness argument
that given any pp, we can select p small enough so that the ambiguity and instability
of the two types of eradication are avoided as long as I(0) > pg. Furthermore, we also
present the time-dependent Hamilton—Jacobi equation associated with as well as the local

semiconcavity result.

7.1.1 Literature review

We introduce a list, but by no means complete, of the works on the vaccination strategy
and the eradication time for SIR epidemic models. The SIR model is a classical model as
studied in [67], and its variants have received a lot of attention particularly during and
after the outbreak of COVID-19. The vaccination strategy as a control and the eradication
time as a minimum cost function were investigated with optimal control theory [9, |11} 12|
53]. For numerical simulations of the eradication for the time-varying SIR model, we refer
to [23]. The minimum eradication time problem in the aspect of free end-time optimal
control problem was first studied by [12] where the authors claim that the optimal plan is
to remain inactive and provide the maximum control after a certain point, which is called
switching control.

In [53], various sufficient conditions to ensure the eradication of disease for a time-
varying SIR model were provided under some structural assumptions on the dynamics
and the transmission rate such as periodicity. Another interesting work related to our
chapter is [79] where the authors study the eradication time for the Susceptible-Exposed-

Infected-Susceptible compartmental model under the constraint of resources. In their
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paper, it was shown that the optimal vaccination control is indeed bang-bang control and
there is a trade-off between the minimum eradication time and the total resources under
the assumption that all parameters in the model are constants.

For mathematical treatments, the eradication time for controlled SIR models with
constant infected and recovery rates was first studied as a viscosity solution to a static
first-order Hamilton-Jacobi equation in [59]. Also, a critical time at which the infected
population starts decreasing was analyzed in [60]. The works [59, |60] are for the SIR
model with constant rates 8 and ~.

To the best of our knowledge, this is the first work that studies the minimum erad-
ication time for time-dependent SIR epidemic models in the framework of the dynamic
programming principle and viscosity solutions. Also, we observe that for an arbitrarily
given threshold, denoted by p below, we may not have a unique description of the eradi-
cation time in time-varying environments, and we show that for a suitable choice of u, we
necessarily have a unique definition of the eradication time and that this enjoys mathe-
matical properties (such as the continuity and the semiconcavity). For this purpose, we
separate the threshold p from an initial population I(0) of infectious, and this may sug-
gest that with time-dependent rates, p needs to be small enough compared to I(0) for

simulations, where the continuity is implicitly assumed.

7.1.2 Notations

We fix u > 0, f > B8 >0,% >~ > 0 and continuous functions 3 : [0,00) — [ﬁ,i],

v :[0,00) — [v,7] throughout this chapter. Let us define the set A of admissible controls

and the data set D as follows:

A:={a € L>®(0,00)):0<a(t) <1ae. t>0},

D :=[0,00) x [p,0) X [0,00) x A.

The set A is endowed with the weak® topology inherited from that of L>°([0,00)). The

intervals [0, 00), [¢, 0), [0, 00) are endowed with their usual topologies, and the data set
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D is endowed with their product topology.

For a given datum d = (x,y,t,a) € D, we define (S, I?) to be the flow of the following

ODE: )
Sd :_ﬁtsdl_atsd’
I'd — BtSdId . ")/t[d
(7.1)
§40) ==,
140) =y,

where o = (- +t), 8t = B(- +t), ¥* = y(- +t). By (S,I) the flow associated with a
datum d, we mean (S, 1) = (5%, I¢) in this chapter. When the associated datum d is clear
in the context, we abbreviate the superscript d in (Sd, I d).

For a given datum d = (z,y,t,«a) € D, we define the upper (lower) value functions

u*(z,y,t) (u®(z,y,1)), respectively, by

u*(x,y,t) :==sup{s > 0: Id(s) > u},

u®(z,y,t) == inf{s > 0: I%s +a) < p,Va > 0}.
For (z,y,t) € [0,00) X [, 00) X [0,00), we let

ﬂ($7 y7 t) = O‘lélél&ﬂa ($7 y? t)?

u(x,y,t) := aireligo‘(x,y,t).

It turns out that the value functions w,u enjoy the following important properties,

which are our main contributions and are stated in the following subsection.

7.1.3 Main results

Theorem 7.1.1. The value function u (u, resp.) is upper semicontinuous (lower semi-

continuous, resp.) on [0,00) X [u,00) X [0,00). Moreover, w (u, resp.) is a viscosity
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subsolution (supersolution, resp.) to

—0u + B(t)xydyu + x(0yu)+ + (v(t) — B(t)z)ydyu =1 (7.2)

in (0,00) X (p,00) x (0,00). Here, ()4 denotes the positive part of the argument.

The functions @, u are natural in this aspect. However, Figure indicates the dis-
crepancy of u and u, meaning we might not have w = u. This ambiguity is not observed

in the time-independent SIR model studied in [59).

Id

Figure 7.1: Two types of eradication time

However, we can resolve this ambiguity by taking the following viewpoint; for an initial
infected population I(0) that is noticeable, say greater than or equal to pg, we require
the threshold p be much smaller, depending on po (for instance, at least smaller than
o). This perspective aligns with the practical goal of vaccination intervention, aiming
to control the spread of disease within the population, especially when controlling the
number of infectious individuals under a small threshold.

We start with a fixed po > 0. The next result states that for p € (0, o] small enough,
we have @ = u, which now becomes a viscosity solution to in (0, 00) X (10, 00) X (0, 00).
Also, the value function u := w = w is characterized by its boundary value conditions. Note

that we only assume 3 < §(t) < B, v < (t) <Ffort > 0, allowing an oscillatory behavior.

Theorem 7.1.2. There exists p1 € (0, po] depending only on ug, 8,7 such that for every
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w € (0.u1], it holds that uw = w on [0,00) X [ug,00) x [0,00), and therefore, u :==u = u

is a viscosity solution to ((7.2]) in (0,00) X (up,00) x (0,00). Moreover, if v is a viscosity

solution to (7.2)) and satisfies the boundary conditions

U(x?:u‘(]?t) :u(x,uo,t) fO’I“ (-Tvt) € [077/@ X [0700)7

U(O7y’t) = U(O,y,t) fOT (yvt) € [MO’OO) X [0700),

then we have v = u.

‘ i A characteristic curve

/

Y= Ho

&
Il
(EI8]

Figure 7.2: Effective boundary (the shaded region in light green color)

Although (7.2)) has —0,u instead of dyu, the notion of viscosity solutions to (|7.2)) is the

same as the usual one to forward Cauchy problems, for which we refer to [98, Chapter 1].

It is worth noting that the Hamiltonian

H(t,z,y,p,q) = B(t)xyp + xpy + (v(t) — B(t)x)yq

is positively homogeneous of degree 1, and thus, ([7.2) has a hidden underlying front

propagation structure [98]. Note that a growth condition is not necessary, as the equation

basically is about the front propagation of level-sets, rather than the value function itself.
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We compose with a bounded monotone function without loss of generality, which does
not change the arrangement of level-sets in principle. Furthermore, only a part of the
boundary is needed for the uniqueness result in Theorem [7.1.2] The front propagation
nature and the boundary condition deserve further study.

We state a further regularity property when the transmission rate 8 and the recovery

rate v become constant in a small time.

Theorem 7.1.3. Let p € (0, ug] be chosen as in Theorem so that © = u(= u).
Suppose that B(t) = Bo, 7(t) = vo for allt > T = % log (%) for some constants Bo, Yo.

Then, u(x,y,t) is locally semiconcave in (0,00) X (ug,o0) x (0,00).

Organization of the chapter.

The chapter is organized as follows. In Section [7.2] we review the basic results of the flow
and prove Theorem Section is entirely devoted to the proof of the existence
of i € (0, po] satisfying @ = w on [0, 00) X [po, 00) X [0, 00). In Section[7.4} we complete the
proof of Theorem by verifying the uniqueness (Theorem , and we also prove
Theorem [7.1.3

7.2 Properties of ©w and u

In this section, we go over the basic properties of the flow of (|7.1]). Then, we investigate the
semicontinuity of the value functions w, u. Finally, we check the dynamic programming
principle and viscosity sub/supersolution tests. The main reference is [59], and we skip

similar proofs. The properties coming from the split of 7 and u will be explained.

7.2.1 Flow of (7.1

Lemma 7.2.1. For any d = (x,y,t,a) € D, there is a unique flow (S,I) associated with

d. The flow (S,1) is Lipschitz continuous. Namely, we have

S]] < Bz + y)* + max{L, 7} (z + y).
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Lemma 7.2.2. For anyd = (x,y,t,«) € D, the associated flow (S, I) satisfies lim;_,oo I(t) =

0.

Proposition 7.2.1. Let di, = (x, Yk, tg, o) € D and (Sk, Ii) be the associated flow for
each k = 0,1,2,---. Suppose that d, — do as k — oo in D. Then, (Sk(t), Ix(t)) —

(So(t), In(t)) as k — oo locally uniformly in t € [0, 00).

Now, we state the existence of an optimal control associated with the value function

u. As this property is expected for @, we give a proof.

Proposition 7.2.2. For any (z,y,t) € [0,00) X [, 00) X [0,00), there exists a* € A such
that

u® (,y,t) < u(x,y,t)
for any a € A.

Proof. Choose a sequence {oy, }g=12.... in Asuch that infoec 4 u® (2, y,t) = limp_y00 u* (2, y, t).
As the space A is (sequentially) weak* compact, there is a subsequence {ak]. }i=1,2,.. of
{ak}r=12,.. such that ay, — ap weak® for some apg € A as j — oc.

For each j = 0,1,2,-- -, let (S, I;) be the flow associated with the datum (z,y,t, ay,) €
D with kg := 0 Let a > 0. Then, by the definition of u®* with general control o € A,
we have I;(u™ +a) < p for all j = 1,2,---. Taking the limit j — oo, we obtain

that Ip(infaea u® + a) < p. Since a € [0,00) was arbitrary, we conclude u®(x,y,t) <

infoequ®(x,y,t) from the definition of u®°(z,y,t). O

7.2.2 Semicontinuity

The following states the semicontinuity of u®(z,y,t),u*(z,y,t).
Lemma 7.2.3. Let di, = (xk, Yy, tr, o) € D for k = 1,2,---. Suppose that d, — d as

k — oo in D for some d = (z,y,t,a) € D. Then,

ﬂa(xa Y, t) < lim infﬂak (wka Yk, tk)
k—o0
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and

lim sup u* (xg, yi, tx) < u(x,y,t).
k—oo

We skip the proof, as it is identical to that of [59, Corollary 3.2]. Now, we prove the

semicontinuity of u(z,y,t),u(x,y,t).

Proposition 7.2.3. The value function u is lower semicontinuous on [0,00) X [u,00) X

[0,00). Also, the value function u is upper semicontinuous on [0,00) X [@,00) x [0, 00).

Proof. Say (xg,yk,tr) — (z,y,t) as k — oo in [0,00) X [, 00) x [0,00). For each k =
1,2,---, choose ay € A such that u(xg,yg,tx) = u* (xk, Yk, tx), which is possible due
to Proposition Select a subsequence {ay;}; such that liminfg o w(wk, Yr, te) =
lim; o0 u™*s (Tk;> Y, t;) and that ap, — o weak® as j — oo for some o € A. Then, by

the above lemma, we get

liminfﬂ(wk,yk,tk) = lim Qakj (ajk"ykwtk-) > Qa(xvyvt) > y(l‘,y,t)
k—o00 Jj—o0 7 J J

Let § > 0 be given. Then, we can choose o € A such that u*(z,y,t) < u(x,y,t) + 0.

For a sequence (xg, yk, tx) that converges to (z,y,t) in [0,00) X [u,00) X [0, 00), we have

limsup@(xk, yi, te) < limsupa® (g, yx, tr) < u(z,y,t) < u(z,y,t) + 0.

k—o0 k—o0

Here we used the above lemma. Letting § — 0 gives the upper semicontinuity. 0

7.2.3 Dynamic programming principle and a viscosity sub/supersolution

For d = (z,y, s,a) € D, we have the dynamic programming principle: for ¢ € [0, inf{t; >

0:Ity) = u}], we have

u*(z,y,s) = t—{—ﬂa(S’d(t),Id(t),t +3),

u®(z,y,s) = t—i—go‘(S’d(t),]d(t), t+s).

This is also true for @, u, as stated in the next proposition.
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Proposition 7.2.4. Let x > 0,y > p,s > 0. Ift € [0,infacqinf{t; > 0 : I%(t;) = p}]
with d = (x,y, s, ),

u(z,y,s) = inf {t+ﬂ(Sd(t),Id(t),t+s)},

acA

u(x,y,s) = inf {t—l—g(Sd(t),Id(t),t—i— 3)}

acA

Moreover, for any control a* € A such that u(z,y,s) = u® (x,y,s), we have
u(@,y,s) =t+u(S™(t),I"(t),t +s)

and

u(S* (1), I* (), t + 5) = u™ (S*(t), I*(t),t + s).

fort € [0,inf{t; > 0: I*(t1) = u}]. Here, the flow (S*, I*) is associated with (z,y,s,a*) €
D.

We omit the proof as it is basically the same as that of |59, Proposition 3.4]. As
a corollary from the dynamic programming principle, we see that the value functions
and u are a viscosity sub and supersolution, respectively. Once we have the dynamic
programming principle, we are able to verify naturally that @ (u, resp.) is a viscosity

subsolution (supersolution, resp.) to (7.2) (see [37,|98]).
Corollary 7.2.1 (Theorem [7.1.1)). The value function @ (u, resp.) is a viscosity subsolu-
tion (supersolution, resp.) to

—0pu + B(t)xydyu + z(0pu) 4+ + (v(t) — B(t)z)ydyu =1

in (0,00) x (@, 00) x (0, 00).

Proof. Fix the ball Bs(xo,yo,to) C (0,00) X (i, 00) x (0,00) with a center (zg, 3o, to) and
a radius § > 0. Let ¢ be a C! function defined in Bs(zo,yo,t0) such that @ — ¢ attains

a maximum at (xo,yo,%0) in Bs(xo,y0,t0). Let a € [0,1] and a« = a € A. Let (S,1)
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be the flow associated with (z,yo,t0,®) € D. As yo > p, we have u(zg,yo,to) > 0.
As (S,1) is continuous in time, there exists ¢t; > 0 depending also on § > 0 such that
(S(t)?l(t)) € B(s(:EOa y07t0) for all t € [O7t1]

From

(@—¢)(S(t), I(t),to +t) < (@ — ¢) (0,0, t0)

for ¢ € [0, min{u(xo, yo, to), t1}], we obtain

—t <u(S(t),I(t),to +t) — u(zo, yo, to)

< ¢(S(t)7 I(t)’ tO + t) - ¢($0’ Yo, tO)
Here, we used Proposition in the first line. This yields

d
1< %¢(S(t),1(t),t+to)|‘

= 0y(x0, Yo, to) — (B(to)xoyo + ax0)0z0(x0, Yo, to) — (V(to) — B(to)ro)yodyd(zo, Yo, to)-

t=0

Taking the supremum over a € [0, 1], we obtain

—0id(x0, Yo, to)+B(to) Toyodzd (0, Yo, to) +0(9z¢(z0, Yo, to) ) ++(v(to) —B(to)w0)yody #(x0, Yo, to) < 1.

Now, let 1) be a C'* function defined in Bj(zq, yo, o) such that u—1 attains a minimum
at (o, yo,t0) in Bs(xo,yo0,t0). Take a* € A such that u(xo,y0,t0) = u® (z0,v0,t0). Let
(S, I) be the flow associated with (xg, yo, to, @) € D. As yo > u, we have u(zo, yo, to) > 0.
As (S,1) is continuous in time, there exists t; > 0 depending also on § > 0 such that
(S(t),1(t)) € Bs(zo,y0,to) for all t € [0,¢1].

By Proposition [7.2.4] we have

u(zo, o, to) =t +u(S(t), I(t),t +tg)
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for ¢ € [0, u(xo, Yo, to)]. From

(w—=)(S(8), 1(t),t0 +1) > (u =) (20, Yo, to)
for ¢ € [0, min{u(xo, yo, to), t1}], we obtain

—t =u(S(t),1(t),to + t) — u(xo, yo, to)

> 1/1(5(75), I(t)) to + t) - ¢($07 Yo, tO)
Consequently, the fact that o*(s) € [0,1] for almost every s > 0 yields that, for ¢ €
[07 min{ﬂ(x(b Yo, tO)? tl}]v

t
1> 1/0 %w(S(s),I(s),s—i—to)ds

=7 /0 (0i(S(s),1(s), s + to) + (=B (s +10)S(s)I(s) — (s +10)5(5))Dutp(S(s), I (s), s + to)

+(B(s 4 t0)S(s)I(s) = (s + t0)1(s)) 0y (S(s), I(s), s + to)) ds

> 1/0 (0p(S(s),1(5),s +to) — B(s 4 t0)S(s)I(5)0x1p(S(s), I(s),s + to)

—5(8)(0x9(S(s),1(s), s + t0))+ + (B(s +t0)S(s)I(s) — (s + o)1 (5)) 0y (S(s), I(s), s + to)) ds.

Sending ¢t — 0 and rearranging the terms gives

—0y(o, Yo, to)+B(to)oyodz(Z0, Yo, to) +20(I¥ (20, Yo, to) ) ++ (v (to) —B(to)z0) Y00y ¥ (z0, yo, to) > 1.

7.3 A viscosity solution ©u = u = u from the choice of i > 0

This section is devoted to the proof of the following theorem.

Theorem 7.3.1. There exists p1 € (0, uo] depending only on po, 3,7y such that for every

w € (0, u1], we have w=u on [0,00) X [ug,o0) x [0,00).
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The theorem means that we can avoid the splitting of the two eradication times by
choosing p € (0, po] small enough that we obtain a viscosity solution v :=u = u to (7.2)

in (0,00) X (o, 00) x (0,00).

Lemma 7.3.1. Let (S,I) be the flow of (7.1)) associated with a datum d = (xg, yo, to, ) €

D. If u*(xo, yo,to) < u*(xo, Yo, to), then I(s) =0 for s = u*(xg, Yo, to).

Proof. The proof of this lemma is straightforward; if u®(zo,yo,%0) < ©*(zo, Yo, %), then
there exists 6 € (0,u*(zo, Yo, to) —u(xo, Yo, to)) such that I(s) < uforall s € [u*(xo, o, to)—
8,1 (20, Yo, to) + ). Since I(s) = p for s = T*(z0, Yo, to), we get I(s) = 0 for T*(x, yo, to).

O

Therefore, once we prove the following proposition, then we obtain Theorem [7.3.1

Proposition 7.3.1. For any po > 0, there is uy € (0, uo] depending only on po, 3,7 such
that for every d = (x0, o, to, &) € D with y > g, it holds that {I(s) : I(s) =0, s >0} C
(1, 00), where (S, 1) is the flow of (7.1)) associated with d.

The rest of this section is devoted to the proof of this proposition.

Proof. Fix d = (xg, yo, to, @) € D with y > pg. We divide the proof into three steps.
Step 1: Case reductions.

First of all, for the case ty > 0, proving the conclusion for d = (z¢, yo, to, @) is the
same as proving for (zo,yo, 0, a'®) with the changed coefficients 8%, ~%. Thus, it suffices
to show the case when t5 = 0.

When zg < Z/B’ we can take p; = g, as I is strictly decreasing when this is the case,
and from now on, we may assume g > 7y /B, to = 0 without loss of generality.

If 29 > 7/B, then we can find the minimal time ¢; > 0 such that S(t;) = 7/p.
The derivative vanishing I (t) = 0 happens only for ¢ > ¢, and therefore, it suffices
to prove the proposition for (S(t1),I(t1),0,at) with the changed coefficients B, ~!,
which belongs to the case when zg € [Z/Bv ¥/ ﬂ ,to = 0. From now on, we may assume

xo € D/B, 5/ Q] ,to = 0 without loss of generality.
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If yo > o, then we can find the minimal time to > 0 such that I(t2) = po since
limg_yo0 I(t) = 0. As I(t2) < 0, we necessarily have 8(t2)S(t2) — v(t2) < 0, which implies
S(t2) < 7/B. It may happen that I(t) = 0 for some t € [0,ts), but I(t) > g for such
t. Thus, as long as we require u1 € (0, po], the case yo > po is reduced to the case for
(S(t2), o, 0, a'?) (with the changed coefficients 52,~%2). If S(t3) < /B, we can take
1 = po- If not, then S(t2) € [v/B,7/8], which belongs to the case zo € [v/B8,7/8] ,y0 =
o, to = 0.

From now on, we may assume that zo € [v/8,7/8] ,y0 = po,to = 0 without loss of

generality. We also now fix o € A.
Step 2: Definition of a mapping 7.

Let X := [Z/Bv 7/@ Define the mapping T as follows:

T :X — [0,00)

xg —> T(xo)

where T'(zo) := inf {t > 0: S(t) < y/B}, (S, 1) is the flow associated with (zo, po,0, @) €
D. By the definition of T', we have S(T') = v/p.
If we can prove that T is bounded, say by M > 0, then we are done the proof of the

proposition. This is because for any xy € X, it holds that
I=8SI—~I>-~7I = I(t)> poe "™ for any t € [0, M].

The derivative vanishing I (t) = 0 happens only if S(t) € h/ﬁ, ¥/ ﬁ], and this occurs only
when ¢t < M. Consequently, taking p; = % poe~ ™ completes the proof.

Now, since X is compact, it suffices to show the continuity of 7.
Step 3: Continuity of the mapping 7.

In this step, we prove that if x; — x as k — oo in X, then T}, := T'(x) — Ty := T'(x)

as k — oo.



234

Let (Sk, Ir) be the flow associated with (z, po,0, ) for each kK = 1,2,---, and let
(S0, o) be the flow associated with (x, po,0,c). Then, by Proposition (Sk, Ix)
converges to (Sp, Ip) locally uniformly in [0, 00) as k — oo.

We first check that T < Ty + 1 for all but finitely many k. If not, then there would

be a subsequence {Tkj }j such that

v/B < Sk, (Th;) < Sk;(To + 1).

J J

Letting j — oo gives

v/B < So(To +1) < So(To) = /B,

which is a contradiction.

Let

= inf Si(t
mg kzuél[lo’%“]{ k(1))
my = inf {I(t)}.

k>1,t€[0,To+1]

Since (Sk, Ij) converges to (So, Ip) uniformly in [0, 7y + 1] as k — oo, we have mg, my > 0.
Now, for k > 1,

Sk = =Bkl — apSy < —Bmsmy <0,
on [0,7y + 1]. This implies, by the mean value theorem, that for k£ > 1 large enough,

Sk(Ty) — Sk(To)
T.— Ty

> pmgmy >0,

unless Ty, = Ty. Therefore,

T =Tl < 5 1Sk (Th) — Sk(To)| = 17/B — Sk(To)| -

Bmgmy Bmgmy

As S(To) — So(Tp) = /B, we see that T, — Tp as k — oo.

Therefore, T' is continuous, and this finishes the proof. O
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Remark 7.3.1. The argument is essentially the proof of the inverse function theorem,
as T is the inverse function of S. The continuity of S yields that of T'. We necessarily
separate the derivative S from 0, which corresponds to the nonzero determinant assumption

of the inverse function theorem.

7.4 Further properties of u =u=u

7.4.1 Uniqueness

From now on, we assume that y1 € (0, po] is chosen as in Theorem [7.3.1)and let p € (0, 1]
so that we have a viscosity solution @ = u to in (0,00) x (po,00) x (0,00). In this
section, we discuss the uniqueness of the solution under prescribed boundary values with
a boundedness assumption.

Let us denote € := (0, 00) x (g, 00) C R2. Let u(w,y,t) € C(Q x [0,00)) be a viscosity

solution to

—0wu + B(t)xydru + x(0yu)+ + (Y(t) — B(t)x)ydyu =1 in Q x (0,00),
u(z, o, t) = f(x,t) on [0,7/8] x [0,00), (7.3)

u(0,y,t) = g(y, 1) on [pg,00) x [0,00),

where f, g are given continuous functions on [0,7/8] x [0, 00), [0, 00) X [0, 50), respectively.

We now prove the uniqueness of viscosity solutions to ([7.3]).

Proposition 7.4.1. There is at most one viscosity solution to ([7.3)).

2

Proof. Suppose that u!, u? are two continuous viscosity solutions to (7.3). Fix a func-

tion smooth function ¢ : R — (—1,1) that satisfies ¢’ > 0 on R. Then, v!'(z,y,t) =



236
d(ul (x,y,t) + 1), v2(x,y,t) = dp(u?(x,y,t) +t) are viscosity solutions to

-0 + B(t)zy0v + x(0v) 4+ + (y(t) — B(t)z)ydyv =0 in Q x (0, 00),

v(z, o, t) = d(f(z,t) + 1) on [0,7/8] x [0,00), (74)

U(Ov Y, t) = ¢(g(y, t) + t) on [HOa OO) X [07 OO),

and they satisfy HleLw@X 10,00)) ”U2”L°°(§><[O,oo)) < 1. Our goal is to prove v! < v?, which

then leads to u! < u?. A symmetric argument switching u' and u? gives u! = 2, which
proves the uniqueness.
Define
ot + i +a+y+ 2 2 >0,y > pp,t >0,
w(@,y,t) = Iyt + 1 + 2 4y, 0<az<75/B,y=po,t>0,
400, t=0, orz>7%5/B,y=po,t>0,

where h = h(z) : [0,00) — [0,00) is a nondecreasing function that vanishes on [0,7/8]
and that is positive in (7/ B, oo). Then, w is nonnegative, lower semicontinuous, and it

satisfies 0w > 0, and
— Oyw + Pryd,w + (v — fr)ydyw >0 in  (0,00) X (g, 00) x (0,00). (7.5)

For given €, € (0,1), we let

B(X1, X2) = 0" (K1) ~12(Xa) — S(w(X) + w(X2)) ~ o] X — Xl

for X1, Xy € [0,00) X [po,00) x [0,00). Then, it suffices to prove ®(X,X) < 0 for all
X €[0,00) x [pg,00) x [0,00). Indeed, this implies v! < v? as € € (0,1) was arbitrary.

We suppose for the contrary that there exists 6 > 0 independent of o € (0,1) such
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that
P(X,X)>¢6 for some X € [0,00) X [ug,00) X [0,00). (7.6)

Our goal changes to deriving a contradiction from this. From this assumption, we see that

the supremum
sup {®(X1, X2) : X1, Xs € [0,00) X [up,00) X [0,00)}

is attained, say at (X', X¢') € [0, %] X [M07 g] X [i, M%}
Note that ®(X7{, X)) > &((1, o, 1), (1, o, 1)) yields

e

1 1
~(XP) + w(X$)) + 5| X = X51% < 6+ S0 + o

Therefore, passing to a subsequence of o — 0 if necessary (which we now follow and

denote still by a by abuse of notations), there exists a limit X := (&,§,1) = limy 0 X =

hma~>0 XQOC S [Oa %} X [MO)%] X [iv%}

Also, ®(X¢, X¢) > ®(X{, X{) implies

1 « o (07 « « «
%|X1 — X§P < S(w(XT) — w(X$)) + 0*(X]) — v*(XF).

| ™

Since the function w is continuous on {(x,y,t) s w(x,y,t) < % (6 + %ZNO + MO) , x>0,y >0,t> 0},

this implies that

: 1 «@ a2
lim | X7 — X5 = 0. (7.7)

By the fact that ®(X{, X§') > ¢, which follows from (7.6)), we have

®(X,X) > limsup B(XP, X§) >0 > 0,

a—0

since § > 0 is independent of @ € (0,1) and the function w is lower semicontinuous.



238

Therefore, by the boundary conditions of (|7.4]) and the choice of the function w, we have
z>0,9 > po.

For X1, Xs € [0,00) X [pg, 00) % [0,00), let

D1(X1) = Sw(X1) + | X1 — X§?,

P2(X2) == —5w(X2) — 52| X2 — X7|2

Then, X7 — v1(X1) — ¢!(X1) attains a local maximum at X¢, and Xy — v?(Xa) — ¢?(X>)
attains a local minimum at X§, from which we have the following viscosity inequalities

(for @ € (0,1) small enough):

(=00" + Bryded +2(0x0") 1 + (v = B2)ydyd") |0 <0,

(=0ed” + Brydeg® + 2(0:0%)1 + (v — Br)ydys”) | o = 0.

We substract the two inequalities and let @ — 0 to obtain
e (0w + Pryd,w + (v — Bx)ydyw) ’X <0,
which contradicts to (|7.5)). O

7.4.2 Local semiconcavity

In this section, we establish the local semiconcavity of the value function u(z,y,t) when
B(t) = Po,y(t) = o for all t > T for some T' > 0 depending only on g, u,7. Here, we keep
p1 € (0, po) as in Theorem|[7.3.1and let p1 € (0, p1] so that @ = w on [0, 00) X [ug, 00) x [0, 00).

The observation is from the fact that the local semiconcavity property propagates from
that of initial/terminal data along the time (see |10, 19]). Recently, global semiconcavity
was proved in some situations in [56]. We first note the semiconcavity property of the
terminal data u(z,y,T) when 5(t) = Bo,v(t) = 7o for all t > T', which is the case studied

in [59].
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Theorem 7.4.1. [59, Theorem 1.3] Suppose that B(t) = Bo,y(t) = o for all t > T.
Then, we have u(x,y,t) = u(x,y,t) for all x > 0,y > pu,t > T. Moreover, u(z,y,T) =

u(z,y,T) =u(x,y,T) is locally semiconcave in (x,y) € (0,00) X (i, 00).
Now, we prove Theorem [7.1.3]

Proof of Theorem[7.1.3. When p = pg, the theorem follows from Theorem since
T = 0. We assume the other case p < po in the rest of the proof.

We start with the fact that for = > 0,y > po, we have I¢(t) > ye ™' > pge .
Therefore, for T' := % log <%), it holds that I%(T) > y\/ﬂi»0 > o for every d € D, which

also implies
inf{]d(T):d:(x,y,t,a)GD, y>u0+5}>,u (7.8)

for every § > 0.
Let v(z,y,t) = u(x,y,t)+t—T for £ > 0,y > po,t > 0, and let g(z,y) = u(z,y,T) for
x >0,y > p. Then, by Proposition we have, for (z,y,t) € (0,00) x (pg,00) x (0,77,

v(z,y,t) = Oiégfélg (Sd(T — 1), IUT — t)) ,

where d = (z,y,t,a) € D.

Our goal is to show the local semiconcavity of v, instead of that of u, which is sufficient
to complete the proof. To this end, we fix t € (0,7], K CC Q := (0,00) X (po,00) and
(z,y) € K. By Propositions there exists an optimal control o* € A such that
v(z,y,t) = g (ST (T —t),I7 (T — t)) where d* = (z,y,t,a*) € D.

Let h = (h1,hs) be a vector in R? whose magnitude is smaller than dist(K,d9).
Let z(s) = (8 (s), 1% (s)) and 24(s) = <Sdft (s),1d1(3)> for s € [0,t], where d, =
(x & hy,y + ho,t,a*). Then, it holds that

|24 (t) = 2-(t)| < clh| and |24 (t) + 2 (1) — 22(1)] < c|hf,
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where ¢ is a constant depending only on the compact set K CC €2 and on the rates 3, .

Therefore,

’U(.CU + hlay + h27t) +'U(CC - hlvy - h?yt) - 2'1)(.13,y,t)

< 0 (0) + 9o (1) — 29 (200 ) gy (ZHEE) o

2
SC<

< c|h|?.

() — = ()|

2

+ |z (t) + 2—(t) — 2z(t)|>

Here, ¢ denotes constants that may vary line by line, but all of which depend only on the
compact set K CC 2 and on the rates 3,~. We used and Theorem Note also
that the local semiconcavity of ¢ in (0,00) X (i, 00) implies the local Lipschitz regularity
of g in (0,00) X (u,00). This proves the local semiconcavity of v(-,-,t) (or, of u(-,-,t)) in
Q for each t € (0,T).

The local semiconcavity in time also follows from a similar argument and we refer the

details to [19]. O
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